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PREFACE 


STATICS, Attractions, and the Dynamics of a mate- 
rial particle are contained in the present volume. 

The investigations are for the most part confined 
to subjects which are within the range of the general 
principles of Mechanics, and are not extended to par- 
ticular sciences wherein these principles are specifi- 
cally applied. Thus, although the principles are dis- 
cussed on which the equilibrium and stability of 
bridges, arches, and roofs depend; yet the practical 
rules of the engineer’s and the builder's arts are not 
considered. Also as physical astronomy, the theories 
of light, heat, and electricity require the explanation 
and discussion of certain experimental laws which 
rule their subject-matter, so the inquiry into these 
is beyond the scope of this work at the present stage 
of it. 

Chapter I is introductory to the whole of this part 
of the Treatise on Infinitesimal Calculus. It seemed 
desirable to exhibit at greater length than is usual 
the relation between “applied Mathematics,” as some 
parts of the subject are called, and the sciences of 
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number and geometrical space; and so I have entered 
on a discussion of one or two salient points of the 
subject. I have also ventured to submit to the com- 
mon judgment of Mathematicians the statement, that 
~ Mechanics, enlarged in its idea and principles, as I 
have attempted to enlarge it, is nothing else than the 
science of motion, and ought, as such, to be called 
by that name. Thus there are three principal ma- 
thematical sciences, those viz. of number, space, and 
motion: the last of which it has been my purpose 
to develope in the following pages. 

A course of inquiry somewhat irregular has been 
found most convenient for a didactic treatise; and 
Chapters II—VI contain Statics, wherein the laws of 
pressure as they produce equilibrium, or neutralize 
each other’s effects, so far as motion is concerned, are 
considered. In Chapter VII the principles, incidents, 
laws, and conditions of the science of motion are 
formally drawn out. The Chapter is thus introduc- 
tory to Dynamics. The mode of investigation and 
the forms of statement of some of the pregnant prin- 
ciples are different from those which are commonly 
given. Only two of the three ordinary laws of mo- 
tion (aviomata motis, as they are called by Newton) are 
admitted. The truth of these is made to depend on 
and to flow from an intelligible conception of the idea 
of motion and its incidents; and on an inductive veri- 
fication only so far as the science is applied. This 
distinction is important, and appears to solve some 
questions which are in dispute between the two 
schools of writers on Mechanics. The method which 
I have taken is indeed counter to that of most Eng- 
lish authorities on the subject: it is rather in accord- 
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ance with that of foreign, and chiefly French, writers. 
If any one after refiection should hesitate or refuse 
to admit my principles, and the mode of arriving at 
and of stating them, I must ask him to consider the 
subject from the point of view which the Infinitesimal 
Calculus and a reasonable conception of Infinitesimals 
present to him; and which, with great respect for 
the great names and the sober judgment of those 
who take the opposite course, I venture to think to 
be the most natural and the most rational. 

In the following treatise the first principles of the 
science are drawn from an intelligible conception of. 
motion itself. For the mathematical expression of 
these, the language and the symbols of Infinitesimals 
are peculiarly appropriate: effects are produced by 
causes which act according to continuous laws: thus 
the effects become continuously developed, and a pe- 
culiar system of symbols is required to express them. 
New ideas necessitate a new language, and new lan- 
guage requires new characters; and such are those 
of Infinitesimal Calculus. 

A license has been taken, for which I must crave 
some indulgence; certain words are used which are 
either new or are used in a new relation. In the ab- 
sence of generally recognised rules for the formation 
of scientific language, I have used compounded words ; 
and have thereby obtained expressive, though some- 
what long, words. This course I found myself obliged 
to take. For ideas which are in themselves clear and 
distinct have been so much obscured by ambiguity 
and indistinctness of language, that there 1s no source 
of error more fertile. Let me cite an instance. In 
former books no word occurs more frequently than 
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the word “force.” Indeed Mechanics has been called 
the science of forces. But what does “force” mean ? 
Will any one give an accurate definition of it? a defi- 
nition, that is, which will be correct, when the word 
is applied to “the cause of motion,” to “ accelerating 
forces,” to “effective forces,” to “forces lost and forces 
gained,” to “living force,” to “labouring force?” In 
some of these various meanings it indicates effect, in 
others it indicates cause. Surely herein is confusion ; 
and herein too, as it seems to me, is the reason why 
the principles of mechanical science, or the science 
of motion, are so imperfectly understood. Similar is 
the ambiguity of the word “motion :” it is frequently 
used synonymously with the word velocity: thus 
“ momentum” has been called “ quantity of motion :” 
it is quantity of velocity; and it is at all events per- 
plexing to most minds to have a thing called by a 
name which means what it is not. Thus I have en- 
deavoured in those parts of the treatise where first 
principles are expounded, and where clearness of lan- 
guage no less than clearness of conception is required, 
to call things by names which are expressive wi sigq- 
nificationis; although in the more popular parts I 
have used words in their ordinary and less exact 
meaning. The subject is not in itself difficult, but 
it has been made difficult by the maze of indistinct 
nomenclature by which its fundamental notions have 
been obscured. 

As in the previous Volumes, I am under obligation 
to many friends, and to many writers on these sub- 
jects. It is almost superfluous to mention Euler, 
Lagrange, Laplace, Poisson, Poinsot, Jacobi, M. Ber- 
trand, Sir W. R. Hamilton of Dublin, because no one 
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has a right to form a judgment, and much less to 
compose a didactic treatise, on the subject of Mecha- 
nics, without a previous and preparatory study of the 
works of these eminent men. From the works of 
Dr. Whewell, the Master of Trinity College, Cambridge, 
I have derived much aid: I know not how much: 
because in the Appendices to the second volume of 
his Philosophy of the Inductive Sciences so much 
suggestive matter on Mechanical Philosophy is con- 
tained, that opinions which appear to be one’s own 
may perhaps owe their origin to those essays. The 
Journals of Crelle and Liouville have given much 
assistance. To the editors of those Journals and to 
their contributors, whose names are too many to be 
mentioned here, I tender my acknowledgments. 

The references are made to the numbers of the 
Articles and of the equation as in the preceding 
volumes. The colloquial style has been retained. 


PEMBROKE CoLLEGE, Oxrorp, 


Fes. 19, 1856. 
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CHAPTER LI. 


INTRODUCTORY ; METHOD OF THE TREATISE. 


ArticLe 1.] Of all parts of Infinitesimal Calculus, Analytical 
Mechanics, or (as I shall hereafter have reason to call it) the 
Science of Motion is in its results and its applications the most 
important ; the principles and processes of all mathematical 
physics are derived from it; and as, for reasons which shall be 
assigned hereafter, it is in itself the most perfect of physical 
sciences, so do the others approach more or less to completeness 
according as the laws and methods of mechanics are more or 
less satisfied by them ; and the object to be attained in all is, to 
make them parts of this principal and normal science. Now 
in the process of our application of the science of number to 
that of motion, new subject-matter, or new kinds of quantity 
measurable by number, will be introduced; and also as the 
results of our investigations will be applicable to the phenomena 
of the external world, and to the unravelling of complex effects, 
it is necessary to premise some few observations on the method 
of our inquiry; and especially to shew how, and how far, the 
pure sciences of number, space, and motion may aid us in the 
discovery of the proximate causes of such effects; proximate, I 
say, in order that the objects of our search may be definite and 
intelligible, and that we ie not be lost in the subtleties of 
metaphysics. 

2.] There are generally two processes, by one or other of 
which our knowledge of natural phenomena is obtained, and 
with both of which it is in many cases absolutely necessary, and - 
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in all cases desirable, that an inquirer into nature’s laws should 
be acquainted ; and although in their use one of these processes 
frequently runs into the other, and they are alternately applied 
for the purposes of discovery and verification, yet they are in 
themselves distinct, and for philosophical reasons it is requisite 
to keep them so. In one of these processes we take the facts 
of nature as they are presented to us in their simple and con- 
crete forms; and animated by a conviction deep-seated in our 
nature that they are not isolated, but instances of a grand and 
comprehensive law, which has been impressed on them, and by 
virtue of which they are, we seek for that law: with this object 
in view we study them, analyse them; and in the analysis we 
subject them to trials of various kinds, if they admit of experi- 
ment, or observe them in such varying relations as they exhibit 
to us, if they do not; we separate what is extraneous and thus 
accidental from that by virtue of which they seem to us to be, 
and without which they would not be: and by this process 
detect the general law which lies latent in the fact; or, in 
perhaps more precise terms, the cause of which the fact is the 
effect. ‘Thus we ascend from the fact to the cause; and when 
many facts have been subjected to a similar process, and the 
same law has been detected in all, we collect them under a 
general formula which expresses this law, and thereby a cause 
of which all the examined facts are the effects; and the human 
mind, endowed with a love of continuity, extends this to other 
facts similar in kind, and beside those which have been exa- 
mined. In this process therefore we interrogate nature as she 
offers herself to us in her simple forms and particular develop- 
ments; and so long as any branch of knowledge consists only 
of such isolated facts it is little else than mere empiricism; 
but when a bond of union has been imported from some other 
source, and these facts have been collected into general propo- 
sitions ; when on these phenomena has been induced a distinct 
idea, and the information obtained from them in their isolated 
forms has been studied, arranged, and reasoned upon, then, and 
not until then, has it a right to bear the name of Science ; it is 
then no longer accumulated experience, but it is experience 
systematized, digested, assimilated, organized into a whole; it 
has harmony, regularity, and law; and the physical sciences 
thus formed will be found to satisfy another most exact test ; 
they predict similar effects from similar causes. 
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3.] All the physical sciences are progressive, and, as such, & 
pass through the stage which I have described; the subjects 
of them in their infancy have been in this disconnected state. 
Experience in the way of experiment and observation has been 
the chief instrument by which their boundaries have been ad- 
vanced, distinct ideas for the colligation of facts been obtained, 
and inquirers been led to the discovery and enuntiation of their 
particular laws: the discovery of the laws of motion by Galileo, 
of the laws of planetary orbits by Kepler, of the law of refrac- 
tion by Snell, are, amongst many, early and salient instances. 
Invariably, so long as any science is in this imperfect condition, 
its phenomena must be examined for the purpose of discovering 
such normal laws, and it is in the prosecution of this work that 
the most eminent philosophers of the present age have earned 
their glory: in short, the analysis of such facts is the charac- 
teristic of the science of the XIXth century: and no mean 
work is it: it demands the highest intellectual and moral quali- 
ties that can adorn human nature; an eager and honest desire 
after truth; patience and endurance of labour; a courage that 
never fails under non-success; the keenest intellectual acute- 
ness in detecting resemblances; a mind gifted with a plastic 
power of framing an idea distinct and pregnant, which shall 
collect all into one general formula; an inventiveness and a 
never-failing command of resources: and in our days these 
qualities have not been wanting, and have not been unrewarded. 
It is however unnecessary for me to do more than to indicate 
the methods of experimental philosophy, in order that I may 
contrast with them, and thus bring into greater prominence, 
the process of investigating truth which will be developed in 
the following volume; and the reader desirous of further in- 
formation on the methods of inductive philosophy must have 
recourse to works wherein such subjects are specially treated of. 
Let me refer him to Sir John Herschel’s Treatise of Natural 
Philosophy, a work which contains in a short compass a mas- 
terly exposition of the methods, and to Dr. Whewell’s Philo- 
sophy of the Inductive Sciences, wherein he will find the subject 
treated by an eloquent author, whose knowledge of physical 
science seems to be limited only by the limits of science 
itself *. 

* See also an article on “ Whewell on Inductive Sciences” in the Quar- 
terly Review, Vol. LXVIII: evidently written by a master-hand. 
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4.] It will be seen then that the first step in experimental — 
philosophy is to colligate facts by means of a distinct and ap- 
propriate idea; afterwards a consilience of inductions takes 
place; and hereby we arrive at the last step in the construction 
of a science, which is the enuntiation of a theory ; the determi- 
nation, that is, of a law which rules all the subject facts, and 
the discovery of a general cause, of which the facts of the science 
are the single and (as they seem at first) isolated or independent 
effects; and when such perfection is attained the aggregate of 
the knowledge receives the name of a science, having all the 
notes of arrangement, order, system, completeness, which are 
necessary for such perfection. 

And now comes in the second process to which allusion has 
already been made. If the theory is true, not only is it a true 
explanation of all the facts which it comprises in its formula, 
but it has also a prophetic power: when the cause is active, 
results similar to the former ones must be produced ; the theory 
requires verification; and the verification consists in the pre- 
diction of the future: and it is only when such future facts 
have been shewn to accord with a theory, that it satisfies those 
stringent rules of induction which have been constructed in a 
jealous care of truth. The theory may also be pregnant with 
results different from those out of which it has grown; these 
must also be traced and examined: the theory must be tested 
in all ways and in all directions; and when such tests have 
been satisfied, it has a claim on our allegiance. For this pur- 
pose a process, the reverse of the former, is necessary: facts 
were in that analysed, so that their latent cause might be de- 
tected; in this causes are to be developed into their effects; — 
the former is the historical process through which the science 
has grown from an imperfect state to perhaps full maturity ; 
the latter takes the science in its perfect state, and explores the 
riches which it contains; the former is the process by which 
the science has been constructed, and is somewhat analogous 
to the manner in which we individually learn it; the latter is 
the form wherein the man of science knows it. Now this dis- 
tinction is important: for as it is under the latter and more 
perfect aspect that I shall have to consider the science of 
motion, so the method is dogmatic; and the fundamental and 
axiomatic laws will be enuntiated, and no formal proof of them 
will be given; it may sometimes be desirable to indicate the 
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steps by which historically they have been arrived at, but such 
an explanation will be only incidental and that the learner may 
have adequate knowledge of them; and I shall not lose sight 
of the chief object, which is to trace into their farthest results 
those general laws which an inductive philosophy has supplied. . 

5.] And mathematics is the most powerful instrument, which 
we possess, for this purpose: in many of the most recondite 
sciences, not only a fair but a profound knowledge of mathe- 
matics is mdispensable for a successful mvestigation. In the 
most delicate researches into the theories of light, heat, and 
sound it is the only instrument; they have properties which no 
other language can express; and their argumentative processes 
are beyond the reach of other symbols; and I am sure that 
to any one who has taken the pains to compare the general 
explanation of planetary distprbances given in Sir John Hers- 
chel’s Outlines of Astronomy with that of the same phenomena 
as discussed with the aid of mathematical appliances, there can- 
not be a doubt that, however successful Sir John Herschel may 
have been, even beyond his expectation, yet for an accurate com- 
prehension of the circumstances the other method is absolutely 
necessary. The following extract from Sir John Herschel’s 
work * is unimpeachable testimony: “Admission to its sanc- 
tuary” (that is, of astronomy) “and to the privileges and feel- 
ings of a votary is only to be gained by one means—sound and 
sufficient knowledge of mathematics, the great instrument of all 
exact inquiry, without which no man can ever make such advances 
in this or any other of the higher departments of science as can 
entitle him to form an-independent opinion on any subject of dis- 
' cussion within their range.” I may also utter the same language 
as to the necessity of mathematics in the other higher branches 
of the science of motion. 

6.] Here it may be asked, What are mathematics? Define 
them. Do they require and apply reasoning processes different 
from those of the ordinary discourse of men? have they a dif- 
ferent logic? and a different language? What distinction exists 
between pure and mixed mathematics, since they are commonly 
divided into these two classes? and what does the term include? 
Many of these questions may be matter of words only; it is 
not necessary for me to define mathematics, or to inquire how 

* See Outlines of Astronomy, 4th edition, page 5. Longman and Co., 
London, 1851. 
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far “science of quantity,” or “science of measuring quantity” 
may be a sufficient definition, and whether there is not a large 
class of propositions of geometrical position which such defini- 
tions will not include ; it is enough for me to be able to give you 
such an account of the means which mathematics afford for pur- 
suing our present inquiry that I may excite in you good hope of 
final success. 1 would however observe, that the reasoning process 
is not different from that of any other branch of knowledge ; 
their logic is the same as that of political economy or moral 
philosophy ; it is addressed to the same faculties of man, and 
does not require any peculiar formation or deformity of human 
nature, as some seem to think; but there is required, and in a 
great degree, that attention of mind which is in some part ne- 
cessary for the acquisition of all knowledge, and in this branch 
is indispensably necessary. This must be given in its fullest 
intensity ; this is the excellency which Sir Isaac Newton claimed 
for himself, and thus placed his superiority on moral rather 
than on intellectual grounds: the other elements especially 
characteristic of a mathematical mind are quickness in perceiv- 
ing logical sequence, love of order, methodical arrangement 
and harmony, distinctness of conception. The language of ma- 
thematics is to a certain extent peculiarly its own; its symbols 
are certainly its own; but these may generally, if it is desir- 
able, be translated into ordinary language; and its language is 
peculiar, because the subjects of which it treats are peculiar. 
Now mathematics include three normal sciences : (1) science of 
number, (2) science of space, (3) science of motion ; and under 
one or other of these all sciences which are treated mathemati- 
cally may be ranged; or the several parts of any one may come 
under different normal sciences: thus, formal or geometrical 
optics is an application of geometry ; physical optics of the 
science of motion; plane astronomy is geometrical, physical 
astronomy is mechanical. The division of mathematics into 
pure and mixed is arbitrary and useless, because it leads to no 
practical result ; and therefore I do not care to retain it. I may 
however observe that the first two sciences, those viz. of number 
and space, are commonly included under the term pure mathe- 
matics, and that the last one and its subordinates are called 
mixed ; the reason being that the subject-matter of the last has 
been thought to be terrestrial, or, at all events, cosmical matter ; 
and that therefore the science involves considerations of the — 
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properties of this: matter, and which must be discovered by 
examination and analysis, and that these processes are extra- 
neous to pure motion; whereas the other sciences consider sub- 
jects only which are proper to them, and therefore they are 
called pure. 

7.] The science of number, or, as the French call it, le cal- 
cul, has for its subject-matter number in its pure and abstract 
form; number, that is, as an abstract quantuplicity; not this 
or that thing taken so many times, but the témes which it is 
taken; if does not treat therefore of concrete things; and it is 
important to observe this property of the science, because the 
truths of number are for this reason so generally, almost uni- 
versally, applicable; time, space, pressure, weight, velocity, 
quantity of light, of heat, of electrical action, may be all mea- 
sured by it; and so long as the conditions imposed by the nu- 
merical science are observed, the truths of number have their 
counterpart in the applied science. ‘The science also includes 
number in its twofold division of discontinuous and continuous 
number; the former of which is the subject of arithmetic and 
algebra, and the latter of infinitesimal calculus; these being 
distinguished by a difference of species of subject-matter, and 
not of process. It is most important to observe that the nume- 
rical symbols represent abstract quantuplicities, and that the 
results are true, because they are correct developments of the 
idea of number, and are independent of the concrete matter to 
which they are applied. Yet they may be applied, and by the 
following process: the numerical proposition is operated on 
by the concrete unit of the matter of the particular science; 
whether it be linear length, or area, or cubical content, or 
weight, or velocity ; that is, each term of the numerical equa- 
tion has the concrete unit affixed to it, and thereby itself be- 
comes concrete, and expresses the concrete thing taken a cer- 
tain number of times; thus suppose that we have a numerical 
equation 

7 Fe OO ee rf 
and suppose that the operating concrete unit isan inch: then 
we have 


4 times x one inch +-3 times x one inch = 7 times x one inch ; 


an inch being matter of such a kind as to be consistent with the 
fundamental operations of arithmetic; that is, if one inch is 
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added to one inch, no part of either one is absorbed into the 
other, but the matter is continuously additive. Similarly might 
the operating unit be a pound, or an unit of velocity, and in 
both cases the result would be true because the- arithmetical 
equality is correct. This remark is important, because the 
homogeneity of our equations is hereby preserved; and if the 
symbol of the operating factor be retained, we have a test, and 
an important test, whether the results are correct or not. 

8.] The second mathematical science is that of space, or, as 
it is usually called, geometry; the subject-matter is tridimen- 
sional space; whatever is the origin of our conception of it, 
whether it is experience, or whether space is a phenomenal 
condition of our knowing things at all, or whether it is an in- 
tuitive notion, yet at all events the subject-matter of geometry 
is space, abstracted from all consideration of the space which 
we occupy, and in which we are: and the science consists in 
the development of this idea of space. The axioms contain 
enuntiations of constituent parts and properties of it; the defi- 
nitions are explanations of terms arising out of, and necessary 
to, the division of space which flows from the fundamental idea ; 
thus, for instance, space is such that the whole is greater than 
its part; that if equal spaces are added to equal spaces, the 
wholes are equal; spaces are equal which occupy equal parts of 
space, the comparison being made on the principle of super- 
position. The truths of geometry may be directly deduced 
from the axioms and definitions by means of postulates and 
more complex constructions, and the science of space thus 
treated of is called pure geometry; as such it neither requires 
nor involves the properties of number; its additions and sub- 
tractions and equalities are made on the principle of superposi- 
tion; thus, if an angle is added to an angle, no reference is 
made to any unit angle, but one concrete angle is superposed 
on the other; and the symbols in pure geometry are symbols 
of the concrete quantities and are not the subjects of arithmeti- 
cal laws and operations. The old geometricians employed this 
process only. But Descartes, perceiving that geometrical space 
accords with the fundamental requirements of number, treated 
of its properties by means of arithmetic and algebra: in this 
view we may operate on any numerical equation with a concrete 
geometrical unit, and it becomes a geometrical proposition; 
and whatever numerical truths are contained in, and deducible 
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from, the numerical equation, analogous geometrical proposi- 
tions are also deducible; and therefore if the equation is trans- 
formed or operated on according to arithmetical laws, so will 
the transformation necessitate the correctness of the corre- 
sponding geometrical changes; the geometrical process is pa- 
rallel with, and proved by, the numerical process. Thus suppose 
that for certain numerical values the following equation is true, 


Yo = eOL a: 


then by operating on each term with the linear unit, and inter- 
preting w and y according to the conventional signification of 
rectangular axes, we have the geometrical property of the curve 
of which it is the equation, viz. (y?) times the linear unit = (2 az) 
times the linear unit — (#2) times the linear unit; y, #, and a 
being numbers. Or otherwise suppose that we operate on the 
same equation with the (linear unit)?, then the equation becom- 
ing arithmetically 
yxy = (*a—2) 2, 

we have 

the square of the ordinate = the rectangle contained by the 

segments of the base. 


By this process algebraical geometry has been constructed : 
the equations in their original forms are numerical; but as geo- . 
metrical space satisfies the conditions as to quantity which the 
science of number requires, we operate on these numerical equa- 
tions with a geometrical unit, and hereby transform them into 
geometrical propositions; and we can further employ all the 
processes of algebra for deducing and proving geometrical truths 
which are contained in other given geometrical propositions. 

In both these sciences it will be observed that the process 
of inference is the same: the deduction from the fundamental 
ideas of number and space of the truths with which they are 
pregnant. 

9.] The third and last of the mathematical sciences is that 
of motion; into the foundation, laws, and processes of which I 
shall enter at length in the following pages; but as my method 
is that of a positive deductive science, intended for didactic use, 
and therefore to a certain extent dogmatical, it is not neces- 
sary formally to discuss the history of the laws of motion, or 
the growth of the fundamental idea, and the successive steps 
through which it reached that perfect state so that parts of it * 
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can be expressed in definite axioms, and thus be made the 
major premisses of the first syllogisms from which all the other 
truths of the science are to be inferred. I shall not relate the 
logomachy of mechanics in the days of Aristotle, and the dispu- 
tations of the Schoolmen who taught that rest was natural and 
motion was unnatural, and that some bodies fall faster than others 
because they are heavier; nor shall I indicate the several steps 
by which Galileo first obtained a clear insight into the laws of 
motion, and how Stevinus first proved the laws of oblique pressure 
by means of a continuous chain resting on two inclined planes: 
neither shall I detail experiments by which evidence is given to 
the truth of the axioms. My work, on the contrary, is to take 
the zdea of motion as recognized, and its laws as acknowledged, 
and to deduce from them their results. To this end mathe- 
matics, and especially the science of continuous number, will be 
found most useful instruments of inquiry: a word or two will 
shew this. Matter of motion, space, time, velocity, and com- 
binations of these, such as momentum, pressure, weight, will 
come under consideration. All these quantities are continuously 
additive and subtractive, and satisfy the requirements of the 
science of number: and they admit of infinite divisibility ; nay, 
more than this, some of these are within the grasp of our minds 
only when they are resolved into infinitesimal elements: as, for 
instance, it is necessary to know the law of change of velocity 
of a particle moving with a varying velocity, before we can de- 
termine the actual change of velocity due to a finite time; that 
is, the infinitesimal increment must be known, and this is de- 
termined by the law, before we can find the finite change: in 
these respects then the subject-matter of our science will be 
found to harmonize with the laws of the science of number: 
and these latter may be applied. 

10.] Suppose that the axiomatic laws of mechanics are de- 
duced from the fundamental idea of motion, and that we know 
them: let them be translated into mathematical language and 
symbols, so that the propositions take the form of equations; 
let the concrete mechanical unit be removed, and let the equa- 
tion stand as a numerical equation: to it in this state all the 
rules of the science of number may be applied, and whatever 
are the results which can be inferred by means of them, they 
may be translated by an operating factor into their mechanical 
equivalents, and these again into ordinary language. If there- 
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fore the resources which the science of number supplies become 
more numerous, the more fruitful is the deductive process; and 
hence it is that the progress of the sciences is simultaneous ; 
whatever retards the one is also an obstacle to the progress of 
the other. 

The course of our inquiry will therefore be the following: 
The idea of motion must be first described; it is the funda- 
mental one of mechanics; and pregnant properties of it must 
be enuntiated; these are commonly called laws of motion, and 
will be found to be only two; we shall translate them into 
mathematical language and symbols; and by the processes of 
infinitesimal calculus deduce from them their results, which 
we shall in many cases trace in the applications of mechanics, 
and especially in the phenomena of gravitation, whether in the 
case of bodies being near to the earth and falling towards it, 
or in the case of the approximate motion of the planetary 
bodies, herein laying the dynamical foundations of physical , 
astronomy. By this method the foundations of mechanics will / 
be laid in breadth sufficient to include all kinds of matter 
whether cosmical or of that of light, if there is an ethereal me- 
dium; and all kinds of motion, whether direct or orbital or 
oscillatory ; the basis therefore will be wide enough to compre- 
hend the mathematical theories of hydrodynamics, light, heat, 
electricity ; these several sciences, as they advance towards per- 
- fection, satisfy more and more the notes of the science of mo- 
tion, but the perfect state will be reached only when they wholly 
do so. 

11.] Such is the philosophical form of the perfect and exact 
science of motion ; and such is the philosophical course of learn- 
ing it; but there are reasons why another course is more suit- 
able to a didactic treatise. It is better to begin with what is 
apparently more simple and more concrete, than with an ab- 
stract verity ; we are not accustomed to analyse cases of motion, 
but we are familiar with an effect of the same cause as that 
which produces motion, but which in mechanics is actually 
more complex; we have all of us a notion more or less exact 
of pressure or of weight; the tension of a string caused by a 
weight suspended at the end of it, or a pressure caused by a 
weight resting on the hand, gives us a notion more distinct than 
that of a body falling under the action of the earth’s attraction. 
Now let me analyse such a pressure from a dynamical point of 
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view: take the case of a weight resting on a table; the same 
force which produces the pressure on the table would cause 
the body to fall towards the earth, if the table were removed ; 
but the falling effort is the same, although the table is there: 
the earth attracts the body, impresses velocity on it, and causes 
it to penetrate the table; but the material of the table is elastic, 
and therefore so often as the body penetrates the table and 
causes the particles of the table which are in contact with or 
are near the body to approach each other, an elastic force of 
recoil is called into action and causes the body to retire: thus 
an oscillatory motion of the body is established, which is how- 
ever so slight that the motion of the body is to the senses 1m- 
perceptible. It may perhaps be thought that this is an indirect 
and awkward form of considering such a simple case as that of 
a body resting on a table: perhaps it is; but it is the mode of 
applying the principles of the science of pure motion to the case 
of a body resting on a table. Although in the order of the 
pure science other and more simple cases of motion would be 
discussed before this, yet as this case of pressure is so simple, 
as it seems, and so common, it is for didactic purposes desirable, 
even if it does cost a loss of ordef scientifically correct, to con- 
sider first those forms of problems with which a learner is most 
familiar; we shall hereby take advantage of his previous know- 
ledge, and lead him from that which is to him more simple to 
that which is more complex. I propose therefore to defer the 
pure science of motion to the second part of the treatise; and 
to consider at present pressures only, and these apart from the 
properties, real or virtual, of motion. The science of pressures 
is called statics; and in establishing the principles from which 
I shall begin, I shall appeal to experience, to what we see and 
observe: and whatever assumptions or hypotheses I may make, 
I shall refer you for proof to your own observation of such pres- 
sures and to the common sense of mankind Let me make one 
other observation on the difference which exists in the views of 
the same effect as presented to us in a statical and a dynamical 
light. Suppose that a pound weight rests on your hand which 
is at rest; you experience a pressure which your hand bears; 
and if another pound be added you experience a pressure twice 
as great: but are you conscious of or do you think about the 
cause of that pressure? are you aware that it is due to the earth’s 
attraction, and to a motion which the body would have if your 
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hand were removed? I think that you consider it as a pressure 
only, and not in reference to velocity: this is, Isay, the com- 
mon judgment about such pressures: it does not refer them to 
motion; and it is to. such common judgment that I shall appeal 
in laying the foundation of statics: it may be that I shall now 
and then use language appropriate to the conception of a real 
or virtual motion, and that I thereby elucidate difficulties; but 
it must be remembered that such conceptions are extraneous to 
statics thus considered, and are such as the subject does not 
of itself require. 


ANALYTICAL MECHANICS. 


PART IL. 
STATICS. 


CHAPTER II. 
STATICAL PRESSURES ACTING AT THE SAME POINT. 


12.] A formal definition of matter is not required ; it is suffi- 
cient for us to conceive of it as existing in space, having volume 
and form, capable of receiving and of (as we shall hereafter see) 
transmitting pressures*. Matter is rigid or stiff when its com- 
ponent particles are kept in a state of relative rest by the action 
of attraction or cohesion, or such like molecular forces (as they 
are called); of which we require at present only to know, that 
the external pressures acting on matter are, as to intensity in 
comparison of these, infinitesimal. 

A body is a finite portion of such matter; matter is con- 
ceived to be infinitely divisible; and an infinitesimal portion of 
it is called a material particle, and a material pomt. The mass 
of a body is the quantity of matter contained in it. 

Force is a cause which changes or tends to change matter’s 
state as to motion or rest. Force acts on matter at a certain 
point, in a certain direction, along a certain line, and with a 
certain intensity ; and when all these circumstances are given, 
the force is said to be given. Mechanics is the science which 
considers the relations and effects of such forces. 


* M. Poisson says “ La matiére est tout ce qui peut affecter nos sens d’une 
maniére quelconque.”” Dr. Whewell, “ Body or matter is any thing extended 


and possessing the power of resisting the action of force.’ Mechanics, 5th 
edition, Cambridge, 1836. 
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Statics is that part of mechanics which considers the rela- 
tions of forces as they produce pressure or a tendency to mo- 
tion. Statical forces are therefore pressures, and act at a fixed 
point, in a certain direction, along a certain line, and with a cer- 
tain intensity. Weight is the most common form of a statical 
pressure. 

The line of action of a pressure is that straight line passing 
through the point of application of the pressure along which 
the pressure tends to make its point of application move; and 
the direction of the line towards which the pressure tends to 
make the point move is called the direction of the pressure. 

Two pressures are equal, which acting at the same point, 
along the same line of action, and in opposite directions, neu- 
tralize each other. 

Statical pressures are continuously additive, and, as such, 
satisfy the requirements of the science of number: thus, if one 
pound is added to one pound, the sum is two pounds; no part 
of either of the weights is absorbed into the other; the weight 
of a basket of stones is the same, whatever is the arrangement 
of the stones. Statical pressures also admit of continuous in- 
crease and decrease, and of infinite divisibility : they thus satisfy 
the requirements of the science of continuous number. 

If two statical pressures, thus proved to be equal, act on a 
point along the same line and in the same direction, the acting 
pressure is twice each of the original pressures: if three pres- 
sures act similarly, the acting pressure is thrice each of the 
original pressures: and so on. ‘Thus it is that pressures admit 
of measurement: an wnit of pressure is chosen, and other pres- 
sures are compared with it; and are expressed as being so many 
times the unit-pressure. Thus pressures are expressed by num- 
bers, being referred to a concrete unit-pressure. The unit- 
pressure is arbitrary, and may be a finite or an infinitesimal 
pressure. If pressures are expressed by numbers which are 
commonly called incommensurable, they possess the properties 
of commensurables, if they are referred to an infinitesimal unit- 
pressure. If the unit-pressure is changed, the numbers express- 
ing the pressures which are referred to it are also changed in 
an inverse ratio. Thus a weight of six pounds is expressed 
by 6, if a pound is the unit-pressure; by 12, if one-half of a 
- pound is the unit-pressure ; by 3, if two pounds is the unit-pres- 
sure. It is manifest that general laws connecting the intensity, 
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point of application, direction, and line of action of pressures 
must be independent of the conventional unit. 

13.] Statical pressures will hereafter be expressed by sym- 
hols, such as P, Q, R,..... These, it is to be observed, are num- 
bers, expressing the number of times which the concrete unit is 
taken; hence also when we meet with such symbols as P?, Q?, ... 
these are also numbers. It is plain that if p represents a con- 
crete pressure, P? is unintelligible. 

Again, pressures may be conveniently represented by geo- 
metrical straight lies. As a pressure has a definite point of 
application, a definite line of action, a definite direction, and is 
of a definite magnitude, so does a line starting from the point 
of application of the pressure, and coincident with the line of 
action, in its direction, and in length containing the same num- 
ber of linear units that the pressure contains units of pressure, 
adequately and completely represent the pressure in all its cir- 
cumstances. And this mode has the advantage not only of sim- 
plifying the enuntiation of many theorems, but also of enabling 
us to infer mechanical propositions from their geometrical ana- 
logues; and vice versa. Of this process we shall hereafter have 
many instances. 

When a material particle is acted on by many pressures simul- 
taneously, there is generally a definite direction along which it 
experiences a definite pressure, or, in other words, along which 
it has a tendency to move. Now the one pressure which would 
produce on this point a pressure equal, along the same line of 
action, and in the same direction, is called the resultant of the 
~ acting or impressed pressures: and its line of action is called 
the line of action of the resultant: and the-several impressed 
pressures are called components in reference to it. The resultant 
is evidently unique, definite as to its line of action, its direction, 
and its magnitude. 

If the impressed pressures acting on a point are so related as 
to produce a resultant whose magnitude is zero, then the pres- 
sures are said to be in equilibrium. 

Hence we infer that when many pressures act on one point, ~ 
if a new pressure is introduced equal in magnitude to their 
resultant, and acting along the same line and in an opposite 
direction, it neutralizes the effects of all the others, and the 
system is in equilibrium. 
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Section 1.—The composition and resolution of many pressures 
acting on a material particle, the lines of action of which are 
im one plane. 


14.] Let 0, fig. 1, be a material particle ; and first let us sup- 
pose all the pressures to act along the same line oa, and in the 
same direction; and to give distinctness to our conceptions let 
us suppose all the forces to be pulling forces, and to act in the 
direction of the arrow-heads from o towards a; and let them 
be represented by the symbols Pj, P2,...P,; then, since statical 
pressures acting at a point along the same line, and in the same 
direction are continuously additive, the resultant is equal to the 
sum of all. Let rx represent the resultant, then 

R= P} +Po+.--+Prx; (1) 

een (2) 

where p is the type-symbol of a pressure, and % is the sum- 
‘mation-symbol. 

Again, suppose 0 to be acted on by two pressures, along the 
same line, and in opposite directions: let them be P and q, of 
which p is the greater: let p be resolved into two parts, @ and 
p—Qq; then at the point o three pressures are acting, viz. Pp—a, 
Q, and qa, of which the last two act in opposite directions ; there- 
fore they neutralize each other; and, if r is the resultant, we 


have Re are (3) 


And as a similar result is true for any number of pressures 
acting in either direction, and along the same line of action, the 
equation (2) may be extended so as to include the algebraical 
sum of the pressures acting on a point and along the same line. 

Hence also we infer that a point is in equilibrium under the 
action of many pressures along the same line, if the sum of those 
acting in one direction is equal to the sum of those acting in 
the opposite direction; and the condition of equilibrium is 


Se Pea). (4) 
Also let us take another simple case: that of three equal 


forces* P,Q, R, see fig. 2, acting on 0, all of which are in the same 
plane, and the lines of action of which are inclined to each 


* The generic word “force” is here and elsewhere used instead of the 
specific and more correct word “ pressure,” in order that the hitherto re- 
ceived forms of statical theorems may be preserved. 
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other at 120°. Let the forces be represented, both in direction 
and in intensity, by the equal definite lines op, 0a, on: then 
the point o is in equilibrium: for by the principle of sufficient 
reason it cannot move out of the plane of the forces; neither 
can there be any resultant pressure in the plane by reason of 
the same principle; the point therefore is in equilibrium; and 
either of the pressures may be considered to be equal in magni- 
tude to the resultant of the other two, and to act in the same 
line, but in an opposite direction. Hence we have the following 
geometrical construction of the resultant. Let Pp and q be the 
components; then rR neutralizes the effects of Pp and @ on 0; 
produce xo to R’ so that or’ is equal to or; then the force of 
which or’ is the geometrical representative neutralizes rR; but 
the resultant of Pp and q also neutralizes r: therefore the force 
R is the resultant of p and q; and by the geometry or’ is the 
diagonal of the parallelogram of which op and 0q are ‘the adja- 
cent containing sides. 

15.] The parallelogram of forces however, which is so called 
from the geometrical form of the result, is more general than 
the result of the last Article, and includes it. The problem is: 

Given two pressures acting on a material point, to find the 
intensity, the line of action, and the direction of the resultant. 

First let the meaning of the problem be clearly understood ; 
it is required to determine the line of action, the direction, and 
the magnitude of a pressure which acting at a given point shall 
produce the same effect in all respects as two pressures acting 
simultaneously. 

It is evident by the principle of sufficient reason that the line 
of action of the resultant is in the same plane with the lines of 
action of the components. 

* And first let us take the case of two equal forces P and P 
acting at o, and with their lines of action inclined at an angle 
20. It is manifest that the line of action of the resultant bisects 
the angle contained between the lines of action of the compo- 
nents; because every reason which can be alleged why it should 
be on one side of this line is equally valid to prove that it should 


* The following proof of the parallelogram of forces is due to M. Poisson, 
and commonly bears his name. A discussion, more or less complete, on 45 
other proofs will be found in “ Precipuorum inde a Neutono conatuum, 
compositionem virium demonstrandi, recensio. Auctore Carolo Jacobi. Got- 
tinge, MDCCCXVIII.” peas 
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be on the other: and an integral part of our conception of a 
resultant is that it should be unique both as to magnitude and 
as to line of action; hence by the principle of sufficient reason 
we conclude that the line of action of the resultant bisects the 
angle between the lines of action of the components. 

To determine the intensity of the resultant. Let op, op, re- 
present (see fig. 3) the two equal. forces acting at 0; let the 
angle pop = 20; let or be the line of action of the resultant Rr, 
so that PoR=PoR=80. Now the intensity of r can depend on 
only p and @; so that if f symbolizes a function which is to be 
determined, Seis (5) 
in this equation R and Pp are numbers depending on the arbi- 
trarily chosen unit of pressure, and varying of course as the 
unit varies; but the law of relation between r, p, and 6 cannot 
depend on the choice of this unit; therefore (5) must be such 
that the unit may be divided out, whatever be its magnitude ; 
and this can only be the case when the equation is of the form 


R = Pf(6). (6) 
It remains for us to determine the form of f. 

Suppose rp to be the resultant of two equal forces Q and q 
acting at equal angles on the sides of »’s line of action; and 
let gop =Qor=#; therefore by (6) 

P= af(¢); (7) 
similarly let p, be the resultant of two forces @ and @,, equal to 


each other and to the former Qs, acting at equal angles ¢ on 
the sides of P’s line of action; so that 


P,= af(>); (8) 
R = @f(9) f(9). (9) 
Now R is the resultant of p and Pp ; and therefore, as Pp and P, 
are the resultants of @, a,Q,, and q, RB is the resultant of these 
also; let them be taken in pairs, so that Rr is the resultant of 
Qa, a and of 9, a; but by (6) 
the resultant of e,@ = af(O+¢)) . 
-- - -°- @,e,=af(6—4)3’! 8 
therefore substituting in (9) 
af(O+)+efO—¢) = afOS(9), 
F(0+4) +fO—4) = FOL); — dad) 


DZ 


therefore from (6) 


(10) 
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that is, the form of f is such as to satisfy the functional equa- 
tion (11). 

Expanding the left-hand member of (11) by Taylor’s series, 
we have 


NMOS Oty tS Orgy tt =OF@) 
dd iz CO) BP FEB) Sag 
po = 214 Fo) 1) Sanne A (12) 
but as no relation exists between 6 and @, 9 is constant in re- 


ference to ¢: therefore in (11), which is the expansion of f(), 
we may put, if a is constant, 


09 nrg Py 
te —a?; ae Lo = rds al an 
and so for the other terms; | 
n2ae ad 
f@) =2\1- 75 +y594 ~ ig 
= 2cosadg; 

f(0) = 2 cos a@é; 

and therefore (11) becomes 


cos a(6+)+cos a(6—¢) = 2 cos abcosad; (138) 
an equation which is known to be true: and thus (6) becomes 
R = 2Pcosaé; (14) 


a is still undetermined; it must however be some uneven num- 
ber, because r= 0, when 6= 90°, that is, when the two equal 
forces act in the same line and in opposite direetions: and the 
uneven number can be none other than unity, because if it 


were 8 or 5, or... or 2n+1, R would vanish when die a= fae: 
es, joa Pa and this would be absurd: therefore the func- 
4n+2 
tional relation between R, P, and @ is 
R = 2P Cos O. (15) 


16.] Let us geometrically interpret this; let op and op, 
fig. 4, represent the components in direction ane in magni ; 
let on bisect the angle por; from Pp draw pp perpendicular to 
oR, and produce op to R, so that DR = op; thenor= 2o0P cos 8, 
and therefore or by its length and direction represents the re- 
sultant of p and P,; join PR, RP: then P.oPR is manifestly a 


rhombus, of which op, oP, are two adjoining sides, and or is the 


a Yi 
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diagonal. If therefore two adjoining sides of a rhombus repre- 
sent two impressed pressures acting on 0, the diagonal of the 
rhombus abutting on o represents the resultant both as to line 
of action and intensity ; hence also, since 
OR? = OP? + OP?2+ 20P.0P, Cos POP, 

R? = 2p? 2p? cos 20. (16) 
Hence also conversely we infer that a pressure acting on a par- 
ticle o may be equivalently replaced by two equal pressures act- 
ing at equal angles on each side of its line of action if, r being 
the pressure] to be replaced, p being one of the equal resolved 
parts of it, and @ being the angle between the lines of action of 


R and P, a 3 
P= 5 secd; (17) 

R : 3 
p therefore cannot be less than — ; and increases as @ increases, 


9 3 
and lastly becomes infinite when 6 = 90°: hence we infer that 
the effect of R on o cannot be produced by any force whose 
line of action is perpendicular to that of x; and therefore that 
two pressures whose lines of action are perpendicular to each 
other do not affect each other’s effects. 

17.] Next let us consider the case of two unequal pressures 
Pp and @ acting on a point o, fig. 5, and with lines of action per- 
pendicular to each other. Let the components be geometrically 
represented by the lines op and oa; complete the rectangle 
opRaQ, and draw the diagonal or; let the angle Rop=a; then 
the force p may be resolved into two forces Pp’ and P’ acting at 
equal angles a on either side of op, so that by reason of (17) 
P= 5 SEC a, (18) 
and therefore P’ is geometrically and equivalently represented by 
half of the diagonal or. Again, let @ be resolved into two equal 
pressures q’ and q acting at equal angles 90°—a on each side 
of oa, so that by reason of (17) © 
Q? = 5 COSEC a, (19) 
and therefore ’ is geometrically and equivalently represented 
by half of the diagonal of the rectangle. Hence we have two 
pressures, each of which is represented by half of or, acting 
along ok and in the same direction, and of which therefore or 
is the resultant both as to line of action and as to intensity ; 
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and also two pressures q’ and Pp’ acting at o in the same line 

and in opposite directions: and as these are equal, both being 
represented by half of or, they neutralize each other; and 
therefore the resultant of the two impressed pressures is repre- 
sented by the diagonal of the rectangle of which the containing 
sides are the representatives of the components. Hence if R is 


the resultant R? = P?4.Q?; (20) 


and from (18) and (19) 
R = P sec a = QCOSEC a. (21) 


Hence also conversely, fig.6; suppose a pressure P to act on 
a point o, and to be represented in intensity and direction by 
the line op; it may be resolved into two pressures along two 
lines originating at o and perpendicular to each other; so that 
if x and y are the resolved pressures, and if the angle between 
the lines of action of Pp and x is 0, then by (21) 


x = Pcos@ 

Y = Psind 

pit tN op (23) 
Hence the resolved part of a pressure along any line is equal 
to the product of the pressure and the cosine of the angle be- 
tween the given line and that of the given pressure. 

18.] Let us next consider the case of two unequal forces P 
and q acting on a point o, and with their lines of action inclined 
to each other at an angle y; see fig.7; let op and oq be the 
geometrical representatives of the pressures, and let gop=y; 
complete the parallelogram qopr, and draw the diagonal or. 
Now resolve P into two pressures P’ and Pp” in directions at 
right-angles to each other, along or and perpendicularly to or, 
and suppose ror = 0; then by the last Article 


(22) 


Pp’ = Pcos 8, P’= Psin8@, (24) 
so that by reason of the construction of the figure, op’ is the 
geometrical representative of Pp’ and op” of Pp”. Again, resolve 


Q into two pressures Q’ and q”, in directions along and at right 
angles to or; then P 


@=ecos(y—#), QQ” = Qsin(y—6), _ (25) 
and therefore oq’ is the geometrical representative of ’, and 


0Q” of Q”’. Now the two pressures P” and Q” are manifestly 
equal, and act in the same line but in opposite directions; they 
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therefore neutralize each other; and there remain P’ and q’ act- 
ing along or in the same direction, and therefore the resultant is 
equal to the sum of them, and is geometrically represented by 
op’ + 0’, that is, by or, which is the diagonal of the parallelo- 
gram of which op and 0@ are the containing sides; and since 
OR”? = OP? + PR?—2.0P.PR COS OPR 

= OP? + 0Q? + 2.0P.0Q COS POQ; (26) 

Therefore replacing the geometrical lines by their statical pro- 


Besonels R2 = p24 Q? + 2PQ cos y. (27) 
Of course the former two cases are particular instances of this: 
for if y = 90°, . RB? = P24Q?; 

PQ, R = 2P cos 5. 


Hence in all cases we may enuntiate the proposition in the 
following form : 

If two pressures acting on a point are represented by two 
sides of a parallelogram meeting at the point, the resultant is 
represented as to line of action, direction, and intensity by the 
diagonal of the parallelogram which abuts at the point. 

This theorem is known by the name of the parallelogram of 
forces. | 


19.] Hence, conversely, if any pressure R acts on a point o, 
it may be resolved into any two pressures P and q, whose lines 
of action are inclined at an angle y, provided that the condition 
(27) is satisfied. And from (24) and (25), if 6 is the angle 
between the directions of 8 and pP, 

R = Pcos 8+ Q Cos (y—6). 

Hence, fig. 8, if a pressure R acts at o in the line or’, but in 
an opposite direction, and equal, to the resultant of p and qa, the 
point o is in equilibrium: and either force will be equal to the 
resultant of the other two; and therefore if gor = a, ROP =f; 
POQ=y,; : 


Q? = R?+2RP cos B+ P? 
R? = p?+2PQcos y+Q? 


p? = Q?+4+ 2QR cosa+R? 

f (28) 
Also since the three equilibrating forces P, a, R are proportional 
to the three lines op, 0a, or, or to op, PR,R0O; and since the 
three sides of a triangle are proportional to the sines of the 
opposite angles, therefore 
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R 
5 s 7 Palais = 7 7) (29) 
sin OR P Sin R OP Sln OPR 
P Q R 
or, ee (30) 


sna snp siny’ 
that is, if three forces acting on a point are in equilibrium, each 
is proportional to the sine of the angle contained between the 
lines of action of the other two. 

From (29) we infer that three pressures acting on a point are 
in equilibrium, if they are proportional to, the three sides of any 
triangle whose sides are parallel to the lines of action of the 
pressures, and if their directions are those of a point traversing 
the perimeter of the triangle. This theorem is known by the 
name of the triangle of forces. 

Hence if from any point in k’s line of action perpendiculars 
are drawn to the lines of action of p and q, of which let the 
lengths be p and gq, then 

Pp = Qq. (31) 
Therefore if Pp; and Pp, are pressures acting at a given point 
along lines of action, the equations to which are 


2 COS a1 + ¥ SIN a, — 4, = O 
2 COS ag+y Sin ag—b, = OS’ 


(32) 


which we may represent by the abridged notation a;=0, and 
dz = 0; then the equation to the line of action of the resultant is 


Pya, + Ppa, = 0. (33) 


20.] Let us next consider the case of many pressures acting 
on a given point, the lines of action of all of which are in one 
plane. 

Let o be the point on which all the pressures act: and through 
it let two lines, as coordinate axes, be drawn perpendicular to 
each other, and in the plane in which the pressures act. 

Let the pressures be Pj, P2,...P,, of which let e be the type- 
pressure: and let the angles between the axis of x and their 
lines of action severally be aj, ag,...an, of which let a be the 
type-angle; and let the several pressures be resolved along the 
axes of w and y: then by equations (22), Art.17, the resolved 
parts along the axis of x severally are »P; COS aj, Pz COS ag,... 
P, COS a,; and those along the axis of y are P; sin aj, Pz SiN ag, ... 
P, Sin a, ; and therefore if x and y symbolize the pressures along 
the axes of # and y respectively, 
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X = P, COS aj + Py COS ag +... + P, COS ity 


34: 

== ate COS a ( ) 

Y = P) Sin a] + Pg SiN ag +... + P,, SID a, (35) 
= >.Psina 


Let x be the resultant of all the forces acting on o, and 6 the 
angle which its line of action makes with the axis of x; then 
as R produces on o the same effect as to intensity, line of action, 
and direction which all the impressed pressures taken in com- 
bination do, so are the resolved parts of xr along the axis equal 
severally to x and y: 


Rcos0é=xXx=s.Pcosa 


; 36 
Rsind=y=xz.Psina $ Se 
RA ext hy?) (37) 

Y 
tan 0 oe (38) 
sin 0 S cos 6 19 a (39) 


Y x R 
and hereby may the magnitude, and direction of the line of ac- 
tion, of the resultant of many pressures acting in one plane on 
a given point be determined. 

If the acting pressures are so related that the particle is in 
equilibrium, then the resultant vanishes, and therefore 
Re xo ye OS 
6 fa 0, Yo 0, 
=.P cosa = 0, >.Psina = 0. (40) 


And as the conditions of equilibrium must be independent of 
the particular system of coordinate axes, we infer that, if many 
forces acting on a particle in one plane are in equilibrium, the 
sum of the resolved parts of the forces along every straight line 
is equal to zero. 


21.] Ex.1. Four equal forces whose directions are inclined to 
the axis of # at angles of 15°, 75°, 185° and 225° act on a point: 
determine the magnitude and direction of their resultant. 

Let each pressure be equal to p; then 


x = Pcos 15°+ pcos 75°-+ P cos 135°-+ P cos 225° 
woe —2 
Q2 
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Y¥=Ppsin15°+p ae 75° 4+ P sin 185°-+ P sin 225° 


=+(5), 


R = P(5—82)2, tan 0 = 


WH 


3 


322. 


Ex. 2.. Three forces act perpendicularly to the sides of a tri- 
angle at their middle points, and are proportional to the sides; 
it is required to prove that they are in equilibrium. 

Let asc, fig. 9, be the triangle, and let the forces be P, Q, R, 
and act in the directions indicated by the arrow-heads; their 
lines of action meet at the point 0; let gaorn=a, RoP= 8, 
Pog@=y; a,-8, y being manifestly the supplements of 4, B, c; 


then by the data 
7 Pi 5:Q Pes 
aa ae OE (41) 
and since the sides are proportional to the sines of the opposite 
angles, : 


Q R 
sInA  SiINB sinc’ 
P Q R 
“ssi a * Si 9S Sees 


and therefore by (30) p, a, R are in equilibrium. 
Or thus resolving along zc, 


Forces along sc = Qsinc—RsinB 
k {bsinc—c sin B}, by (41) 

ae 
and similarly will the sum of the resolved parts of the forces 
along any other line vanish. And therefore the system is in 
equilibrium. 


22.] In the application of the preceding principles, statical 
forces often arise from (1) determinate tension of strings, 
(2) reacting pressures. It is worth while to say a few words 
on each of these cases. 

Suppose in fig.1 oa to be a string, fastened at o, and pulled 
at its other extremity with a certain force = p; then it is (expe- 
rimentally) plain that o is pulled with a force equal to that 
exerted on the string at a, and that the tension of the string is 
the same throughout; the line of the string of course expresses 
_ the dine in which the pressure acts on o, but the length of it is 
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not a measure of the intensity of the pull, although a length 
may be taken along it which shall be proportional to that in- 
tensity. One or two examples, in which such pressures are 
involved, are subjoined. 


Ex. 1. a ands, fig. 10, are two fixed points in a horizontal 
line; at a is fastened a string of length ¢ with a smooth ring 
at its other extremity c, through which passes another string 
fastened at one end at B; the other end of which is attached to 
a given weight w; it is required to determine the position of c. 

Let an=2a, ac=c, caB=0,aBc=q. Let the tension of 
the string ac=T; which is undetermined. Now as the ring at 
c is smooth, the tension of wcsz is the same throughout, and 
is of course equal to the weight w; and therefore c is kept in 
equilibrium by three forces, w, w, and 1T; in the application of 
equations (40) we shall resolve the forces horizontally and ver- 
tically; and equate those that act towards the right-hand to 
those acting towards the left; and those acting upwards to 
those acting downwards. 

Horizontal forces ; Ww cos ¢ = T cos 0. 
Vertical forces ; wsing+T sin é= w. 
Therefore eliminating 1, 
cos 6 = sin (0+ ¢) 


20+ = 90°. (42) 
Also from the geometry 
sin (0+ $) \A . 2A 
“sng er soi 


and from (42) and (43) 6 and ¢ may be found: and thence rt 
may be determined; and thus all the circumstances of the pro- 
blem are known. 


Ex. 2. a and B are two points in a horizontal line; a string 
fastened at a, fig. 11, passes over a small pully at 8, and sup- 
ports at its other end a weight w; a small and smooth heavy 
ring of weight w’ slides on the string between a and B; deter- 
mine the position in which the string rests. 

Let c be the point at which the heavy ring rests: as the 
pully is smooth, and has no friction, and as the ring is also 
smooth, the tension of the string is the same throughout and 
is equal to the weight of w; hence the point c is kept in equi- 
librium by three forces, w along ca, w along cB, and w’ which 

E 2 
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acts vertically downwards: let can = 0, cnaA = 4; therefore, 
taking horizontal and vertical forces, we have 


Horizontal forces ; w cos 6 = wos ¢. 


Vertical forces ; wWsinéd+wsing=w, 
, 


Ww 
6= ¢ = sn-!~. 
2W 


23.] Again, suppose the material point, on which the statical 

pressures act, to be on a smooth plane surface, which is capable 
of bearing the resultant of the component pressures which acts 
along the normal and in a direction towards the plane: but by 
reason of its smoothness does not offer any resistance to motion 
. in the direction of its surface; then, since the actual normal 
; pressure of such a plane is equal, and in direction opposite, to 
that impressed on it by the component pressures, this normal 
reaction of the plane is one of the forces by which such, a mate- 
rial particle is kept in equilibrium, and, as such, will enter into: 
the equations of equilibrium. 


ix. 1. A material particle of weight w is kept at rest on a 
given inclined plane by a force P acting at a given angle to the 
plane; determine the pressure on the plane, and the magni- 
tude of p. 

Let fig. 12 be a vertical section of the system ; ac the inclined 
plane; caB =a, PgC= Pf, R= the reaction of the plane against 
the particle q: then, as the lines along which forces may be 
resolved are arbitrary, let us resolve along, and perpendicularly 
to, the plane. 


Forces along the plane, P cos 8 = wsina, 
Forces perpendicular to the plane, R+Psin8 = wcosa; 
sin a ___ cos (a+ 8) 


cos 8’ cos B 


The force p therefore acts to the greatest advantage when B= 0. 


Ex. 2. Two forces p and q acting respectively parallel to the 
base and length of an inclined plane will each singly sustain on 
it a particle of weight w; to determine the weight of w. 

Let a be the inclination of the plane to the horizon; then in 

“each case resolving along the plane, so that the normal pressures 
may not enter into the equations, 
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Pcosa=wsina, Q=wsina, 
a, (p?—Q2)2 ; 

24,.] The resultant of forces acting on a poimt in one plane 
must be, as to line of action and intensity, independent of the 
particular origin and the particular system of coordinates; and 
we may in the following manner deduce this property from the 
preceding results : 


MiiplapeedrSe ysiton booed oe Wgen cess (Ad 
Y = %.Psina = Pj Sina, +P: Sinag+... +P, sina,J” ) 
R? = x24 y? 
oe Py? + Po? + tee +P,” 
+ 2 {P) P2 COS (a; —az) +P) Pz COS (a; —ag) +... 
woe + Py—1 Px COS (An_1—Gn)}° (45) 
= 3.p?4+25.PP’ cos(a—a), (46) 
where pr’ are the symbols for any two of the forces, and a—a’ 
is the angle contained between their lines of action; and the 
sign of summation prefixed to PP’ cos (a—a’) indicates the sum 
of the products corresponding to the forces taken two and 
two together; and therefore (46) is independent of the system 
of coordinate axes. Equation (27) is a particular case of (46). 


25.] We have also the following relation between the several 
components and their lines of action, and any point in the line 
of action of the resultant. 

Let the equations to the lines of action of the components be 

#cosa,+y sina; = 0 = ay) 

£ COS ag+ Y SIN ag = O = ag | (47) 

# COS dn-+ ¥ SiN a, = O = ayJ 
the point at which they act being the origin, a being the angle 
between the axis of # and the normal to the line of action; 
and the a on the right-hand side of the equation being the 
length of the perpendicular from the point (a, y) to the line. 

Now if the components are Pj), P:,...P,, and the resultant is 
R, and a is the angle between the normal to r’s direction and 
the axis of 2, then the equation to r’s line of action is 


xcosa+y sina = 0, (48) 


xRcoosa+yRsna=0; 
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but R COS @ = 3.P cosa, R sina = 3.P sina; 
L23.Pcosa+ys.Psna=QO, 
P, {@ CoS a, +y Sin a} + Pe {# COS ag + Y SIN ag} + ... 
..» + Pn {2 COS an + Y Sin a,} =O, (49) 

PQ, + Podg + .-. + PnQn ==) 0) (50) 
where a1, az,...a, are the perpendiculars from (#, y), any point 
in the line of action of Rr, on the lines of action of the compo- 
nents ; therefore, 
- If from any point in the line of action of the resultant per- 
pendiculars are drawn to the lines of action of the components, 
the sum of the products of each component and its correspond- 
ing perpendicular is equal to zero. 


26.] There is also another geometrical interpretation of the 
conditions of equilibrium in equations (40), which I must not 
omit to notice. 

It is a well-known property of a closed polygon that the sum 
of the projections of its sides on any given straight line is zero; 
the projections of the sides being affected with positive or nega- 
tive signs according as the angles made by them with the given 
straight line are acute or obtuse, and care being taken to esti- 
mate the angles between the given line and the sides of the 
polygon which are turned all towards the inside or all towards 
the outside of the figure. Hence, if /,, 4,...1, are the lengths 
of the sides, and aj, ag,...a, are the angles between them and 
the given straight line, 


Sty COs ras (51) 
Now if n forces act on a point, the condition of equilibrium is 
=.P cosa = 0. (52) 


Hence if n forces, having their lines of action parallel to the 
successive sides of a closed polygon, their directions the same 
as that of a point traversing the sides of the polygon, and their 
intensities represented by the lengths of those sides, act on a 
point, (51) assumes the analogous mechanical form (52), and the 
forces are in equilibrium: hence conversely, if many pressures 
act on a point in one plane and are in equilibrium, their direc- 
tions are parallel to the sides of a closed polygon, the sides being 
proportional to the intensities of the forces. This proposition is 
known by the name of the polygon of forces, and the triangle of 
forces proved in Article 19 is a particular case of it. 
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Section 2.—Composition and resolution of pressures acting in 
any directions on a material particle. 


27.] Here and elsewhere in considering the effects of forces 
acting in space we shall refer them to a system of rectangular 
coordinates; because the results are not more general, and are 
much more complicated, when they are referred to a system of 
oblique axes. And let me in the first place take the case of three 
forces x, y, z acting at the origin o, see fig. 13, and along the 
coordinate axes. Let the resultant of x and y, which are at 
right-angles to each other in the plane of wy, be Rr’; then, by 
Article 17, ’ 


R?2= x24 y?, 
Again, in like manner compounding x’ and z, which are at right- 
angles to each other and in the same plane, and of which let the 


resultant be R, et ao? 


mato Re A (53) 
and Rx is the resultant of the three forces. To determine the 
direction of its line of action, let its direction-angles be abc; 
then, by equation (22), 

<= COS Aye RCOS0,; %:—=) ROS C. (54) 
Hence, conversely, any force Pp, acting at o, the direction-angles 
of whose line of action are aSy, may be resolved into three 
forces x, Y, z acting along the coordinate axes, such that 


weet CONG, y =P cog 2; B= P COSe (55) 


28.] Next let us consider the case of many forces acting in 
any directions at the point o. 

Let the forces be P;, Ps,...P,; and let the direction-angles of 
their lines of action be a; 81 y1, a2 Be y2,--- An Bn yn; let these be 
resolved severally along the coordinate axes, and let x, y, z be 
the sums of the resolved parts along the axes respectively of 
x,y, and z; then 

X = P) COS a1 + Po COS ag +... + P, COS a, | 
= =.P cosa l (56) 
Similarly y = %.P cos 8 
Z = &.P Cosy 
Let r be the resultant of all the impressed pressures ; and let 
the direction-angles of its line of action be a, b,c; then 
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RCOS@= x;  KC0sd=Y,. “8 COS Cam, (57) 
and squaring and adding, 
R? = x? 4 y2 472 (58) 
x Y Z 
cosa=—, cosb=—, cose ==; (59) 


and therefore the equations to the line of action of the resultant 
of many forces acting on a particle at the origin are 
x y e 


ell ARR SIRSE: FE PEL Ch Ser (60) 
z.Pcosa 3.PcosB %.Pcosy 
Also from (58), x Y Z 
RS XS /-Y—s e 
R R R 


= xcosa+ycos b+2 cos ¢, 
that is, R is equal to the sum of the forces along the coordinate 
axes resolved along the line of action of R. 
If the coordinates to the point on which all the forces act 
are wv’, y’, 2’, so that the equations to the lines of action of the 
components are 


/ , / 

w—w yy Z—2 

cosa, cosp, cosy; 

L— a y—y z—2 

COSadg COS, COSy2 Ps; (61) 
/ / U 

L—-X y—Yy z—2Zz 

COSa, COSB, COS yx J 


then the equations to the line of action of the resultant are 


x — a i y—-y zz (62) 


3.PCOSa %.PCcosB %.PCOSy 
Now from the pomt on which all the forces act let straight 
lines be drawn, which are in length and direction geometrical 
representatives of the forces: and let the extremities of these 
lines be (2%, yi, 21), (Xa, Ya, 22), «+» (Bua Yns Sn)s Ce 
lengths be 5), s2,...s,; then 


Xv’ — #, = $, COS a, Xv — Lz = $2 COS ay 
y’ — Y, = 8, COs at y’ — Y2 = $2 COS at hee (63) 
2’ — 2, = 8, cos yy Zz — 22 = 83 COS y2 
So that 
=.P cosa = 3(a’— 27) = na’ — (a+ 224+...+2n) 
i (64) 


=.P cos 8B = 3(y’—y) = ny — (Yi + Yot+... + Yn) 
=.P cos y = 3(2’ — z) = nz — (21 + 2g +... Zp) 
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and therefore (62) become 
xv—a’ y—y z—2' 


a a en EOD 
Uj +Xo+...+2n “fie Yr t+ Yate + Yn A echt nea 


n n n 
which are the equations to the line of action of the resultant. 
The point whose coordinates are 
Bit Wat eee thn Yit Yate t+Yn 21t+2et-..+2n 
n 3 n d n : 
is that which is known by the name of the geometrical centre 
of mean distances of the points which are the extremities of the 
line-representatives of the forces: and therefore from (65) it 
appears that the line of action of the resultant passes through 
this point. 
Also the magnitude of the resultant of the pressures, which 
is of course independent of the particular system of coordinate 


axes, may thus be found; since 
X = Pj COS a) -+ Py COS Ag+... + Pp COS ay 
<= rene eon ton rm (66) 
Z = P1 COS yj + Pz COS y2+... + Pn COS Yn 


r 2 R? = P}?+ Po? +... + Pr? 


+ 2 Pj Po {COS aj COS az + COS PB; COS By + COS y; COS y2} 
+ 2P,_1Pp {COS a,_1 COS a, + COS B,_1 COS 8, + COS yn—1COS yp} (67) 
= 3.P?-+ 25.PP’ cos (P,P), (68) 


where P, P’ are the symbols for any two of the forces, and cos (P, P’) 
is the cosine of the angle between their lines of action. And 
from the forms, which the resolved parts of r take in equations 
(64), it follows that the geometrical representative of it is 7 
times the length of the line joining the point of application of 
the forces and the centre of mean distances of the extremities 
of the geometrical representatives of them. This theorem is 
due to M.Chasles, and is the true generalization of the paral- 
lelogram of forces. 

If the pressures are in equilibrium, r = 0; in which case, by 
‘reason of (58), x = 0, y=0, z=0; therefore 


Sar. cosac— 0, £.P cos 8-0, >.P cosy = 9; (69) 


that is, the sum of the resolved parts of the forces along each 
of three coordinate axes is equal to zero. 
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Section 3.—Conditions of equilibrium of many pressures acting 
on a material point which is in contact with a smooth surface 
or a smooth curve. 


29.] Let us first take the case of a smooth surface; and let 
us suppose a material particle acted on by many forces to be in 
contact with it at a given point. As the surface is smooth, the 
only direction along which it can offer any resistance to the 
particle’s motion is that of its normal; and as it is conceived to 
have no active power of its own, but only a capacity of resisting 
any force that acts against it along its normal, so must the re- 
sultant of the impressed pressures act along the normal and 
towards the surface: these conditions therefore are sufficient 
for the equilibrium of the particle. 

Let the equation to the surface be 


FY) eta (70) 
and for convenience of notation let 
dF dr dr 
(S) mite (3) a (=) ae iv) 


U2? + v2 4 w2 = Q?, 

so that the direction-cosines of the normal at a point (a, y, 2) are 

U avian 

RN 

Q @ Q 
then as this line is to be coincident in direction with the re- 
sultant of the acting pressures, whose direction-cosines are pro- 
portional to x, y, z, we have the equations 


° 
> 


XOGERY ere 

fia eee ve 
as the conditions of equilibrium ; and if these are not, and can- 
not be, satisfied, equilibrium on the surface cannot exist. If 
therefore it is required to determine the point on a given sur- 
face, at which a material particle under the action of given 
forces will rest in equilibrium, we must find the point on the’ 
surface at which the preceding equations are satisfied. 

The normal pressure of the surface, which arises from the 
action of the impressed forces, may thus be determined. Let 
N represent the normal pressure, then the resolved parts of it 
along the coordinate axes are 
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hs mAs Ww 
Q’ Q’ Q 


and these together with the acting forces must be in equili- 
brium: therefore fe 
2.2 COS @ = Xx = eed 
Q 
Vv 


aces Fea aa . 


Ww 
BEACOSY Tama 8 rai 
whence squaring and adding 
N2 = x2+ y24 72, 
We subjoin some examples of the preceding formule. 


Ex. 1. A particle is placed on the surface of an ellipsoid and - 
is acted on by attracting forces which vary directly as the dis- 
tance of the particle from the principal planes of section; it is 
required to determine the position of equilibrium. 

Let the equation to the ellipsoid be 


Fag MY 7 Ea in 
stot a=l= F(@,Y; 2) 5 


22 2y 22. 
ce ee Weurye? eae? 
let Som [eee SY ay; YM 4 03 


then equations (72) become 


My M2 M3 Ma teats 


ee 


a 6-2” E32 a-2 4 6-2 +4¢-2’ 
therefore py: fe: v3 = a-?: 6-2: c-*; and if these conditions 
are fulfilled, the particle will rest at all points of the surface. 


Ex. 2. Again, take the same surface, and let the forces vary 
inversely as the distances of the point from the principal planes : 
it is required to determine the position of equilibrium. 


= es ; Y= oy Z= = 5) 
therefore (72) become 
x (ihe 2 
Fi 6? ¢? ] 1 
a cee aaa 


F 2 
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raa(By, v=a(l), = o(f), 


Ex. 3. A particle of given weight is placed inside a smooth 
sphere, and is acted on by a repulsive force varying inversely as 
the square of the distance from the lowest point of the sphere: 
it is required to find the position of rest of the particle. 

Let the lowest point of the sphere be taken for the origin, 
and let the axis of z be vertical; then the equation of the 
sphere, whose radius is a, 1s 

ety? +t 2z%7—R2az = 0. 
Let w=the weight of the particle, and r= the distance of it 
from the lowest point; then 
r? = g24y24 22 


Be ars 
Also let the repulsive force = ea ida 
72 T4202 
pe @ py pz 
K=----, Y= Z=>———wW 
Oe Te PA Ps 9 2az 7 


Let n =the normal pressure of the curve, 


WE ae Tolan ead, s 
eps pido eae 
MY y 
Sachs ao 
Qaz7r a a 
z Zo 
Wi Miner ty eer 
2az 7 By 3 
from which we have 
3 
peak, = i 23 
WwW 2 a? we 


whence the position of the particle is known for a given weight 
of it, and for a given value of p. 

If another force of the same kind, and in which yp is replaced 
by p’, makes the particle to rest at a distance 7’ from the lowest 
point, then ee wa By ees 5 


w? oe m8” 
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that is, the absolute values of the repulsive forces at an unit- 
distance vary as the cubes of the distances from the lowest point 
of their positions of rest. 


- 80.] Next let us consider the circumstances of pressure of a 
particle resting, or (to fix our thoughts) of a small ring sliding, 
on a given curved line which is smooth and offers no resistance 
to motion along itself. 

As the curve is smooth, the resultant of the impressed forces 
is manifestly perpendicular to the tangent of the curve at the 
point of equilibrium; therefore if the curve is of double curva- 
ture, so that the direction-cosines of its normal are proportional 
to dx, dy, dz, the required condition is 

xdw+ydytudz=0; (73) 


and if n is the normal pressure, and A, p, v are the direction- 
angles of its line of action, 
NcosA = X 
N COS = ‘f (74) 
NCOs — 7 
N?2 = x? 4 y24 77; (75) 


whence nN, A, p, v are known. If the equation (73) cannot be 
satisfied at any point of the curve, equilibrium is impossible; 
and if the forces are given, the point, at which equilibrium takes 
place, may be determined by means of (73) and the equations 
to the curve. 

If the curve is a plane curve, (73) becomes 


xdx+ydy = 0, (76) 


which, if F(v,y) = c is the equation to the curve, may be 
written in the form 


pally Sp (77) 
dx dy 
Also (75) becomes Nn? = x24 y2, (78) 


Ex. 1. A ring is capable of sliding on a smooth helix, and is 
acted on by a constant force perpendicular to the axis; shew 
that equilibrium is impossible, unless the force parallel to the 
axis of z is zero. 

The equations to the helix are 
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L = acos ¢, .. dx= —ydd, 

y=asin®g, dy = xdd, 

eee ap, dz = kadd, 
and if ya is the constant force which acts towards and perpen- 
dicular to the axis, 

X= — Pe, Xr Ys 
and therefore substituting in (73), we have 
pry —poy taka = 0, 

which can be satisfied only when z = 0. 


Ex. 2. A small ring, capable of sliding on a smooth ellipse, 
whose equation is “ “ 
v y 
a" 6 
is acted on by forces parallel to-the axes of # and y represented 
by px” and py”; find the position of equilibrium. 

In this case (77) becomes 


ed 


azar-! =m ik Tice 
n+1 n+1 n+1 — 
Cas abn=i ant + ost 5 


and a similar value may be found for y. 


Ex. 3. Two weights p and q are fastened to the ends of a 
string, fig. 14, which passes over a pully 0; and q hangs freely, 
when Pp rests on a plane curve AP in a vertical plane; it is re- 
quired to find the position of rest when the curve is given. 

The forces which act on P are, (1) the tension of the string 
in the line op, and which is equal to the weight of @, (2) the 
weight of Pp acting vertically downwards, (3) the normal reaction 
of the curve, viz. R. 

Let r(v,y) =e be the equation to the plane curve, o being 
the origin, and the axis of x being vertical. Let om=a, Mp=y, 
op=7, POM=0@, ao=a. Then 


io eh 
x = P—qcos0—R— v2 ane 


ds’ ds’ 
therefore from (76) 
(Pp—qQcos 0) dr—qsin 6 dy = 0, 


xdx+ydy 
r 


pPdz—aQ = 0; 


but since vty? = 7, o. wde+ydy =rdr; 
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pPdx—aqdr=0; (79) 


and this condition must be satisfied by p, @, and the equation to 
the curve. Also 

R? = p?— 2Pqcosd+Q?. (80) 

(1) Let the curve ap be an hyperbola of which o is the 

centre; then oy? 

an G2 


7? = #744? = ery? — 52, rdr = e*x dx, 


= 


redx—ee*xdx = 0, 
. bp 
ere {p2— ¢2Q213 } 
(2) Let it be required to find the equation to the curve, on all 


points of which p will rest. In this case (79) must be satisfied 
at all points of the curve; therefore 


Pe—aQr = a constant 
(P ae Q) a, (say), 


if the curve passes through a, and oA=a; therefore 
P 
L——) 2 


Vex tos'6 
Q 


b 


which is the equation to a conic section, of which the focus is 
the pole; and is an ellipse, parabola, or hyperbola, according as 
P is less than, equal to, or greater than, a. 

(3) Let the curve be a circular quadrant, convex downwards, 
with a horizontal radius passing through o, which is also a 
point on the circle, and let p=2qQ; then the equation to the 
circle is, if a is the radius, 

yr = 2asin0; 
and therefore (79) becomes 
4 (cos 6)?— cos d—2 = 0, 
whence 6 may be determined. 

(4) Another form of the problem is, The length of the string 

being given, and q always resting on a given curve, to find the 


curve on which P shall rest in all positions. 
Let the tension of the string be equal to 7, and let 7’ and 0 
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refer to the curve BQ, fig. 15, on which q rests, and of which let 
the equation be vez f(6, (82) 


where f is the symbol of a known function: then we have 


from (79) Pe P gun ey fo Sih) 
also pdx—tdr=—0; 
and since r+ = 2c = length of the string, (83) 


dr + dr’ = 0, -. Qde+edz=0; (84) 
and by means of (82), (83), and (84), 7’ and 6’ are to be elimi- 
nated, and the resulting equation in terms of r and @ will be 
that required. 

Let the curve on the left-hand side be a parabola of which o 


is the focus; then 
/ tiara 85 
dear <P) 
and from (84) Qzv+Pxr = 2ka, 
where & is an arbitrary constant; therefore from (85) 
7 —r cos 0 = 26, 2o—r— “HO— FT OSE = 2, 
ees Fa ar (86) 


1 ook 
Q 


which is the equation to a conic section of which the focus is o. 


In recapitulation of the preceding results it appears that, 
(1) if the point on which certain pressures act is entirely free, 
so that three variables are independent, the pressures must 
satisfy three conditions ; (2) if the point is constrained to be on 
a given surface, there are two equations of equilibrium; and 
(3) only one condition is requisite, when the point is on a given 
curve. 
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CHAPTER III. 


COMPOSITION AND RESOLUTION OF STATICAL PRESSURES 
ACTING ON A RIGID BODY. 


31.] Before we enter on the formal inquiry into the mode 
and results of the composition of many statical pressures acting 
on a rigid body, it is necessary to remove some obscurities as 
to properties of such bodies, and to state principles which are 
fundamental and necessary to the discussion; and here I must 
again remind the reader that I am appealing, not to abstract 
scientific principles, but to his common sense and experimental 
knowledge of those bodies which he meets with in his contact 
with the external world. 

A rigid body is such that its component material particles 
are in a state of relative rest by the action of unknown mole- 
cular forces, such as attractions, cohesions, &c.: and the inten- 
sity of these forces is so great, that the relative equilibrium of 
the particles, which is due to them, is not disturbed by the 
pressures which act on the body. 

And suppose a pressure to act at a definite point of a body 
in a definite direction; it produces a pressure of the particle on 
which it acts against the contiguous particle in the line of its 
action, and from the contiguous particle in the opposite direc- 
tion: and this pressure on these particles, although infinitesimal 
in comparison of the molecular forces, is propagated from one 
particle to another along the whole line of action of the im- 
pressed force; and is manifestly the same, at whatever point 
along this line the pressure is applied. Hence we infer that 
the effect of a pressure on a rigid body, acting at a definite 
point and in a definite direction, is unaltered, whatever is the 
point in its line of action at which it is applied. This principle 
is commonly called that of Transmissibility of Pressure, and the 
truth of it depends on the rigidity of the body, which appears 
to involve such a mode of action as that described above. 

‘Now two equal pressures acting on a material point in the 
same line and in opposite directions neutralize each other; and 
this property may be extended by means of the preceding prin- 
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ciple, so that, Two equal pressures acting in the same line and 
in opposite directions on any points of a rigid body neutralize 
each other. Hence we infer, that when many forces are acting 
on a rigid body, any two which are equal and have the same 
line of action and are opposite may be omitted; and similarly 
the introduction of two equal forces along the same line of 
action and in opposite directions does not change the circum- - 
stances of the system as to resultant pressure. 

The effects of the pressures which have been considered in 
the preceding chapter are a tendency to motion im a given 
straight line, and, so far as we have considered them, along 
that straight line only: these are called pressures of transla- 
tion. But suppose a point o, fig. 16, of a rigid body to be 
fixed, so that there cannot be any motion of translation of the 
whole body; and suppose a pressure P to act on the body at a 
definite point m in the direction MP; join om, and resolve P 
into two parts, one along, and the other perpendicular to, om; 
then the part along om produces a pressure at 0, which being 
fixed is capable of bearing it without the body having thereby 
any tendency to motion: but the other component causes a 
pressure on M in a direction at right-angles to om; but as 0 is 
fixed, m can only describe a circle about o as the centre; the 
effect therefore of this latter component is a tendency to cir- 
cular motion of m about 0; a pressure producing such an effect 
is called a pressure of rotation about a given point; and we shall 
consider these, their measures, and their laws more at length. 
Single material particles are subject to pressures of translation, 
but, having neither magnitude nor parts, not to pressures of 
rotation. . 


Section 1.—Composition and resolution of forces acting on a rigid 
body in one plane—Composition and resolution of couples. 


32.] Composition of two pressures acting at definite points 
on a rigid body in one plane. 

Let the two pressures be Pp and qa, and suppose them to act 
in the plane of the paper at the points a and B; fig.17; jom 
AB, and let the angles between as and the lines of action of P 
and Q be respectively a and 8; produce the lines of action of P 
and Q so as to meet in o (o being supposed to be in the rigid 
body); and, by virtue of the principle of transmissibility, we 


33.] FORCES ACTING ON A RIGID BODY IN ONE PLANE. 43 


may suppose P and Q to be applied at 0. Let r be the resultant 
of them so transferred, and let the line of action of Rr intersect 
AB in the point c; then we have to determine the magnitude 
of rn, its line of action, and a point in that line; these last two 
will be conveniently known, if we find ac, and the angle between 
AB and co. 
Peek 2 CRY, ABC); uae a O, 
ene OA 3, ee OCw— 0 5 

then, by the parallelogram of forces, 

R? = pP?—2PQ cos (a+ B)+Q?; (1) 
whereby the intensity of the resultant is known. And resolving 


P,Q, R at o along lines through 0, parallel, and perpendicular to, 
AB, we have 


et eas: (2) 
Rsnd=aQsinB+PsinaS’ ! 
Pee PE RL ae: (3) 
P COS a—Q Cos B 
and by reason of equations (30) Article 19, 
E Q R 
(4) 


sin(@+f)  sin(@—a)  sin(a+f)° 
Let p and g be the lengths of the perpendiculars on the lines 


of action of Pp and q from any point in the line of action of Rr, 
say from c; then 


p= co sin aed (5) 


g = cosin (0+ 8) 
therefore from the first two terms of (4) 
Pp = Qg; (6) 
and therefore, since p= sina, g=ysin 8, 


Pxsina = Qy sin B, (7) 
ie Vere ay Reames a 
qasinB PSina Psina+Qsin£ 
a 
R sin 0” ©) 


whereby x and y are given in terms of known quantities: the 
intensity, line of action, and point of application on the line aB 
of the resultant are therefore determined. 


33.] The equation (6) requires especial consideration ; two 
pressures, P and q, act on the body, each of which alone pro- 
G2 
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duces a pressure of translation along its line of action: but the 
resultant of the two taken in combination is a single pressure 
Rr, the position of whose line of action is given by the equation 
(3); a pressure therefore equal to x, along the same line of 
action, and opposite in direction to R, will with p and Q pro- 
duce equilibrium. Now this force may be applied at any point 
in the line of action of r; let c be the point of application ; and 
thus the system is in equilibrium, and is as if c were a fixed 
point. Let us consider this in the light of the remarks of 
Art. 31; Pp and q@ severally produce a pressure of rotation, about 
c, and manifestly in opposite directions ; and they neutralize 
each other, for the body is at rest: therefore their rotatory 
effects are equal. But what relation exists between them? 
because we may thence infer a measure of their rotatory effects 
with reference to the centre c. Pp and q balance, when (6) is 
satisfied; that is, the rotatory effect due to one force is equal 
to, and neutralized by, that due to the other, when the products 
of each force and the perpendicular distance from c on its line 
of action are equal. This product therefore may be taken as 
the measure of the rotatory effect of a force. And as it is de- 
sirable to have a distinctive name for such an effect, it is called 
a force’s moment; and therefore we define as follows: 

Derr. Moment of a pressure is the rotatory effect of a pressure 
with reference to a given point; and is measured by the product of 
the numbers which represent the pressure and the perpendicular 
distance from the point on the line of action of the pressure. 

Two pressures are said to be eguimomental with respect to a 
given point when their moments with respect to that point are 
equal. 

As the forces act in one plane we have spoken of the moments 
with respect to a point: it is more correct to say, with respect 
to an axis passing through the point and perpendicular to the 
plane in which the forces act, because it is about this line that 
the forces per se, and all other things neglected, tend to make 
the body turn. However, in a subsequent part of the course, 
and when the body, on which the forces act, moves, we shall 
have a modification of this statement. 

A force may tend to make a body turn about an axis in either 
one or the other of two directions; it is necessary therefore to 
distinguish these, and to affect them with different signs: let 
therefore the moment of a force be positive if it tends to turn 
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a body from right to left, that is, in the direction in which the 
hands of a clock revolve, when it is opposite to us; and let 
the moment of a force be negative, when it turns a body in the 
opposite direction. f 

Moments of forces, being quantities measurable by number, 
are capable of addition and subtraction, and also of being repre- 
sented by lines. 


34.] Let us return to equation (7), and consider c as a point 
fixed, by means of the force r acting on it and being in equi- 
hbrium with p and a: then resolving Pp and q along and per- 
pendicular to aB, we have Pp sina and q sin # perpendicular to 
AB, and pcosa and qcos§ along as: these latter forces pro- 
duce a pressure on c which is equal to their difference; but the 
former components produce a rotatory pressure about c, and 
equilibrate when the moments of the two are equal, that is, 


when 
#P Sina ¥Q sin B; 


and this is equation (7). 

Again, suppose that the components are P, and Ps, and that 
the equations to their lines of action are given; and let it be 
required to find that of the line of action of the resultant r. 

Let the equations to the lines of action of the components be 

& CoS ay +ysinay—p, = O= ay 
3 fe (9) 
# COS ag + ¥ SIN ag— py = O = ag 
a; and az being abridged forms of notation for the left-hand 
members of the equations: then, if # and y refer to any point 
in the line of action of the resultant, by equation (6) we have 


Pj a, + P9 ag = 0, 


(P, COS a; + Py COS ag) & + (P) SIN a, + Pe SIN ag) ¥ 
rey aN erie eo MP KOU 

which is the equation to the line of action of rR. 

Hence if r is the perpendicular from the origin on the line 
of action of R, 

Pi Pi + Po Pe 
{(P] COS aj + P2 COS ag) + (21 8M a, + Py sin ag)? } 2 
VND Bs ga 1) 

{P12 + 2 P Pz COS (a; — ag) + P22}? 


SL peg GRP 
ea CaM 
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Rr = Pi P1 + P2P2; (11) 
that is, the moment of the resultant is equal to the sum of the 
moments of the components. 


35.] To consider the subject from another poimt of view, 
I will take the case of two parallel forces acting in the same 
direction on a-rigid body. 

Let P,Q be the two parallel forces acting at a and B: fig. 18: 
join 4B, and let a be the angle between as and the lines of action 
of vp and q; at a and B introduce two equal forces s and s which 
act along aB, and in opposite directions: the circumstances of 
pressure are not hereby altered. Let p’ he the resultant of P 
and s at a, and q’ the resultant of @ and s at B; let the lines 
of action of p’ and q’ be produced to meet in o, o being sup- 
posed to be rigidly connected with the body: at o resolve P’ 
and qQ’ into the forces of which they were compounded; the 
components along the line parallel to 1B manifestly cancel each 
other, and there remains p+ Qq acting in a line parallel to the 
lines of action of p and aq. Let this resultant be r, so that 

R= P+Q; (12) 
that is, the resultant is the sum of the two parallel forces. 

Let ac=7, cB=y, aB=a; therefore 7+ y=@; thenwr 16 
the resultant of p and s, and these pressures are parallel to the 
sides of the triangle aco, 

s P Sd S Q 
-=—; similarly - = —; 
a OG Ce 

PLOY: (13) 

Let p and g be the perpendicular distances from c on the 
lines of action of Pp and q: then p=asina, g=ysina, and 
therefore (13) becomes 


EDs (14) 
that is, the moments of P and @ about c are equal. 
Again, from (13) zy wty 
Q P P+Q 
a 
ues R? (15) 


whence # and y are known; and are reciprocally proportional to 
the forces at their extremities. 


if P= 6, a. Ro 2Ps 
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that is, the resultant is equal to twice one of the forces, and is 
applied at the point of bisection of the line joining the points 
of application of the forces. 

As (14) is independent of the angle between as and the direc- 
tion of the forces, c is the same whatever that angle is; c is for 
this reason called the centre of the two parallel forces. 


36.] Suppose one of the parallel forces of the last Article to 
act in a direction contrary to that of the other: then, fig. 19, 
introducing as before two equal forces s, s acting along aB and 
in opposite directions, and compounding P and s into Pp’, and @ 
and s into Q’, let us suppose the lines of action of P’ and q@’ to 
meet at o, o being rigidly connected with the body; and at o 
let Pp’ and q’ be resolved into the forces of which they were com- 
pounded; the forces parallel to the line aB cancel each other, 
and there remain P and q acting in a line parallel to the original 
lines of action of p and q, the resultant of which is equal to their 
difference : let us suppose @ to be the greater, then 

R= Q—P. (16) 

Let aB=a, ac=2, Bc=y; therefore r—y=a; and let a 
be the angle between as and the lines of action of p and aq. 
‘Since P’ is the resultant of Pp and qa, 


iy 


S te 2 S 
—-=—, similarly, — = —, 
TaeCO y co 


POY, Clea) 
Let p and gq be the perpendicular distances from c on the 
lines of action of p and q; then p=a@sina, g=ysina; there- 


fore (17) becomes Pp = aq; (18) 


that is, the moments of p and q about c, and similarly about 


every point in the line of action of R, are equal. 
Again, from (17) 


(19) 


whence w and y are known; and are reciprocally proportional 
to the forces acting at their extremities. 


37.] Now let us suppose the pressure Q, which I have ima- 
gined to be the larger of the two, to diminish, and to approach 
in intensity nearer and nearer to Pp; then r becomes less and 
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less, and x becomes greater; and ultimately, when gq= Pp, R=0, 
and v=y= oo; that is, there is no single force of translation 
which will be equivalent to such a pair of forces, and therefore 
there is no one force of translation which will be in equilibrium 
with them. And it is, by the principle of sufficient reason, manifest 
that such a system cannot have a single resultant of translation ; 
because such a resultant is wnigue; and whatever is the process 
of reasoning, by which its line of action is assigned in respect 
of one of the forces, by the same will it be assigned in a similar 
position with respect to the other force. 

Such a pair of forces, equal and acting in parallel lines and in 
opposite directions, is called a couple*; its effect is evidently a 
pressure of rotation about a line perpendicular to the plane in 
which the forces act, and which line is called the axis of the couple. 
Now in statics, as the motion is only virtwal and not actual, the 
direction of the axis is fixed, but not the position of it; it 1s some 
line perpendicular to the plane in which the forces act. The 
perpendicular distance between the lines of action of the forces 
is called the arm of the couple. 

In estimating the moment, that is, the rotatory effect, of the 
couple, we must examine all possible positions of the axis. Let 
the couple be that indicated in fig. 20; and (1) let us suppose 
the axis to pierce the plane of the couple at the point o which 
hes between the forces; then 

the moment of the couple = Pp x oA+P? Xx OB 
=P Xi 5. (20) 
(2) Suppose the axis to pass through a, one of the extremities 
of the arm: then the force which acts at a produces no pressure 
of rotation, and we have 
the moment of the couple. = P x AB. (21) 
(3) Suppose the axis to pierce the plane of the couple at a point 
o, fig. 21, in the arm produced: then 
the moment of the couple = Pp x oB—P x0A 
= PXAB. (22) 
In all cases therefore the moment of the couple is equal to the 
product of the numbers expressing the force and the length of 
the arm. Thus if the force contains 6 units of pressure, and 


* See Poinsot, “Mémoire sur la composition des Moments et des Aires 
dans la Mecanique.” ‘The tract is appended to ‘“‘ Eléments de Statique”’ of 
the same author, 8™¢ edition, Paris. 1842. 
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the arm 3 units of linear length, the moment of the couple is 
expressed by 18; that is, 
moment of couple = pressure x length of arm. (23) 

A couple may evidently tend to make a body revolve in either 
one or the other of two opposite directions; that is, in the di- 
rection of the hands of a watch, as it is before us, or in the 
opposite direction; and it is desirable to affect these different 
directions with different signs; let the former therefore be posi- 
tive or right-handed couples, and the latter, negative or left- 
handed couples. In fig. 20 and 21 right-handed couples are 
represented. 

38.] The equation to the line of action of the resultant of two 
parallel forces Pp, and Pp, may be determined as follows: 

Let the equations to the lines of action of the components be 
howd aay ade eal a (24) 
xcosa+y sin a—o, = 0 = ay 

therefore the equation to the line of action of the resultant is 
(P14 P2) @ cosa+(P1}+P.)y SiNa—(d,P}+62P2) = 0. (25) 

Let P}+P2= 0, that is, let the forces be equal and act in oppo- 
site directions, Po er 0, (26) 
which is the equation to a straight line at an infinite distance; 
therefore the resultant of two equal and opposite forces acts at 
an infinite distance. 

39.] Before we proceed to the consideration of other cases of 
forces acting on a rigid body in one plane, it is necessary to 
discuss the properties and laws of couples. Couples are called 
coaxal when their axes are parallel, that is, when the planes of 
their forces are parallel. 

TurorEeM I. The effect of a couple on a rigid body is not 
altered, if the length of the arm and the force being the same, 
the arm is turned about its extremity through any angle in the 
plane of the couple. 

Let as, fig. 22, be the arm of the original couple, and Pp, Pits. 
forces; through a draw any straight line aB’ in the plane of the 
couple equal to as, and at a and B’ respectively insert in the 
plane of the couple two forces equal to Pp, with their lines of 
action perpendicular to the arm x8’, and opposite in direction to 
each other. Let sas’=26; then the resultant of p acting at B, 
and of Pp acting at B’, whose lines of action meet at qQ, is 2P sin 0, 

PRICE, VOL. II1. cp: 
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and acts along the line aq: similarly the resultant of P acting 
at a perpendicularly to as, and of Pp perpendicularly to ax’ is 
2p sin 0, and acts along the line aq in a direction opposite to 
that of the former resultant: these two resultants therefore 
neutralize each other,.and there remains the couple whose arm 
is aB’ and the forces Pp, P: and this is equimomental with the 
original couple and replaces it. 

TuzoreM IJ. The effect of a couple on a rigid body is not 
altered, if the plane of the forces is transferred to any other 
parallel plane, the arm being parallel to its original direction, 
and of an equal length, and the forces being unaltered in in- 
tensity. . 

Let as, fig. 23, be the arm, and p, p the forces of the given 
couple: let a’s’ be an arm equal and parallel to aB; at a’ and 
B’ respectively introduce two forces equal to Pp, acting perpen- 
dicularly to a's’, and in opposite directions, and in a plane pa- 
rallel to the plane of the original couple: join 4B’, 4’B; these 
lines evidently intersect and bisect each other in 0; then P at a 
and Pp at B’, acting in parallel lines and in the same direction, 
are equivalent to a force 2p acting at o: similarly p at B and 
p at a’, acting in parallel lines and in the same direction, are 
equivalent to 2P acting at o in a direction parallel to their direc- ~ 
tion: at o therefore these two resultants, bemg equal and oppo- 
site, neutralize each other ; and there remains the couple whose 
arm is 4’B’, and whose forces are P, P, acting in the same direction 
as the original couple, in a parallel plane, and with an equal arm 
and equal forces: it is therefore coaxal and equimomental. 

The proof which is here given for a parallel plane is of course 
valid for the less general case of the same plane: and therefore 
from this and Theorem I we infer, that the effect of a couple 
on a rigid body is not changed whatever is the position of its 
plane, if the direction of the axis is unaltered, and the arm and 
the forces are equal. 

40.] Turorem III. The effect of a couple on a rigid body is 
not altered, whatever is the position of its plane, arm, and 
force, provided that its axis and moment are unaltered. 

In fig. 24, let as be the arm, and P, p the forces of the given 
couple; at a and B introduce any equal forces s and s acting 
along 4B and in opposite directions. Let Pp’ be the resultant of 
p and s at a, and P’ also be the resultant of p and s at B: the 
lines of action of p’ and p’ are of course parallel; produce P’a 
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backwards, and from B draw Ba’ perpendicular to aa’: then we 
have a couple whose arm is Ba’, and each of whose forces is P’; 
let BAa’= 0; then «a’nB=aB sind; P’=Pcosecd; s=P’ cos 0 
=Ppcotd; then 

moment of new couple = P’ x a’B 


| 


P cosec 0x AB Sin 6 
moe, AUB 
moment of original couple. (27) 


It will be observed that s is arbitrary, and that @ and there- 
fore the length of the new arm depends on it; and so does also 
the force of the new couple: and the only restriction is (27), 
which requires the new couple to be equimomental with the 
original one. And thus it appears that a couple is equivalent 
to, and may be replaced by, another couple, of which the moment 
is the same, the forces are in the same plane, and the arms have 
a common extremity. 

Combining this Theorem with the preceding, we conclude 
that a couple is equivalent to, and may be replaced by, any other 
eyuimomental and coaxal couple. 


41.] Now in all these transformations, the axis of the couple, 
that is, the direction of the line about which the couple tends 
to make the body turn, has not been altered; the arm and the 
force have been altered in position, in length, in intensity; and 
the plane in which the forces act has been changed from any 
one into any other parallel plane; but the normal to the plane, 
which is the axis, has continued the same; and the moment has 
continued the same; and these quantities cannot be changed 
without changing the effect of the couple; the former of these 
then is a fixed direction, and the latter is a fixed quantity. It 
is convenient, as of forces of translation, so of these forces of 
rotation, to have geometrical lengths as adequate representa- 
tives; and such we shall obtain, if along the azis we take 
lengths containing the same number of linear units as the mo- 
ment of the couple contains units of pressure. Thus if the force 
of a couple is 4 and the length of the arm is 3, the moment is 
represented by the number 12; and if along the axis 12 linear 
units are measured, this length is a full and adequate represen- 
tative of the couple; and moreover as couples may be right- 
handed or left-handed, that is, have positive or negative signs, 
so from a fixed point (the origin) on the axis may the line be 

H 2 
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taken in one or the other direction, and thus indicate the sign 
of the couple. Now the line of a definite length and subject to 
these conditions is technically called the axis of the couple, the 
word being used in a sense different to the former one: there it 
indicated line of rotation only; here it indicates three things, 
viz. the line of rotation, a finite length of that line measured 
from a given point on it, and the direction in which it is mea- 
sured. This axis therefore fully determines all the circum- 
stances of the couple. Some confusion may arise from the ari- 
biguous use of the word, and therefore I shall always take care 
to specify axis as to rotation, and axis as to rotation and mo- 
ment, by calling the former rotation-axis, and the latter moment- 
axis, bearing in mind however that the latter is indicative of 
direction as well as the former; and when couples are said to 
be coaxal, it is with respect to the former meaning of the word 
only; and when two couples are statically equivalent they are 
coaxal and equimomental. 

42.] Turorem IV. The resultant of many coaxal couples is 
a coaxal couple whose moment is equal to the algebraical sum 
of the moments of the component couples. 

Let the forces of the several couples be Pj, P2,...P,; and the 
lengths of the arms 7, p2,...p~,3; so that their moments are 
Pi P1, P2Po,...PnPn Let all, by virtue of Theorem II, be trans- 
ferred to the same plane, and let all the arms have a common ex- 
tremity ; again, by virtue of Theorem ITT, let all be transformed 
into equivalent couples with arms of the same length, equal to 
r, and let the forces thereby changed be Py’, P2’,... P, ; so that 


PY 7 = Pipi | 
Po Ff = Pepe \ (28) 


Pn? = PnDn | 
and lastly, by virtue of Theorem I, let all the arms be turned 
about their common extremity, and become coincident; then 
the length of it is r, and at each extremity there are equal and 
opposite forces, of which let the sum be r, and 
R= Py) + Po +...+ Py ; (29) 
so that the moment of the resultant couple is 
RY = Pi 7+P7+... +P, 7 
= Pi Pi + Po pat «+» + Pn Dn 
aie Bp § (30) 
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that is, the moment of the resultant couple is equal to the sum 
of the moments of the several component couples. 

If some of the couples are negative, the forces belonging to 
them will in (29) have negative signs, and R will be equal to 
the difference of the forces which have positive signs and 
of those which have negative signs: and the same result will 
appear in (30), so that the right-hand member symbolizes the 
algebraical sum. 

The moment axis of the resultant is equal to the sum of the 
moment axes of the component couples. 

A close analogy therefore exists between parallel forces of 
translation applied at the same point and coaxal couples: in 
either case the effect of the resultant is equal to the algebraical 
sum of the effects of the components. We shall trace this ana- 
logy further in the succeeding Article. As to the geometrical 
representatives of the effects, in the case of couples the moment- 
axis may be transferred parallel to itself m any manner; in the 
case of forces of translation, the representative line can, by the 
principle of transmissibility, be transferred only along its own 
line of action. 


43.] THrorrem V. If two lines meeting at a point represent 
the moment-axes of two couples, the diagonal of the parallelo- 
gram originating at the same point, and of which the two lines 
are adjacent sides, will represent the moment-axis of a single 
equivalent couple. 

Suppose that two couples act in planes which are inclined to 
each other at an angle y; let the couples be transferred in their 
own planes so as to have the same arm lying along the line of 
intersection of the two planes; let the forces of the couples thus 
transferred be Pp and q. And, fig. 25, let an be the common 
arm, and let us suppose it to lie in the plane of the paper: then 
compounding Pp and q at 4 into a single force r, and Pp and @ at 
B in the same way, since PAQ = y, we have 

R? = p?+2PQcosy+Q?; err gd): 
and the r at B is equal and parallel to the R at a. At a draw 
Aa, Ab perpendicular respectively to the planes PBAP, QBAQ, 
and of lengths equal to the moment-axes of the couples; com- 
plete the parallelogram aacé, and draw the diagonal ac; then 
Ac is the moment-axis of the resultant couple whose arm is aB 
and whose force is rR. For since Aa=PpxXxaB, and Ab=Qx AB, 
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therefore aa and ad are proportional to Pp and q, that is to AP and 
aq; and they are also perpendicular to these lines, and are in 
the same plane with them; therefore the diagonal ac is perpen- 
dicular, and proportional in the same ratio, to ar; therefore 
AC=RxXAB, and is the moment-axis of the resultant couple. 
Therefore, if aa and ad are the moment-axes of two-couples, ac, 
the diagonal of the parallelogram of which aa and Ad are the 
two containing sides, is the moment-axis of the resultant couple. 
Hence if 1 and are the moment-axes of two couples, and are 
inclined to each other at an angle y, and if ¢ is the moment- 
axis of the resultant couple, 

a? = 174 21M cos y+ M?, (32) 
Attention must of course be paid to the direction of the couple ; 
thus, if Aa is the moment-axis, to an eye placed at a and look- 
ing along aa, the couple is right-handed. 

Hence also we are authorized to resolve a couple whose mo- 
ment-axis is given into any two couples, such that their moment- 
axes are the sides of the parallelogram of which the given mo- 
ment-axis is the diagonal. 


44] Suppose that the moment-axes of two couples are per- 
pendicular to each other; then y= 90°; and therefore by (32) 


a? = 174M": (33) 
and let the rotation-axis of cg make an angle A with that of 1, then 
Lise a'cos X, M=GsinA, (34) 


M 2 
tan A = ad (35) 


a couple therefore whose moment-axis is e may be resolved into 
any two couples such that their moment-axes are the sides of 
the rectangle whose diagonal is the given moment-axis. 

Hence also a couple, whose moment-axis is equal to «, but is 
in an opposite direction, neutralizes Lt and m, and the whole 
system is in equilibrium. 

Also from (82) by a process analogous to that of Article 19 
we can shew that if, fig. 26, oL, om, ON represent the moment- 
axes of three couples 1, M, N; and if Mon=a, NoL=8, Low=y, 
and if 


L M N 


sma sinfB- siny’ 


(36) 


then the three couples are in equilibrium ; and conversely, if 
three couples are in equilibrium, the moment-axis of each is 
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proportional to the sine of the angle contained between the 
rotation-axes of the other two. 

Hence also if many couples acting on a rigid body are in 
equilibrium, their rotation-axes are parallel to the sides of a 
closed polygon, the sides themselves being the moment-axes. 

Finally therefore we conclude that couples may by means of 
their moment-axes, which are their geometrical representatives, 
be resolved and compounded according to the same laws as 
forces of translation by means of their equivalent lines of action. 
It is to M. Poinsot that we are indebted for this great simplifi- 
cation of a problem which it is very difficult to follow in its 
complex form. 

We return now to the consideration of the composition of 
pressures acting on a rigid body in one plane, and of the con- 
ditions of equilibrium of such pressures. 

45.|] Composition of many parallel forces acting on a rigid 
body or a rigid system of material particles in one plane. 

Let the plane in which the forces act be the plane of vy; and 
let the origin o be, fig. 27, any point which is in, or rigidly 
connected with, the body; and let the forces be Pj, Po,...P,, of 
which let p be the type: let pj, ps,... p, be the perpendiculars 
from the origin on their lines of action, of which let p be the 
type-perpendicular: let 2, y be the current coordinates to the 
line of action of the type-force Pp, and let a be the angle between 
the line of action of p and the axis of w: then the equation to 
the line of action of P is 

£Sina—y cosa—p = 0. (37) 
Let two forces each equal to p, with their lines of action parallel 
to that of p, and acting in opposite directions, be introduced at 
the origin 0; so that instead of the original force p, we have 
P acting at o in a parallel line and the same direction, and a 
couple whose moment is pp and whose rotation-axis 1s perpen- 
dicular to the plane of the forces. 

Let P at o be resolved into two forces along the coordinate 
axes, viz. Pcosa, and Psina; and let all the forces be similarly 
transformed ; then, if x and y are the resultants of the forces 
severally along the axes of # and y, 

X = P}COSa+P2COS a+... +P, COS a 

= cosa %.P, (38) 
Y = Pi} Sma+P,sina+... +P, sina 

2= 5610) G2. P. (39) 
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Also the moment of the couple arising from P is equal to pp, the 
tendency of which is to turn the body from the axis of # towards 
that of y; and, as a similar couple and moment will arise from 
every one of the forces, we shall, by reason of Art. 42, if @ is 
the moment of the resultant couple, have 


G = &.Pp 
= 5.P (4 sin a—y COS a) 
= sinas.Px—cosas.Py, (40) 


placing sin a and cos a outside the signs of summation, because 
they are the same for all the forces: and observing that # and 
y refer to some point in the line of action of each pressure, and 
which will generally be different for each. It is worth noticing 
that in (40) 6 consists of two parts, which are affected with dif- 
ferent signs; the resultant couple therefore is the difference be- 
tween the resultants of two systems of couples acting in contrary 
directions: sina z.P2 tend to turn the body from the axis of # 
towards that of y, and cosa s.py act in the opposite direction. 

Suppose now that all the forces are capable of being reduced 
to a single force rR; or, in other words, suppose that one force 
rR will have the same effect on the rigid body as all the im- 
pressed forces taken in combination. Let a be the angle at 
which the line of action of R is inclined to the axis of #, and let 
#, y be the current coordinates of the line of action of r, and 
r the perpendicular distance from the origin on it. Then intro- 
ducing at o two forces, each equal to r, with their lines of ac- 
tion parallel to that of x, and acting in opposite directions, we 
have the force of translation r acting at the origin, and a couple 
R7 ; whence, resolving r at the origin along the coordinate axes, 
and equating the resolved parts to the sum of the resolved parts 
of the impressed pressures, we have 


RCOS @ = &.P cosa = a (41) 
R sin @ = &.P sina = sinas.PS 
therefore R = &.P, a=a; (42) 


that is, the resultant is equal to the algebraical sum of the com- 
ponents, and its line of action is parallel to those of the several 
components. 

Again, the couple rv must be equal to ¢; 


R(# Sin a—Yy COS a) = G, 
Mbt hs = G 
vsina—y Cosa =~, (43) 


and as # y are the current coordinates of the line of action of 
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R, this is the equation of the line; and the length of the per- 
pendicular from the origin on it is 


eu f 2D Sp (44) 
R R 2.2 
RY = 2.Pp;3 (45) 


that is, the moment of the resultant couple is equal to the alge- 
braical sum of the moments of the component couples. 


46.] The magnitude and position of the line of action of r 
are of course independent of any particular system of coordinate 
axes ; and therefore, as a is indeterminate, we have the following 
property of a system of parallel forces. 

Suppose the forces to act at definite points of their lines of 
action, and (#1, Yi) (#2, Y2) -»-(@n, Yn) to be the points of applica- 
tion of Py, P2,...P,, and (#, y) to be that of R; then (45) becomes 

R(# sin a—y CoS a) = &.P(# sin a—y COS a) 
= sinas.Pa—cosas.Py, (46) 
RE~Z.PL _ aaa (A7) 
COS a sin a 
and as a is indeterminate the numerator of each of these frac- 
tions must vanish: therefore 
a ee Ph 


R 3.P 

(48) 
OEE a eee te ag 
7S tale SP 


The point of which these are the coordinates is called the centre 
of parallel forces ; being independent of the direction of the line 
of action of the forces, and therefore the same whatever that 
line is, provided that their points of application are the same. 

Ex. 1. Suppose six parallel pressures proportional to the 
numbers 1, 2,...6 to act at points whose coordinates are seve- 
rally (—2, —1), (—1,0), (0,1)... (8,4); find the resultant, and 
its point of application. 


Ries Sere hk et G 
= 21] 
S.PH = —2—24+4+410418 
= 25 
=.Py = —14348415+424 
= 49, 
z 28 4. 49 
C= 9]? y “a ait: 
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47. Given the equations to the lines of action of many pa- 
rallel forces acting on a rigid body in one plane, it is required 
to find the equation to the line of action of the resultant. 

Let us employ the abridged form of the equation to a straight 

line; and let the equations to the lines of action of Pi, P2,... Pn be 

ay == 0); agit Oy Gf BD (49) 

where a is the length of the perpendicular from any point (2, y) 

on the line of action of p. Now since r7=64, it is plaim that in 

reference to any point in the line of action of the resultant, 
Gc = 0; therefore 

P) 01 + Pea, +e + Pia, c= 2 Pe = (50) 

which is the equation to the line of action of r; and written at 


length is xcosas.P+ysinas.P—s.pp = 0; (51) 


and therefore the perpendicular distance from the origin on the 
line of action of R is 

=.Pp 

‘eos 
If z.p=0, and .pp is a finite quantity, then R=O, and the 
line of action of Rr is at an infinite distance; in which case, by 
reason of the explanation given in Article 37, the forces are 
reducible to a couple, but not to a single force of translation ; 
and the moment of the couple is 3.Pp. 

Suppose however that the impressed forces are so related as 
to keep the body on which they act at rest: this condition will 
be fulfilled, if (1) any one point of the body is at rest, and (2) if 
there is no pressure of rotation about that point. Let this point 
be the origin; then if it is at rest 


s.p=0; (52) 
and if there is no pressure of rotation about that point, ¢ = 0, 
and therefore spp (58) 


(52) and (53) are therefore the conditions requisite that many 
parallel forces acting on a rigid body in one plane should be in 
equilibrium. 

48.] Composition of many pressures acting in one plane on a 
rigid body or a rigid system of material particles. 

Let the plane in which the forces act be that of wy; and let 
o, the origin, fig. 27, be a point of the body, or rigidly con- 
nected with it: let the forces be P,, Ps,...P,: let a;, az,...a, be 
the angles between their lines of action and the axis of x: let 
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Pi, P25++-Pn be the lengths of the perpendiculars drawn from the 
origin on the lines of action: and of these quantities let p, a, 
and p be the types: so that 
p=xsina—y Cosa. (54) 
At o let there be introduced two forces equal to p, with their 
lines of action parallel to that of Pp, and in opposite directions ; 
so that, in the place of the original force p, we have p acting at 
o in a parallel line and the same direction, and a couple whose 
moment is pp, and whose rotation-axis is perpendicular to the 
plane of the forces. Let p at o be resolved into parts along the 
coordinate axes, so that we have pcosa along the axis of 2, 
and p sina along that of y; and let all the forces be similarly 
transformed. Then if x and y are the sums of the resolved parts 
of the forces along the axes of x and y respectively, 
X = P) COS a + P2 COS ag +... + Py, COS ay 


== 3.P COS a, (55) 
Y = P| Sina; + Po SiN a+... +P, SIN dy, 
A % 
== 2.P Sma, (56) 


Also the moment of the couple arising from Pp is pp: the ten- 
dency of which is to turn the body from the axis of x towards 
that of y; and as a similar couple will arise from each one of 
the forces, and as all the couples are coaxal, the moment of 
their resultant is equal to the sum of the moments of the com- 
ponents. Let a be the moment of the resultant couple; then 


G = Pi Pi+ Pepot+ .-- + Pn Dn 


a Ty 
= 3.P (#sina—y Cos a) 
= 3.PH#sina—s.Py cosa. (57) 


Now suppose r to be a force which will produce on the body 
the same effect as the system of the impressed forces; let a be 
the angle between the line of action of r and the axis of x, and 
let r be the perpendicular distance from the origin on the line 
of action of r: then introducing at the origin two forces equal 
to R, with their lines of action parallel to that of x, and acting in 
opposite directions, and combining one of these with the ori- 
ginal r, so that a couple may be formed, and resolving the other 
along the coordinate axes, since Rr is the resultant of all the 


forces, we have 
RCOS@=xX= 3.P cosa e 
(58) 


¢ : ? 
RSM@=Y=>2.Psna 
I 2 
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Roe? py (59) 

Y 
tana = = (60) 


whereby we have the magnitude and the direction of the line of 
action of R. 
And to find its equation; let 2 and y be the current coordi- 
nates, then since r7 = a, and | 
yr = # sin a—y COS 4a, 
URSIN A+ YR COS G, (61) 
Or, #2Y—YX = 6; (62) 
either of which equations is that of the line along which Rk acts. 
The equation to the line of action of x may also be expressed 
in terms of the equations of the lines of action of the compo- 
nents. Thus let the impressed forces act along lines whose 
equations are aj=0, a,=0,...a,=0; then the equation to the 
line of action of R is 
P) 01 + Pod, +... + Py, ad, = OV, (63) 
2.Pcosa+y%.P sina = 3.Pp. (64) 


49.] Now let the impressed forces be so related as to magni- 
tude, line of action and direction, that the body is at rest: that 
is, so that (1) the origin is at rest, and (2) there is no pressure 
of rotation tending to turn the body about an axis passing 
through the origin; then for these two conditions it is neces- 
sary that R = 0, and g=0; and therefore 

=.P cosa = 0 

=. P siniaee | ; (65) 

=.Pp = 0 

and therefore as the origin is arbitrary, and the directions of 
the axes are arbitrary, a system of forces acting in one plane 
on a body is in equilibrium, if the sums of the resolved parts of 
the forces along any two straight lines in the plane perpen- 
dicular to each other vanish, and if the sum of the moments of 
the forces about any point in the plane also vanishes. 

If r=0, and é¢ is finite, the forces are reduced to a single 
couple, whose moment is & or 3.pp; if c=0, and R is finite, 
the resultant force of translation passes through the origin; and 
if R and g are finite, then, as the last Article shews, the forces 
can be reduced to a single force of translation. 

If one point of the body on which the forces act is fixed, and 
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if that point is in the plane of the forces, it will of course bear 
all the pressures of translation, and the only motion of which 
the body is capable is that of rotation about the point. If there- 
fore the point be taken as the origin of coordinates, the con- 
ditions of equilibrium become reduced to the single one 

gi 0; 

The examples in which the equations of equilibrium (65) are 
applied are extremely numerous; and a large supply will be 
found in any of the ordinary collections ; it is desirable however 
to insert a few, that the reader may understand the mode of 
_ application. | 


50.] Ex. 1. A heavy uniform beam as rests in a vertical 
plane, fig. 28, with one end a on a smooth horizontal plane and 
the other end B against a smooth vertical wall: the end a is 
prevented from sliding by a horizontal string of given length 
fastened to the end of the beam and to the wall: determine the 
tension of the string and the pressures against the horizontal 
plane and the wall. 

Let the length of the beam be 2a, and let w be its weight ; 
which, as the beam is uniform, we may suppose to act at its 
middle point «; let r be the vertical pressure of the horizontal 
plane against the beam; and w the horizontal pressure of the 
vertical wall, and t the tension of the horizontal string ac; let 
BAC =a, which is a known angle, as the lengths of the beam 
and the string are given. ‘Then equations (65) become, 

Horizontal forces ; ih, 
Vertical forces ; We he 
Moments about a; wacosa=R 2asina; 


Ww 

14 

R = T= — cota. 
2 


Ex. 2. A heavy uniform beam rests on two given smooth in- 
clined planes: it is required to find the position of the beam, 
and the pressures on the planes. 

Let as, fig. 29, be the beam, whose length is 2a, and whose 
weight is w acting at the centre of gravity a: let the inclina- 
tions of the planes ac and Bc to the horizon be respectively a 
and 8; and let the inclination of the beam be 0; let R and kX’ 
be the pressures of the planes on the beam, and the lines of ac- 
tion of which are perpendicular to the planes by reason of their 
smoothness. Then we have 
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Horizontal forces ; Rsina = R sinB; 
Vertical forces ; W= RcOsSa+R cos Pf; 
Moments aboute;  Racos(a—6) = Racos(B+8); 
tan @ = Beeline 
2 sina sin B’ 
w sin B : Ww sina 
~ sin(a+f)? =~ sin(a+8)’ 


Ex. 3. An uniform heavy beam az, fig. 30, rests with one end 
A against a smooth vertical wall, and the other s is fastened by 
a string Bc of given length to a point c in the wall; the beam 
and the string are in a vertical plane: it is required to determine 
the pressure against the wall, the tension of the string, and the 
position of the beam and the string. 
let: AG=GB=.4, ) -AG= 7, » ee pe 
Weight of beam =w, Tension of string =, Pressure of wall=R, 
BAE = 0, HOA = 3 

Horizontal forces ; R=Tsndg; 

Vertical forces ; w=T.cos@; 

Moments about 4; wasind = Tw#sing; 


asin@d=w#tandg; 
and, by the geometry of the figure, 


ee 
snd sind  sin(@—¢d)’ 


| 

NS 
SoS 

bo 

ool | 

fie 

R 

bo 
qa 
& bo|H 


whence rR and Tt are known. 


Ex. 4. A system of forces acting on a rigid body in one plane 
is represented by the sides of a closed polygon taken in order ; 
it is required to determine the resultant. 

Let some point within the polygon be taken for the origin, 
and two lines drawn perpendicularly to each other for coordi- 
nate axes. Let the lengths of the sides of the polygon be sj, 
$2,...8,; and let their angles of inclination to the axis of 7 be a, - 
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az,...@,, and the perpendiculars from the origin on the lines of 
action be 7, p2;... pn: at the origin let pairs of equal and oppo- 
site forces be introduced, equal and parallel to those along the 
sides of the polygon: so that the system is changed into (1) a 
system of forces acting at the origin, which are in equilibrium 
by reason of Article 26, and (2) a system of coaxal couples, the 
moment of the resultant of which is equal to s,;7,+53p9+4+... 
+ S,pn; that is, to a moment of which the geometrical repre- 
sentative is twice the area of the polygon. 

A particular case is that of a triangle, whose sides are geo- 
metrical representatives of three impressed forces; of which the 
resultant of translation vanishes, and the moment of the result- 
ant couple is represented by twice the area of the triangle. 


Ex. 5. A heavy and smooth circular ring rests on two hori- 
zontal bars, which are not in the same horizontal plane: deter- 
mine the pressure on each bar. 

Let fig. 31 represent a vertical section of the system; Pp and q 
being the two bars, R.and rR’ the pressures of the ring against 
them, w the weight of the ring acting at its centre o; let the 
angle poq =a, which is known; and let the angles of inclination 
to the vertical of the lines of action of R and of 8 be 6 and y; 
then, as the three forces meet in the centre of the ring, we have 

R er ene 
tye aa et en a 

Ex. 6. A parabolic curve, fig. 32, is placed in a vertical plane 
with its axis vertical and vertex downwards, and inside of it 
and against a peg in the focus a smooth uniform and heavy 
beam rests: required the position of rest. 


Let Pq be the beam of length 2c and of weight w; let sa=a, 


SP 1, PSA 0, Qa 
Goes: + cos 6’ 
0 
also spt = sTP = 90°— g> PG=Ga=e, 
Forces along PQ; R sin sPT = WCOS 9, (66) 
Moments about s; Rr cosspT = w(r—Cc) sin @, 
a \* 
ake: ia ee ae 
6 = 2cos (=) : 
Suppose that it were required to find the curve ap such that 


ao 
the beam should rest in all positions; then tan spt = r—; 


dr’ 
therefore from (66) 
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do cos 6 

ER So Ge = ES Ce e r 5 — 6 67 

dr (r—c) sing’ a Se 
where a is an arbitrary constant; and this is the equation to 
the conchoid with an arbitrary modulus. 


Ex. 7. To discuss the properties and conditions of squiuhenum 
of a balance, fig. 33. 

Let aB be the arm of the balance; ac=cB=a; and let the 
balance be suspended by a point o in a line perpendicular to aB 
at its middle point c, and letoc = c¢; let the balance be symme- 
trical with respect to the line oc, and let the centre of gravity 
of the beam, scales, &c. be at Gc; let og = h, and let the weight 
of the whole machine, short of the weights in the scales, = w; 
and to consider the general case suppose the weights in the 
scales p and q to be unequal, q being greater than Pp; and let 
the arm of the balance be inclined to the horizontal line at an 
angle 6. Then 

Vertical pressure on 0 = P+Q+W; 
and taking moments about 0, 
Q (a4 cos 0—c sin 0) = p(acos 6+ c sin 0) +whsin 6; 

(Q—P)a 
c(P+@)+wh’ 

Now the conditions required in a balance are (1) horizontality 
of the beam when the arms and weights are equal; (2) sensi- 
bility, which is estimated by the angle through which the arm 
is turned when the weights are unequal; (8) stability, or the 
tendency to return after the cause of displacement is removed. 

Condition (1) is fulfilled if @= Pp, since, by (68), in that 
case, 0= 0. 

Condition (2) is more or less satisfied according as @ is larger 
or smaller for a small difference between p and @; now in (68), if 
Q—P is very small, tan 6, and therefore @, is large, 

(1) if ais large, that is, if the arms of the balance are long; 

(2) if c is small, that is, if the point of suspension is not far 

above the beam ; 

(3) if p+Q is small, that is, if the weights are small; 

(4) if w is small, that is, if the weight of the whole balance 

is small ; 

(5) if his small, that is, if the centre of gravity of the machine 

is not far below the beam ; 
and either c or /# or both may be negative; and then as a limit- 


tan 0'= (68) 
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ing case we may have tan d= oo, and 0= 90°; in which case the 
beam becomes vertical when it is displaced at all, and may have 
no tendency to return to its horizontal position; and thus the 
sensibility of the balance may be very great, but there may be 
no stability, and one of the necessary conditions is not satisfied : 
this last condition therefore may be inconsistent with the second, 
and the two must be adjusted as is practically most convenient. 


51.] Although in all cases it is possible, and in most cases 
scarcely less general, to refer forces and conditions of equili- 
brium to rectangular coordinates, yet it is desirable to indicate 
the forms which the reduced resultants take, if the coordinate 
axes are oblique. 

Let the angle of ordination be w; let the forces be Pj, P2,... P, ; 
(41, Y1), (25 Yo), --- (ny Yn) their points of application ; py, 2, ... Pn 
the perpendiculars from the origin on their lines of action; 
a1 81, a2 82,...An8, the angles between the perpendiculars to the 
lines of action and the axes of x and y respectively; then, em- 
ploying the symbols without any subscripts as the type-symbols, 
we have for the line of action of p 

xcosa+y cos B—p = 0. (69) 
Let two equal and opposite forces, each of which is equal to P 
and has its line of action parallel to that of p, be introduced at 
the origin; so that, instead of the one force p applied at (2, y), 
there are (1) a parallel and equal force at the origin, (2) a couple 
whose arm is p and whose force is p. Let the former be resolved 
into parts along the coordinate axes, viz. —psina, and —psinf; 
and let all the forces be similarly reduced; let x and y be the 
sums of the resolved parts along the axes of x and y respect- 
ively ; then 
—X = P, SMa ,+P28iNag+... + Py, SiN ay 
= 3.P sina, (70) 
—yY = P, sin 6, + PP, sin By+... +P, SiN By 
=.P sin B; 


and therefore if r is the resultant of x and of y, 
BR? = x2+2xycosw+yY’. 
And let c be the moment of the resultant couple: then 
G = Pi fit Popat --- + Pn pn 
=i Sup 
= %.P(#cosa+y cos B). 
PRICE, VOL. III. K 
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If the impressed forces are in equilibrium, r = 0, and ¢=0; 
SPsinia = 0, 2.prsnp=0, sepa 
If the equations to the lines of action of the impressed forces 


are given, that to the line of action of the resultant may thus be 
found; let the equation to the lines of action of the forces be 


& COS a, +Y COS Bi— pi = 0 | 
XY COS aaa cos ete = 0 | 


& COS ees cos ght a ey 
then in reference to any point in the line of action of the re- 
sultant, s.pp =O; therefore we have 


=.P (x cosa+y cos B—p) = 0, 
LP COSa+Y%.P cos B—s.Pp = 0. 


52.] In Article 46 it is proved that if a system of parallel 
forces acts on a body at given points, the point of application 
and the intensity of the resultant are the same, whatever is the 
direction of the line of action of the forces; and this property 
of the centre of parallel forces (as the point of application of 
the resultant is called) imduces us to inquire, whether (1) at all, 
(2) under what circumstances, a system of forces acting in a 
plane on a rigid body at definite points and being in equili- 
brium, will also be in equilibrium when the forces are applied 
at the same points as before, and their lines of action are in- 
clined, all at the same angle to their former lines of action; or, 
in other words, when the body is turned through any angle 
about an axis perpendicular to the plane of the forces, and the 
forces are applied at the same points of the body, and in lines 
of action parallel to their former ones. 

Let the body he referred to coordinate axes, which are fixed 
with respect to the body and to space; so that the conditions 
of equilibrium of the body thus referred are 

=.P cosa = 0, =.P sina = 0, 
=.P(w@sina—ycosa)=0._ J 

Now (1) let the body be shifted so that every point of it is 
moved over a distance equal to a parallel to the axis of #, and 
over a distance equal to 0 parallel to the axis of y; and (2) let 
the body be turned through an angle @ about an axis perpen- 
dicular to the plane of wy; and let it after these displacements 
be referred to the original axes: then if 2’y’ are the coordinates 


(71) 
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of that point of the body, of which the coordinates in the ori- 
ginal position were 2 and y, these being type-symbols, 


A Pe Ain ae. (72) 


f 


y = b4+xs8in 0+ y cos 0 
and as the line of action of each force is in its new position 
parallel to its former position, and as the forces are applied at 
the same points as before, and are still in equilibrium, we have 
=.P (@ sina—y’ cosa) = 0; 

and therefore substituting from (72) and reducing, we have 
a>s.Pcosa—Os.P sina | 

+cos03.P (v¥ sina—y cosa) —sin@3.P (vcosa+ysina) = 0; 


of which expression the first three terms vanish by reason of 
(71): and therefore the required condition is 

=.P(#cosa+ysina) = 0; (73) 
and this is evidently such a condition as a system of forces may 
satisfy : and when it is satisfied, the requirements of the theorem 
are fulfilled. 

And the condition (73) deserves closer consideration ; hitherto 
we have resolved the forces along the coordinate axes of # and 
y: now imagine a line (a radius vector) to be drawn from the 
origin to the point of application of each force; and let each 
force be resolved along its radius vector and perpendicular to 
it; and let 74, 72,...7, be the several radii vectores. Let u be 
the pressure along the radius vector, and acting from the origin, 
and which I shall call the central pressure; and let v be the 
pressure acting at right angles to the radius vector, and tending 
to increase the angle between that radius vector and the axis 
of #; vu and v referring to p, and being type-symbols. Then 


Lv A tarads 

U = Pcosa—+Psina= 
r r 

P#cosa+Py sina 

Semin’ Npuaay aie el ; 

s eanhee sin a—PY COS a_ 

aan a ge 

SEA T fA! eae Dts (74) 
=.P(~cosa+y sina) = &.rU 

of which two expressions, the first is evidently the moment of 

the resultant couple; and the second, depending on forces all 


K 2 
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of which act from or towards the same point (the origin), I shall 
call the central moment ; some few properties of which are inves- 
tigated in the following Article. And I would in the first place 
observe, that if the moment of the resultant couple and also the 
central moment vanish, the system is subject to the condition 
of the Theorem at the beginning of this Article; and the point 
at which the expressions (74) vanish is called the centre of the 
forces of the system. | 

And the centre of forces has also the following property: 
Suppose a system of forces, to act on a body in one plane, to 
have a centre, and to be capable of reduction to a single force 
of translation ; then if the body is turned about an axis perpen- 
dicular to the plane of the forces, and if the forces act in their 
former points of application, and along lines of action parallel 
to the former lines, the line of action of the resultant, whatever 
is the angle through which the body is turned, will always pass 
through the centre; and the centre of forces therefore is the 
point at which it may always be applied, and about which its 
line of action will turn. 


53.] (1) Since 3.ru = 3.Px# coSa+2z.Py sin a, 
it appears that the central moment of the whole system is equal 
to the sum of the central moments of the two systems of the 
resolved forces along the axes. 

(2) It is evident that the value of s.7v is not altered, if the 
origin remains the same, whatever is the position of the coordi- 
nate axes. 

(3) Let the origin be moved to the point (a, 6); so that 


P= 442, y=b+y; 
then 3.ru = 3.P(@ cosa+y’ sina) +az.P cosa+63.P sina 
= 3.7'U' +a3.P cosa+0O5.P sina; (75) 


the central moment therefore varies as we pass from one origin 
to another. | 

Suppose (a, 6) to be a point at which the central moment 
vanishes; that is, at which 3.7’v'=0; then 

a>z.Pcosa+63.P sina = &.ru; (76) 

and as this is the only relation to which a and 6 are subject, it 
is the equation to a straight line; and therefore at any point 
in this straight line the central moment vanishes. The line is 
called the line of central moments. 
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The equation of the line of action of the resultant of the 

system by reason of (62) is 
UY—YX = G, 
and as the equation to the above line is 
UX+YY = 2.7ru, 

it follows that the line of central moments is perpendicular to 
the line of action of the resultant. The centre of the forces is 
evidently the point in which these two lines intersect; and we 
have therefore, if xz yo are its coordinates, 
X3.7U+6Y Y3.7rU—GX 


vy = R? ’ Yo = $a ee: (77) 

If the lines of action of the impressed forces are parallel to each 
other, 3.PL s.PYy 
rn eta. | 


If the resultant of translation = 0, from (75) it follows that the 
central moment is the same for all points in the plane of the 
forces. 

The centre of two forces acting in a plane on two given points 
is determined in the following manner by a geometrical con- 
struction. Let the forces be P,Q, and let their points of appli- 
cation be a and B; let the lines of action of the forces meet in 
0; describe a circle passing through o, 4,8; and let oc be the 
line of action of the resultant r, and let it cut the circle inc; 
then c is the centre of p,q. Whatever is the position of o in 
the circumference of the circle between a and B, and suppose 
it to be at o’, the angles ao’B, Bo'c, co’a are equal severally 
to AoB, BoC, coa; and as the equilibrating relation between 
P,Q, R depends on these angles only, it is the same whatever is 
the position of o’: but in all cases c remains the same; there- 
fore c is the centre of the forces. | 


Section 2.—Composition and resolution of forces acting on a rigid 
body or system of material particles in any directions. 


54.] We proceed now to the most general case of statical 
pressures acting in any directions on a rigid body; and, as a 
preliminary of the investigation, to the composition of couples 
whose rotation-axes have any positions in space. 

Let all the forces of the couples be brought into one or other 
of three planes which are perpendicular to each other; and let 
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all the -coaxal ones be compounded into a single resultant 
couple: so that there will be three couples whose rotation-axes 
are perpendicular to each other. Let these three lines meet at 
the point 0, fig. 34, and form a system of rectangular coordinates 
in space: and let the moment-axes along the axes of 2, y, and 
z severally be L, M,N; then compounding t and M according to 
the law of Article 44, and calling their resultant moment-axis @’, 


we have 
L?4+mM2 = 62; 


and compounding 6’ and n, which are perpendicular to each 
other, and calling the resultant moment-axis @, we have 
G2 = @’24N? 
= 24 M?+N?, ‘1 4@8) 
Let A, w, v be the direction angles of c: then by the law of 
Article 44, 
L=GcosA, M=GCOSHPH, N= G6COSD; (79) 


i M N 
cosA = — cos w= — cosv=—; 80 
= Hh aie aus (30) 


so that if L, M, N are given, we can find ec and the direction of 
its axis; and if a moment-axis is given, we can resolve it into 
three component and rectangular moment-axes. 


55.] Composition of many forces acting on a rigid body in 
space. 

Let any point, either of the body, or rigidly connected with 
it, be taken as the origin, and at it let a system of rectangular 
coordinate axes originate. Let the forces be Pj, P2,...P?,; the di- 
rection-angles of their lines of action, a,8) 71, a2 8272, --- On BrYn3 
the coordinates to a point in the line of application of each, 
BLY12Z1, L2Y22,.--8nYn2n;3 the perpendiculars from the origin 
on their lines of action, p1, po,...Y,; and of these quantities let 
the types be Pp, aBy, xyz, p. At the origin o, fig. 35, let there 
be introduced a pair of equal and opposite forces, each of which 
is equal to p, and has its line of action parallel to that of P; 
from o let the perpendicular op (= p) be drawn to the line 
of action of p: then instead of the original Pp, we have Pp at o 
equal to the former force and acting in the same direction along 
a parallel line of action, and a couple each of whose forces is P, 
whose arm is op, and whose rotation-axis is perpendicular to 
the plane popp: and let a similar process be performed on all 
the other forces. As to the forces of translation at o, let p be 


PP 
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resolved into three components P cos a, P cos 8, P cos y along the 
axes of x, y, z respectively; and let x, y, z be the sums of the 
resolved parts of all the forces along these axes; then 


X = Pj] COS aj -+ Ps COS Ag+... +P, COS Ay 
, (81) 
ae P COS'a 
Y = P) Cos 8, + P2 COS By +...+P, COS By, (82) 
wo 
= 3.P cos B ‘ 
Z = P, COS 71+ Pz COS yo+...-+ Py COS YnQ | (83) 
= =.P cosy S 


and therefore, if R is the resultant of the three forces, 
BR? = X*-y?-- 77: (84) 
and if a, 5, ¢ are the direction-angles of the line of action of rR, 


x v Z 
COS. @, = 50) COS =. COS Cis 5 (85) 
R R R 


so that the intensity, the line of action, and the direction, of Rr 
are known. 

As to the couple which arises from pP, its moment is pp: and, 
as p is the perpendicular distance from the origin on a line pass- 
ing through a point (a, y, z), and having direction-angles a, 8, y, 
= (y cos y—z cos 8)? + (z cos a— x Cos y)? + (@ cos B—y cosa)’, (86) 
and as the rotation-axis of the couple is perpendicular to the 
plane passing through the origin and containing this line, its 
direction-cosines are 

y COS y— Zz COS B ZCOSa—2#COS y #& COS B—Y COS a. (87) 

p P Pp ; 

in accordance therefore with the law of the last Article let us 
resolve the moment-axis of the couple along the three coor- 
dinate axes; then the resolved parts are p(y cos y—z cos B), 
P(zcosSa—w# cosy), P(w~cos 8—y cosa), which are the moment- 
axes of the three component couples, and whose rotation-axes 
are along the three coordinate axes. Let the couples corre- 
sponding to all the impressed forces be similarly resolved, and 
let 1, M, N be the sums of the moment-axes of those couples 
whose rotation-axes are severally along the three coordinate 


axes: so that by reason of (30) Article 42, 
L = Py (y1 COS y; — 21 COS Bi) +... + Pn (Yn COS Yn— Zn COS B,) (88) 
L = 3.P (y cos y— 2 Cos 8) 
similarly mM = 3.P(zcosa—# cos nhs (89) 
N = 3.P (x cos B—y Cos a) 


72 FORCES ACTING ON A RIGID BODY IN SPACE.  [56. 


and if Gg is the resultant moment-axis of these three couples, 
by reason of the last Article, 


G2? = 174 M?-+N?; (90) 
and if the direction-angles of the resultant rotation-axis are 
Xd, py Y, L M N 

cosA=—, cos, COSY ae (91) 


so that both the moment-axis and the rotation-axis of the re- 
sultant couple are determined. It appears then that the forces 
are reduced to a force of translation, viz. R acting at the origin, 
and to a couple c, whose moment-axis is determined by (90) 
and (91). 

56.] The formule (89) require closer consideration ; the right- 
hand member of each of the equations consists of two parts, 
one of which is affected with a positive, and the other with a 
negative sign. Thus L is composed of two sets of coaxal couples, 
vlz. 3.Py cosy and —3.pzcos; the former of which is the 
sum of a system of couples, the force in each of which is the 
z-component of the impressed force, and the arm is the y-ordi- 
nate of its point of application; and in the latter system, the 
force of each couple is the y-component of the impressed force, 
and the arm is the z-ordinate of its point of application. 
Imagine therefore the force p to be, at its point of application, 
resolved into three components along lines parallel to the coor- 
dinate axes; and let these be pcosa, pcos, pcosy; and let 
couples be considered positive, which having for their rotation- 
axes severally the coordinate axes of x, y, and z, tend to turn 
the body from the y-axis to the z-axis, from the z-axis to the 
x-axis, from the x-axis to the y-axis; and let those couples be 
negative which act in a contrary direction: which arrangement, 
it will be observed, is cyclical. Now consider Pp cos y; and, 
fig. 36, introduce at m and at o two equal and opposite forces, 
equal to it and acting parallel to its line of action; so that we 
have a parallel and equal force acting at 0, and two couples, of 
one of which the arm is om, and of the other the arm is mn; of 
which the former has the axis of y for its rotation-axis and is 
negative, and the latter has the axis of x for its rotation-axis 
and is positive; hence Pp cos y acting at p is replaced by 

A parallel and equal force = Pp cos y acting at o, 
And a couple whose moment is P cos y y, and whose rota- 
tion-axis is the axis of a, 
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And a couple whose moment is —Pp cos y x, and whose rota- 
tion-axis is the axis of y. 
By a similar process will p cosa and pcos ® be replaced: and 
the same process having been performed on all the impressed 
forces, we have ultimately 


=.P cos a acting at o along the axis of z, 
Se COS A ew eS 
PCOS. a ey a Zs 


and the couples whose moments are 

=.P (y cos y—z cos 8), the rotation-axis of which is the axis of x, 
S.P(zcosa—@#cosy), - - - - = = = = = + 8 = =¥; 
%.P(w#cos B—ycosa),- - =- = - - = = + = = « =8, 


which results are the same as those investigated in the preceding 
Article. 

The principle on which signs are affixed to couples is of course 
arbitrary; we have chosen the order which is most natural; in 
the preceding Article the conventionality of the sign and direc- 
tion is involved in the sign of p in (87), which may be either 
positive or negative. 


57.] Now as a rigid body is at rest, when any one of its par- 
ticles is at rest, and when there is no tendency to rotation about 
any axis passing through that poimt, so it follows that, if the 
point, which is to be at rest, is taken as the origin, R= 0 and 
G=0; and therefore by (84) and (90) 


psa Wo ae) de Zr) (92) 
eee Oe Mem Oe Ne (93) 
or, 22 c0s.ai—- 0,0 2S. B-cos 8 =O) sre cosy =) 0} (94) 


=.P (y cos y—2 cos B) = O 
=.P (2 COS a— # COS y) = 0} (95) 
=.P (# cos B—y cos a) = O 
that is, the sums of the resolved parts of the forces along any 
three rectangular axes vanish; and the sums of the moments 
of the couples whose rotation-axes coincide with the axes of 
any system of rectangular coordinates also vanish. 

Also when equilibrium exists, x =0, y=0, 2=0; and mul- 
tiplying these severally by undetermined quantities x, y, z and 


adding, we have Ket yy4ne = 0; 


and replacing x, y, z by their equivalents 
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P; (% COS a, +y COS 8, + 2 COS y;) 
+ Pz (# COS ag+Y COS 82+ 2 COS yz) 
+ P,(# COS a,+Y COS B,+2 C08 y,) = O. 

Now if wv, y, z are the coordinates of any point in space, 
# COS a; + y COS 8, +2 CoS y, is the projection on the line of action 
of P, of the distance of (x, y, z) from the origin ; and therefore, as 
the origin also is an arbitrary point, we conclude that if a system 
of forces is in equilibrium, the sum of the products of each force 
and of the projection of a line joining two given points (fixed 
arbitrarily) on its line of action is equal to zero. 

Alson=0,m=0, n=O; and multiplying these severally by 


2, Y, 2 we have 
a Le 4 My + NZ; 


and expanding these we have 
Py {(Y1 COS y1 — 21 COS Bi) & + (2; COS aj — 1, COS yi) Y 
+ (#1 COS B; — Yj COS ay) Z} 
+ Pn {(Yn COS Yn— Zn COS By) L + (Zn COS A, — Ly, COS Yn) ¥ 
+ (Ln COS By — Yy COS a,) 2} = O. 
But if pi, p2,...p, are the lengths of the perpendiculars drawn 
from the origin on the lines of action of the forces, then 
pr = (yi COs y1— 21 COs 8)? + (2 Cos a; — a Cos 1)? 

+ (#1 Cos B,— yy COS aj)”, 
and similar values for p....p,; so that, in the preceding expres- 
sion, the coefficients of P), P2,...P, severally divided by py, po, 
... Pn are the perpendiculars from the point (a, y, 2) on the plane 
passing through the origin, and containing the lines of action of 
Pi, Pg,--.P,, and of which the equation corresponding to P, is 


(yi COS yi — 21 COS B;) # + (21 COS ay— 2) COS y;) ¥ 
+ (#1 COS Bi — ¥1 COS ay) z = 0; 
let these perpendiculars be 6), 62,...5,,; the equation becomes 
Py 101 + P2 203+... + Pp Pn dy = O. 


Suppose that along the limes of action of the forces lengths are 
taken proportional to the intensity of the forces, and thus pro- 
portional to Pj, Ps,...P,: then pp is twice the area of the tri- 
angle whose vertex is at the origin, and of which the base is 
the straight line represented by p: and as 6 is the perpendicular 
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distance from (wv, y, z) on this plane the above equation may be 
geometrically interpreted as follows: 

If a system of forces is in equilibrium, ee any two points 
taken anywhere in space are joined by a straight line, the sum 
of the tetrahedra which have for one edge lines along the lines 
of action of the forces and proportional to the forces’ intensity, 
and for the opposite edge the given straight line, is equal to zero. 


58.] In Article 55 the forces acting on a rigid body are re- 
duced to a force of translation, viz. R acting at an arbitrary 
point, the origin, and along a given line whose direction-cosines 
are given by equations (85), and to a couple whose moment is 
G, and whose rotation-axis is determined by (91). Let us in- 
vestigate the conditions under which the forces may be reduced 
to a force of translation only. 

Let x be the single force of translation, (#, y, z) its point of 
application, a, 6, c the direction-angles of its line of action, r the 
perpendicular distance from the origin on that line; so that 


r? = (y cos c—z cos b)? + (z cos a— 2 cos c)? + (@ cos b—y cos a)”. (96) 


Let there be introduced at the origin two equal and opposite 
forces, each of which is equal to r, and whose line of action is 
parallel to that of r: so that we have now R acting at the origin, 
and a couple whose moment is rr; and resolving each of these 
along the three coordinate axes, and equating the resolved parts 
to the corresponding parts of the aggregate of the impressed 


forces, we have 
noob zen = | 


Rcos b= 3.PcosB=yY (97) 
COS = 3. P COS: y == 2 
Re Xe-b y* 77: (98) 


R(y cosc—zcos 6) = L=zy—YzZ 
R (Zz cos @2—# cos c) = waxeae | (99) 
R(# cos b—y cosa) = N = Ya—xy 

and if these last three equations coexist, we may multiply them 
severally by x, y, z, and we have 

Cy eee —.0 ss (100) 

and this relation must be satisfied if the forces are reducible to 
a single resultant of translation. 

Let us consider the meaning of the condition; L, M, N are 

LZ 
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proportional to the direction cosines of the rotation-axis of the 
resultant couple @; and x, y, z are proportional to the direction- 
cosines of the line of action of the resultant of translation, viz. R ; 
and therefore, by reason of (100), these two lines are perpen- 
dicular to each other; or, in other words, the line of action of 
the resultant force of translation is in the plane of the forces of 
the resultant couple. Now as the arm of this couple may be 
turned round in its own plane, let it be so arranged that the 
line of action of each of its forces may be parallel to that of r; 
so that if r’ is a force such, and a an arm such, that r’a = 6G, we 
shall have three parallel forces r’, — x’, and r acting in one and 
the same plane, and these manifestly are capable of being re- 
duced to a single resultant, whose magnitude is R. 

And as 2, y, 2 in (99) are the coordinates to any point m the 
line of action of R, (99) are the equations to that line; and the 
equations may be put into the following form : 


M—N = x(¥+2)—2 (¥4+2) 
X(w+y+2)—a# (K4+Y+42Z); 


| 


Ie Ce 
of 5h y a1 gq ~ 
X+Y¥4+%Z  #&+Y+2 
x “. xby+2? 


and therefore from the symmetry of the right-hand member 


M—N N—L L—M 
v + ———_- ———sF¥ + ——————-)— a9’ + 
RZ Xv x ee 
=. F101) 
Ms xX Z 


Or the equations (99) may be put into the following form: mul- 
tiplying the second by z and the third by y, and subtracting, 
we have 
MZ—NY = Xx (Z4Z2+Yy)—(z?7+Y¥?) & 
= X(X%+Yy422)—27 (x?+¥7?+2?) 


X(X@+YY+22)—vR?; 


II 


-MZ—NY 
ne XV+YVY+22 
x Re R2 y 


MZ—NY fal NX-LZ | LY—Mx 
2 2 2 
eee ee ee ee 
Z 
and either system, (101) or (102), is that of the equations to the 
line of action of the single resultant, which is plaimly parallel to 
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the line of action of r acting at the origin. If L=m=n=0O, 
that.is, if ¢ = 0, the line of action of the resultant passes through 
the origin. 


59.] If the lines of action of the impressed forces are parallel, 
the equations (81)...(83) and (88), (89) undergo the following 
modifications. Let us suppose the forces to be applied at given 


POMtS (27, 1,21) (L2, 2,22) -i2 (ns YnsZn)> ADM a, == O95. On = 25 
Pa — 1. Rn 5 Vita Ye =: nas then 
Xa) ok COS. O. =—4COS 7 Spr 
Vy = £.P COs 6 ==.c0s Pp =.P p (103) 
Z= 2.PCOSy = COS y &.P 
R? = x24 y24 23 
= (2.P)?; 
Hise, BS (104) 


and therefore from (85) 
Ds 
cosd =~ = cosa, C08 f= cos.8, cosc= cosy, G0} 


that is, the resultant of translation at the origin is equal to the 
sum of all the impressed forces, and acts along a line which is 
parallel to the lines of action of the components. Again, 


M = COS @3.P2—COS CS.PLX 


L = coscs.Py—cos b3.Pz 
I (106) 


N = cos 0 3.Px#—cosaz.Py 
Gt= (z.px)?+ (2.Py)° + G.P2) 

— {cosaz.px+cosbs.py+coscs.pz}?; (107) 

and hereby may cos X, cos jz, cos v, equations (91), be found. 
From (106) we have 

L COS @+M cos 6+N cosc = 0, 

and therefore from (105) | 
LX+MY+Nz = Q; (108) 

which is the condition requisite that the forces should be capable 
of reduction to a single force of translation. Let r be this force, 
abc the direction-angles of its line of action, vy z the coor- 
dinates to its point of application; then introducmg at the 
origin two equal and opposite forces, each of which is equal to 


R, and acts along a line of action parallel to that of x, we have 
a force acting at the origin equal to x, and in a parallel direc- 
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tion, and a couple each of whose forces is r, and whose arm is 
r, where 

r? = (y cosc—z cos 0)? + (z cos a—2 cos b)? + (@ cos b—y cos a)?, (109) 
and the direction-cosines of the rotation-axis of which are 


Y COS C = COS y 2 COS i COs ue # COS a COs ee (110) 
then, as this system is to produce the same effect as the aggre- 
gate of all the impressed parallel forces, we have 

R COS @ = COS a 3.P 
R C68 0 = omar | (111) 


R COS C = COS y 3.P 


therefore squaring and adding, 
R* = (s.P)?, and ‘therefore «= =-P. (112) 


Also cosa@=cosa, cosb=cosP, cosc=cosy, 
a =," 0 = a eae (113) 
Also 
L = R(y cos y—2Z cos B) = cos y 3.Py— Cos B 3.PZ 
M = R(Z COS a—Z2@ COS y) = COSa 3.PZ—COS y 3.PL } (114) 
N = R(# cos B—y Cos a) = Cos B 3.Px2—COS a 3.PY 
From (112) and (113), as well as from general reasoning, 
it is manifest that the magnitude and direction of the line of 
action of the resultant of translation is independent of the di- 
rection-angles of the lines of action of the impressed forces, and 
that both remain the same, whatever those direction-angles are. 
For this reason the point of application of the resultant is called 
the centre of parallel forces ; see Article 46. Now from (114), 
RL—Z.PL = RY —>.PY 2 RZ —2, Pee (115) 
COS a cos B Cas y Sm 
but as a, 8, y are by the preceding reasoning indeterminate, each 
of the numerators must be equal to zero; therefore 


RL = 3.P2, 0 Bete 98 ot Re = aes 
7 SPL a Zorg a =.Pz2 
Le oS = iy Ma FE 116 
ope? Y Sips 3p" oe, 


and these are the coordinates to the point of application of the 
resultant of many parallel impressed forces. 


60.] Examples of the preceding formule. 
Ex. 1. Four parallel forces 2, 4, 6, 8 act at the angles of a 
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square, the length of whose side is 2a; it is required to deter- 
mine the magnitude, line of action, and the coordinates to the 
point of application of the resultant. 

Let the plane of the square be taken for the plane of vy, and 
the origin be at the centre of it: let the direction-angles of the 
parallel lines of action of the forces be a, 8, y: these are there- 
fore the direction-angles of the resultant. 

Let x be the resultant; therefore by (104) 


Riser 2 Seb 2S 
=— 20; 
and let the point of application of the force 2 be (a, a, 0), of 
4. (—a,a,0), and so on: so that 


>.P@2 = 2a—4a—6a+8a 


Srey 
=.Py = 2a4+4a—6a—8a 
= — 8a, 
Bak C555 ae 
i 2° o 
“= = — = = 0. 
ee). Saat) Bm @ 


Ex. 2. Three planes, whose equations are 
AVV+ Bi Y+C1% = Y, 
Ag@® +- Boy +C,z% = 0, 
A3s@+B3Y+C3% = O, 
meet at the origin, and support between them a heavy sphere 
of weight w: determine the pressure on each of the planes. 

Let the axis of z be taken in a vertical direction; and let the 
pressures on the planes be Rj, Ry, R3; the lines of action of which 
are of course normal to the planes; and let the equations of the 
planes be such as to satisfy m each the condition, a?+8?+c?=1: 
then (94) become 

Ry Ai + Rg Ag+ R343 = O 
Ry, By + RoBz+ R3B3 = O 
Ri Cj + RgC2 + R3gC3 = W; 
from which we have, using the notation of Art. 150, Vol. II, 
S. + Ag Bs Ss. + As By S. + Ay Be 


» Rg=— WwW » R= WwW ; 
=. + A, Bg C3 =. + Ag B3Cy =. + Az By Cg 


R; = W 
d Ry Rg Rg 
an SSS Se ES) SE, 2) Se 
Ag B3 — Bz Ag A3 By — B3 A) A, Bg — By Ag 
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61.] The material body or system of material particles, which 
receives the pressures considered in the preceding Articles, has 
been supposed to be free from all constraint; let us investigate 
the modifications required in the general results when the sys- 
tem is subject to certain given constraints. 

Firstly, suppose one point of the body to be fixed; let this 
be taken for the origin: it is evident that, because it is fixed, 
it will bear any pressure of translation acting on it, and that the 
body will not move owing to that pressure; but the effects of a 
pressure of rotation about a rotation-axis passing through that 
point are not affected by the fixedness of the point; the im- 
pressed forces therefore must be so related that g=0; and 
therefore that, Art. 57, 

b=), M =O} ae (Ly) 
which three conditions are requisite, so that a body, of which one 
point is fixed, should be at rest. And these three conditions, it 
will be observed, satisfy equation (108), and therefore indicate 
that the impressed pressures maybe compounded into a single 
force of translation: that, viz. which passes through the fixed 
point. 

And the pressure on the fixed point, and the direction of its 
line of action, may thus be found: let r be the pressure, and 
a, 6, c the direction-angles of its line of action; let the impressed 
‘forces be Pj, P2,...P,, and the direction-angles of their lines of 
action a, iy, &c.; then 

R COS @ = 3.P COS a 
R cos 6b = 3.P cos B I (118) 
R COS C = 3.P Cos y 
. R® = (3.P Cos a)? + (3.P cos 8)? + (3.P Cos y)?; (119) 
and therefore by (118) a, 6, c are known. 


62.] Secondly, suppose two points of the body to be fixed; 
and let the axes of reference be such, that the axis of z may pass 
through the two points, and the origin may be at the middle 
point of the line joining them; and let the z-ordinates to the 
points be +2, and — 2; then it is manifest that the body cannot 
have any motion of translation, and can have motion of rotation 
about the axis of z only. The impressed forces therefore must 
be so related that the rotation-pressure about the axis of z should 
be equal to zero; therefore the necessary condition is 


N = 0. (120) 
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And the pressures on the two points may be determined in the 
following manner: let them be represented by r, and Rg, and 
let the direction-angles of their lines of action be a1, ¢1, abo Cs ; 
then 


R; Cos 5; + Rg cos db, = &.P cos B (121) 


R1 COS C1 + Ry COS Co = 3.P COS y 
L +8121 cos 0, —R,2, cos bg = O } (122) 
M— Ry, 21 COS @; + R221 COS Az = O 

From the first two of (121), and from (122), we have 


R COS @, + Rg COS Gz = &.P COS a 
3 


21 =.P cos B—L 


R; cos 6; = oe P 
1 

2, =.P cOS8s B+L 

Ry COS bg = bate EROS 
1 

213.PcosSa+M 

R, COS a) = evo 
1 

2, =.PcoSa—M 

Rg COS dg = - 5 : 
i 


and thus the pressures on the fixed points, which are parallel to 
the axes of xv and y, are determined: but the pressures along the 
axis of z are involved in only the third equation of (121), which 
shews that the sum of the pressures is equal to =.p cos y, and 
therefore that each pressure is indeterminate: now this is, at, 
first sight, a startling fact, and has been urged heretofore as an 
argument against the truth of our mechanical results and prin- 
ciples; because certainly in nature, when a body is supported 
in the manner assumed in the problem, say a gate or a door on 
its two hinges, the vertical pressures are determinate and may 
be experimentally determined at both hinges; our mechanical 
formule therefore ought to yield a corresponding result. In 
reply to this objection, I say, that in nature the pressures are 
determinate, and may be determined by mechanical means: but 
the bodies which are the subjects of the experiments are more 
or less compressible and extensible: they are not rigid; and 
therefore do not satisfy the conditions required in the preceding 
theory, however nearly they may approach to them; thus if to 
a door, being in a horizontal position, two “eyes” are attached, 
which correspond to two hooks fixed in a vertical doorpost, and 
if the distance between the eyes when the door is horizontal is 
equal to that between the hooks in the vertical doorpost; then 
PRICE, VOL, III. M 
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doubtless, if the body were perfectly rigid and inextensible, and 
were attached by the eyes to the hooks, either one or the other 
hook would be sufficient to bear the vertical pressure; and we 
should be unable to determine whether one or the other carried 
the whole weight, and whether it was distributed between them, | 
and in what proportion; yet as such a door is extensible, both 
hooks would bear a part of the weight, and the respective pro- 
portions will depend on the extensibility and the elasticity of 
the material. Thus if the distance between the eyes is greater 
than that between the hooks, the pressure will for the most 
part be on the lower hook, although the compression of the 
‘material due to its weight may cause the eyes so to approach 
each other, that some of the pressure may be brought upon the 
upper hook; and a similar effect may occur at the lower hook, 
when the distance between the hooks is greater than that be- 
tween the eyes. Thus it appears that the determinateness of 
the pressures is due to the extensibility, compressibility and 
elasticity of the material which is in nature the subject of the 
experiment; and the truth of the result which is arrived at in 
(121) for a rigid body is not affected: for be it remembered 
that we have nothing in nature of perfect rigidity. We shall 
see a further example of indeterminateness of the same kind in 
dynamics. 

Again, suppose the circumstances of constraint to be such, 
that the body is capable of sliding along, as well as of turning 
about, the axis passing through the two fixed points; then the 
points will be able to bear the pressures arising from the forces, 
and which are resolved at right-angles to the axis, and parallel 
to the axes of x and y; but will not offer any resistance to those 
along the axis of z: if therefore equilibrium exists, the forces 
must satisfy the conditions, 


=.P cos y = 0, n= 0. 


63.] And lastly, if three or more points of the body are fixed, 
and if all these are not im the same straight line, it is evident 
that the body is fixed ; and therefore whatever are the impressed 
forces as to intensity, point of application, line of action, and 
direction, the body is in equilibrium, if we suppose the fixed 
points of it to be capable of bearing the pressures which are due 
to the impressed forces. 

And it is evident by the following reasoning that, if these 


~ 
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points are fixed, the body is also fixed. For suppose the body 
to consist of n particles, then each of these particles is at rest, 
if the forces (including the tensions, mutual reaction, &c.) act- 
ing on it satisfy the three conditions (69), Article 28: and there- 
fore if all are at rest, 3n conditions are required. Now if three 
points of a body are fixed, the mutual distances of them are 
also fixed, and hereby we have three conditions; also as the 
body is rigid, the distances of each of the remaining 7 — 3 par- 
ticles from each of the three fixed points are given, and thus 
we have 3n—9 conditions; and as the equations of equilibrium 
of a rigid body are six, we have six more conditions: and thus 
altogether we have, as before, 3n equations. If the three fixed 
points are in one and the same straight line, one of the con- 
ditions is lost, and the number is insufficient for equilibrium. 

64.] Another form in which a body under the action of im- 
pressed forces may be in constraint is, when it rests with points 
of it on a plane, or against any surface. 

Let us consider first the more simple case of a smooth plane: 
and let us suppose the plane to be that of xy, and n points of 
the body to rest on it, which are (a, yi), (@25 Y2)s ++» (ny Yn)s 
and let the pressures at these points be R;, Rg,...R,; the lines 
of action of which are parallel to the axis of z: thus the equa- 
tions of equilibrium become 

=.Pcosa=0, =s.pcosB=O0, =s.Pcosy—3.R=0, (123) 

L—2.8y7 == 0, M-+2.R7—0;," n='0: (124) 

Here are six equations, of which only three involve the pres- 

sures against the plane and the coordinates of their points of 

action ; there are always therefore three independent conditions 
to be fulfilled by the impressed forces. 

Now if only one point of the body is in contact with the 
plane, the pressure at that point will be given by the third equa- 
tion, and the impressed forces must be such as to fulfil the other 
five. 

If two points are in contact, the pressures at them may be 
determined by either two of the third fourth and fifth equations, 
and the forces must satisfy the remaining four conditions. 

But if three points are in contact, the pressures at them may 
be determined by means of the three equations which involve 
the pressures, and the other three equations must be satisfied 
by the impressed forces. 

M 2 


84 FORCES ON A BODY NOT FREE. [65. 


If more than three points are in contact, the pressures are 
indeterminate, because there is not a sufficient number of equa- 
tions whereby to determine them. 

In all cases the pressure which the plane has to bear is given 
by the third equation of (123); and for the existence of equi- 
librium, if the body only presses against the plane, it is neces- 
sary that the =.p cos y should act towards, and not from, the 
plane; it is also necessary that the line of action of this pres- 
sure should pierce the plane of wy at some point within the 
area determined by straight lines joming the points of contact 
of the body and the plane: otherwise the rotation-pressure of 
the z-force will cause the body to turn about one of the bound- 
ing lines of this area. 

And as to the indeterminateness of the several pressures, 
which act at the points of contact, when more than three points 
are in contact with the plane, an explanation similar to that of 
Article 62 is apposite. Suppose a heavy body to rest on a hori- 
zontal table, and to be in contact with it at many points; the 
sum of all the pressures is doubtless equal to the weight of the 
body; but if the points of contact are more than three, each 
pressure, so far as the preceding theory enables us to determine 
it, is indeterminate; and so it would be in nature, if the table 
were accurately plane, and it and the body were perfectly rigid ; 
but such a table and such a body nature does not give us; and 
so our results when applied to flexible and compressible matter 
are not true. If however we knew the laws of flexibility and 
elasticity, and could thus bring into calculation all the con- 
ditions of the problem, the result would be determinate and 
true; and thus it seems that the non-applicability of the me- 
chanical principles is only apparent, and is due to the omission 
of certain data which the true solution of the problem requires. 


65.] Again, suppose the body to be in contact with surfaces 
whose equations are r, = 0, R=O,...r,=0; and the mutual 
pressures between the body and the several surfaces to be rj, 
Rz,.-.R,; the direction-angles of the lines of action of these 
to be a,b, ¢1, d262C2,...dnb,€n; and the coordinates of the points 
of contact to be 214121, %2Y222,.-.XnYnZn; then employing our 
ordinary notation, see Article 29, 


U Vv Ww 
cosa=—, cos6=-~, cosc=—; 
Q £2 ies Q 
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and the equations of equilibrium become 


=.Pcosa+s.R cosa = 0 ! 
>) 


=.Pcos 8+3.Rcos 6 = 0 (125) 
=.Pcosy+z3.Rcosc = 0 
L+3.R(y cos c—z cos 6) = O 
M+23.R (2 COS @a—2# cos c) = O i (126) 
N+3.R(v cos b—y cos a) = 0 


To which equations, as to the number of points in contact be- 
tween the body and the surfaces, the remarks of the last three 
Articles are applicable. 

One point however requires further elucidation : suppose that 
the surface of the body on which the forces act meets n given 
and fixed points; then the equations (125) and (126) contain 
m undetermined pressures which act at these points. Now as 
the equations are six in number, if n= 6, the six pressures at 
the points may be determined ; and the directions of their lines 
of action will be along the normals to the surface of the body 
at the pomts; if m is greater than 6, 2 —6 of the pressures may 
be indeterminate, and when they receive given values, the other 
6 will be known: and when 2 is less than 6, the pressures at 
the given points may -be eliminated from the preceding equa- 
tions, and the remaining 6—~» conditions must be fulfilled by 
the impressed forces acting on the body. And hence we infer 
that generally a body under the action of given forces is in equi- 
librium and fixed, if the bounding surface of it passes through 
six given and fixed points *; and that the mobility of it is not 
taken away, if the surface has to pass through fixed points in 
number less than six. 


66.] And hereby I am led to another subject: viz. to the in- 
vestigation of the conditions requisite that many bodies subject 
to given pressures, and in contact with, or under mutual action 
from, each other, should be in equilibrium. 

Let the number of bodies be 7; let Pi, Po,...P, be the types 
of the forces which act on the first, second, ... nth body respect- 
ively; let r be the general type of the reacting pressures at the 
points of contact, and a, b,c the direction angles of its line of 


* For various other properties of this kind let me refer the reader to Mo- 
bius, Lehrbuch der Statik, Zweiten Theil, Erstes Kapitel; Leipzig, 1837. 


86 FORCES ACTING ON BODIES IN CONTACT. [ 66. 


action, and (7, y, z) the point of its application ; L1M,Nj, LgM2No, 
... the moment-axes of the component couples which act on the 
several bodies ; then the conditions of equilibrium for the several 


bodies are =.P] COS aj + 5.R) Cos a; = O 
=.P, cos By +3.R; cos b; = O I (127) 

%.P) COS yi +3.Ry COS Cc; = O 

L] + 3.R, (y COS C; —2, Cos b;) = O 
M; + 3.R, (21 COS @] — #1 COS C)) = O } ; (128) 

Ni + 3.R1 (2, cos b;—y cos a)) = 0 

3.P, COS a, + 3.R, COS dy, = O 
=.P, COS B, + %.Ry cos 6, = O I (129) 

%.Py COS Yn + 2%. By COS C, = O 

Ln + 3-Bn (Yn COS Cx—Zy COS B,) = O * 

My +S. By, (Zp COB: Gy, — 2, COSC) ; : (130) 

Ny +3.Ry (&p COS b,—Yn COS Ap) = O 


Now if, of all these groups of equations, all the first of the first 
sets are added, =.r cos a will disappear, because, the reactions of 
the several bodies being equal and opposite, the same quantity 
will appear twice, and with different signs; so that we shall 
finally obtain =.p cosa=0; similarly, by adding all the second 
equations of the first set in each group, and by adding all the 
third equations of the first set, we shall have 


BrP cos Oy, =.P cosy = 0. 


In the same way, by adding the several equations of the second 
sets of the groups, we shall obtain equations free from the R’s, 
and shall have ultimately 
Ise 0; M = QO, w=Q; 

and thus the equations of condition necessary for the equili- 
brium of a system of rigid bodies are of the same form and of 
the same number as those required for the equilibrium of a 
single rigid body. 


67.] Examples illustrative of the preceding. 


Ex. 1. A heavy uniform beam is fixed by a hinge to a given in- 
clined plane: between the beam and the plane a heavy sphere is 
in equilibrium ; determine its position and the several pressures. 

Let fig. 37 represent a vertical section of the system made by 
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the plane of the paper: Pop=a; Poq@=20; 0G =GA=4; cP 
=ca=c; w=the weight of the beam; w= the weight of the 
sphere ; Rk = reaction existing between the beam and the sphere ; 
R = the pressure of the sphere on the inclined plane. And let 
us consider separately the conditions of equilibrium of the sphere 
and_of the beam. 

For the equilibrium of the sphere, resolving the forces along 


the plane, we have ; 
wsma=RkRsin 286, 


For the equilibrium of the beam, taking moments about 0, we 


are wa cos (a+20) = Rx0Q 


= Rh ¢ cot d, 
wa cos (a+26) sin26 = wesinacoté; 
whence may 6 be determined; and thence r; and since 
R = wcosa+R Cos 26, 
R may also be found. 


Ex. 2. Two heavy beams oa and oa’ of equal lengths are 
connected, fig. 38, at o by a hinge, and at aa’ by a string of 
given length; between them a heavy sphere is placed, and the 
string remains horizontal; determine the tension of the string 
and the pressure against the beams. 

Let length of each beam be 2a, weight of each beam = w; 
2c = length of string; t=the tension of the string; = the 


radius of the sphere; w= the weight of the sphere; a = the 


angle aoB = sin-} 5 ; then for the equilibrium of either of the 


beams, taking the moments of the forces about 0, we have 
T2acosa = wasina+Rd cota; 

and for the equilibrium of the sphere, taking vertical forces, we 

have w= 2nsina; 

i 


2 


bw 
as <= 2 
T= tana +7 Z, (cosec a) : 


Section 3.—On Friction. 


68.] All the surfaces, which we have imagined to be in con- 
tact in the preceding Articles, are supposed to be smooth, and, 
as such, to offer no resistance to the motion of the points in 
contact with them in directions perpendicular to the normal at 
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the points; and therefore the reaction arising from the contact 
acts along the common normal line only. In nature however 
we have no surfaces perfectly smooth; the constitution of all 
bodies is such, that on their bounding surfaces are small eleva- 
tions and depressions, arising as it seems, from their constituent 
molecules not being continuous and in perfect contact: so that 
if the surfaces of two bodies are pressed against each other, the 
elevations of one fit, at least in a measure, into the depressions 
of the other, and the surfaces interpenetrate each other; and 
the mutual penetration is of course greater, if the pressing force 
is greater; much of this roughness may be removed by polish- 
ing, and the effect of much of it may be destroyed by lubrica- 
tion: all however cannot be, and there still remains a resist- 
ance due to it, when force is applied so as to cause one body to 
move or to have a tendency to move on another with which it 
is in contact. This resistance is called friction, and is of two 
kinds; either of sliding or of rolling ; the first is that of a heavy 
body dragged on a plane or other surface; of an axle turning 
in a fixed box; of a vertical shaft turning on a horizontal plate, 
or of a millstone turning upon another concentric stone about 
a vertical axis. Friction of the second kind is that of a wheel 
rolling along a plane; the resistance however of which seems to 
arise from the necessity of the wheel overcoming small obsta- 
cles which are successively in its path. It is of friction of the 
first kind only that I shall state the laws and give examples; 
and first as to its line of action: it is manifestly along that tan- 
gent line of the surfaces at the point of contact which is the 
line of the tendency to motion; and its direction is opposite to 
that of the line of motion. Suppose therefore many forces to 
act on a material particle which is in contact with a rough 
surface ; and, the lines of action of the forces being unaltered, 
their magnitudes to change, so that motion is on the point of 
taking place (1) in one direction, and (2) in an opposite direc- 
tion: the line of action of friction is in both cases the same; 
but the direction of it in the former case is contrary to that of - 
it in the latter. Also the magnitudes of the forces may evi- 
dently vary within certain limits, and the particle may still be 
at rest. Examples of the determination of these limits are given 
in the following Artiele. 

In our ignorance of the constitution of bodies, and of their 
molecular action, the laws of friction must be deduced from 
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experiment; and therefore I shall enunciate those only which 
are necessary for our purpose, and refer the reader to the Trea- 
tise by M. Morin*, wherein he will find the subject investigated 
in all its completeness. 


I. Friction is proportional to the normal pressure, when the 
materials of the surfaces in contact are the same. 


II. Friction is independent of the extent of the surfaces in 
contact. 


III. Friction is independent of the velocity of motion. 


As to law I; suppose r to be the normal pressure between 
two surfaces, and F to be the friction, then F=pR, where p is 
a eonstant quantity for the same materials and is the value of 
F when R=1; wp is called the coefficient of friction. And this 
law, it may be observed, appears to arise out of the preceding 
theory of friction; because the greater is the pressure, the 
greater is the interpenetration of the molecules at the surface 
of the bodies, and the greater is the resistance to be overcome, 
when motion is just about to take place. 

As to law II; it signifies that if the pressure remains the 
same, and the surface in contact increases, the total resistance 
is still the same, whilst the pressure on each element and the 
friction corresponding to that element are diminished in the 
inverse ratio of the surface in contact. 

The treatise of M. Morin will be found to contain a complete 
account of the modes of determining yp for different substances ;. 
but the followmg manner of considering the subject is suffi- 
ciently general for our purpose, and deserves insertion. 

Let a given heavy body rest with a plane face of a finite area 
on a horizontal plane; and let the plane be turned about a 
horizontal line in it, so that it becomes inclined to the hori- 
zontal plane, that is, becomes tilted: the body will begin to slide 
when the inclination has reached a certain limit; and this in- 
clination will manifestly depend on the friction which exists 
between the body and the plane, and may be determined as 
follows. See fig. 39. 

Let w be the weight of the body; =the coefficient of fric- 
tion; a=the angle between the inclined and the horizontal 


* Nouvelles Expériences sur le frottement faites a Metz, imprimées par 
ordre de ’ Académie des Sciences; 3 voll. in 4to. 1832-1835. 
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planes just as motion is beginning to take place; r = the pres- 
sure on the plane; so that 
are Foe. Bis (181) 
and resolving along, and perpendicular to, the plane, 
F=wWsina, R= WCoSa, 

tana = p, ace tenth gE. (182) 
a is called “the angle of friction,’ and “the angle of repose.” 
The body will rest on the plane when the angle of inclination 
is less than the angle of friction, and will slide, if the angle of 
inclination exceeds that angle. 


69.] Various problems involving friction. 

Ex.1. A small ring under the action of known pressures is 
capable of sliding on a rough curved material line in space; it 
is required to determine the lmits of the forces, so that the rmg 
may be at rest. 

Let the resolved parts of the impressed forces along the coor- 
dinate axes be x, y, z, of which let the resultant be xr; so that 
if w, y, z are the coordinates to the position of the ring on the 
curve, the whole impressed force along the tangent, which we 
will call t, is tt dy a 


ite o- ae +4. (1383) 


Let n = the normal pressure: then 
N24972 = R? 
= x?4y74 27, 
2 
N? = x?4 y74 27 — been. fe 9 is 
Now in order that motion should not take place, 
me hce yt A 
< (eat), 
m2 2 
1+ p? 
< (sin a)’, see equation (182); 


xdx-+yvdy+zdz\" 
(OE ) < (sin a)?; (134) 
AOR pa pela ae ated RIE (135) 
R ds 


the particle will begin to slide; the + sign assigning the limits 
within which the forces are to be confined. 
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Ex. 2. As an example, let us take the helix whose equations are 
2 = aos g, y = asin ¢, 2eenae : 

and let the force which acts on the ring be its own weight, and 
= w, and have its line of action parallel to the axis of z: then 
Z=R=—w: and 

LSE _= + sina, “. k= + tana; 

ds” (1 4 f2\8. 
that is, the angle of inclination of the thread of the helix to the 
horizontal plane is equal to the angle of friction. 


Ex. 3. To determine the limits of the pressures, so that a par- 
ticle under the action of them may be at rest on a given rough 
surface. 7 

Let F(z, y, 2) =0 be the equation to the surface: then em- 


ploying the ordinary symbols, = = are the direction-cosines 


of the normal at the point (a, y, 2): if therefore n = the normal 
pressure, T= the tangential force, and r = the resultant of the 
acting forces, of which the resolved parts along the coordinate 
axes are X, Y, Z, 

_ xU+yYvV+2W 


N ee amet 7? — p?—N?; 
therefore that the particle should be at rest 
R2 
pap Ne, R?2—N?2 < p?N?, na << deee 
Q? R2 


ji nbtrci Siac rien ile 2 
(xu+Yv-+ zw)? male oe 


<(sec.a)*s 


and therefore if ———°* _ = + sec a, (137) 
MU YN ee ite 


the particle will just begin to move; the + sign assigns the 
limits of the impressed pressures. As an example let us take 
the following : 


Ex. 4. An ellipsoid has its least axis in a vertical direction ; 
determine on the surface the curve, on all points within which 
a heavy material particle being placed shall remain at rest. 

Pimmueccese ak Oey Oa Rr: 

Oi y? 22 
Po) a Se Pe ray 1; 


N 2 
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re cP Be of vA ; 
therefore (137) becomes 
x y? ot 2 
ar Fates = (800 4) Tae 
mr ¥? oe ; 
o +. 7a — (tan a)’ | = 0; 


which is the equation to a cone, whose vertex is at the centre of 
the ellipsoid; and the line of intersection of which with the 
ellipsoid is the required bounding curve. 


Ex. 5. A heavy particle rests on a rough inclined plane, and 
is acted on by a given force in a vertical plane which is perpen- 
dicular to the inclined plane; determine the limits of the force, 
and the angle at which the least force capable of drawing the 
particle up the plane must act. 

Let fig. 40 represent a vertical section of the inclined plane, 
and containing the force p; let the inclination of the plane to 
the horizontal plane be 7; and let 6 be the angle between the 
inclined plane and the line of action of P; » = coefficient of 
friction: and let us first suppose the tendency to motion to be 
down the plane, so that friction is a force acting up the plane: 
then resolving along, and perpendicular to, the plane, : 


F+Pcosd=wsinZ, R+P sind = wcos?, F = ja 
sin 7— cos 


Pie A . 
cos 6—yp sin 0 


(138) 


And if Pp is increased so that motion up the plane is just be- 
ginning, F acts in an opposite direction, and therefore the sign 
of » must be changed, and we have 
sin 7 -+ pz COS 2 
—_—__-———. ] 
7 cos 0+ yp sin 6 foo 
Now to determine @ in this latter case, so that pe shall be the 


least, ae 


67 Ww (sin z+ pz Cos 2) 


sinO—pcosd _ 
(cos 6+ pmsin 0)?” 


io tan 0s 
that is, if 6 is equal to the angle of friction. Hence we infer that 
A given power acts to the greatest advantage in dragging a 
weight up a hill, if the angle at which its line of action is in- 
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clined to the hill is equal to the angle of friction of the hill. 
And, similarly, a power acts to the greatest advantage in drag- 
ging a weight along a horizontal plane, if its line of action is 
inclined to the plane at the angle of friction of the plane. 
Hereby also may we determine the angle at which the “ traces” 
of a drawing horse should be inclined to the plane of traction. 
The preceding results are those which are a priori to be ex- 
pected, because some part of the power ought to be expended 
in lifting the weight from the plane, that friction may be 
diminished. 


Ex. 6. Also let us consider the case of a rough cylindrical 
axis, on which given forces act and produce a pressure of rota- 
tion, capable of turning within a rough hollow coaxal cylinder. 

Let fig. 41 be a section perpendicular to the axis of the cylin- 
der; the smaller and interior circle being a section of the cylin- 
drical axis, and the larger circle of the hollow cylinder; let c 
be the point of contact of the two cylinders, and at which of 
course the resultant of all the impressed forces acts: let this 
force = Pp, and let 0 be the angle between the lines of action of 
rR and p: then 

R = P cos 0, F= Psin @, 

a pe Oe iu Goa LE 
therefore 6 is equal to the angle of friction. If therefore the 
angle between r and P is less than the angle of friction, the 
cylinder will continue at rest; and if it is greater, it will move. 


Ex. 7. A heavy circular shaft rests in a vertical position, with 
its end, which is a circular section, on a horizontal plate; deter- 
mine the resistance due to friction which is to be overcome, 
when the shaft begins to revolve about a vertical axis. . 

Let a be the radius of the circular section of the shaft; and 
let the plane of 7, 6 be the horizontal one of contact between 
the end of the shaft and the plate; and let the centre of the 
circular area of contact be the pole; now the vertical pressure 
on each element of this area manifestly varies as the area, and 
therefore, if rdr dé is the area-element and f is the coefficient 
of variation, since, by law III, friction is independent of the 
velocity of motion, 

Pressure on element = krdrdoé; 


Friction of the element = wkrdrdoé; 
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Moment of friction about vertical axis through the centre 
= kr? dr dé ; 
Moment of friction of area of contact 


27 [fa 
=| [ukr?dr do 
Jo Jo 


2ykra 
and therefore varies as the cube of the radius. Hence arises 
the advantage of reducing to the smallest possible dimensions 
the area of the base of a vertical shaft revolving upon its end on 
a horizontal bed. 
Similarly may the friction of the upper millstone moving on 


the nether one be calculated. 


Section 4.—Further researches into the composition and resolu- 
tion of pressures acting on a rigid body in space. 


70.] In Section 2 we arrived at the following general results 
as to many pressures acting in space on a rigid body: What- 
ever point is taken as the origin, the pressures can generally be 
reduced to (1) a single force of translation acting at the origin, 
of a definite magnitude, with a definite line of action, and in a 
definite direction, and such that if r is its magnitude, and a, b, c 
the direction-angles of its line of action, 


Ro ae Ke Yeas (140) 
Coatg ses Cosh cos cae (141) 
R R R 


and to (2) a couple whose moment-axis and rotation-axis are 
definite, and such that if ¢ is the moment axis, and A, p, v are 
the direction-angles of the rotation-axis, 


G2 tL" PMN (142) 
i M N 
cos = —, cos = —, cOoly ==, (143) 


We proceed to further researches into the properties of these 
two resultants. 

Let it be observed that the position of the origin is arbitrary, 
the only condition to which it is subject being that it is rigidly 
connected with the body: and at whatever point it is taken, 
the magnitade, direction of the line of action, and direction of 
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the force of translation kr are always the same; this is evident 
from the equations (140) and (141), because they do not involve 
the coordinates of the points of application of the forces. 

Imagine now a system of forces acting on a rigid body to be 
reduced to a single force of translation r acting at the arbi- — 
trarily chosen origin, and to a couple whose moment-axis is 4, 
and in which, if a is the length of the arm and x’ is the force, 
Ra=cG; and let one of these forces act at the origin: also 
imagine the arm of the couple to be so situated that it may be 
perpendicular to the line of action of r; then the forces are 
reduced to (1) rn and rR’ acting at the origin, with their lines of 
action inclined to each other at an angle, which is the comple- 
ment of the angle between the line of action of r, and the rota- 
tion-axis of gc; let this latter angle = ¢, so that 


cos @ = ne (144) 


and to (2) another force r’ which does not meet either of the 
former forces: now the resultant of the former two forces is 


ete {r242RR' sind+R?}2, (145) 


and therefore the system is reduced to two forces of translation 
acting in space and along lines of action which do not meet 
each other. 

And this reduction may in general be arranged so that the 
lines of action of the two forces shall be perpendicular to each 
other. Thus, as before, let the arm of the couple be perpen- 
dicular to the line of action of rR; and let r be resolved into two 
parts R sing and R cos # respectively in and perpendicular to 
the plane of the couple: so that there are, (1) three forces rR’, 
—r’, Rsin ¢ in the plane of the couple, the lines of action of all 
of which are parallel and are perpendicular to the arm of the 
couple, and the resultant of which is rR sin ¢, which acts in the 
plane of the couple, at right-angles to its arm, and at a distance 
r from the origin along the arm, such that rrsin@d=«e; and 
(2) the force r cos ¢ whose line of action is perpendicular to the 
plane of the couple. Of this latter the magnitude is by (144) 


LX-+MY+NZ 
R COS d = So aeRO TE (146) 
that is, is equal to the sum of the pressures along the coordi- 


nate axes resolved along the rotation-axis of the resultant couple. 
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Now the equations to these lines of action, which are perpen- 
dicular to each other, are, to the latter 
siti, Apt (147) 
and to the former 
2 2 
x — = (NY—Mz) y — — (LZ—N3) 
G?x —L(LX + MY-+ Nz) Fy G?y — M(LX + MY+ Nz) 


G2 
Z— 0) (Mx—LY) 


~ 62z—N(LX + MY-+NZ)’ A) 
where ¢2 = (NY—MZ)?-+ (LZ—Nx)?+4 (Mx—LY)? (149) 
= R*G7 (sin d)?. 


If ¢ = 90°, we fall back on the case of Art. 58, and (148) be- 
come the equations (102), because Lx+mMy+Nz=0, and r? 
—@?r*. And if ¢=0, r=co, and the forces do not admit of 
being reduced to two forces of translation whose lines of action 
are perpendicular to each other. 

As subsequent investigations will cast considerable light on 
the relations between the lines along which two forces, which 
equivalently replace a system of forces, act, I must reserve other 
theorems to a future part of the course. 


71.] Also the value of ac changes when the origin is changed, 
because L, M, and w are functions of the coordinates of the point 
of application of each force: this change I propose to investigate. 

First however let it be observed, that of all axes passing 
through a given point that corresponding to a is the one whose 
moment or moment-axis is the greatest ; for the moment of the 
impressed couples with respect to a rotation-axis inclined at an 
angle @ to that of eG is G cos 0, as is plain from the law of reso- 
lution of such moment-axes, which has been investigated in 
Article 44; and as «cos @ is less than oe, it follows that of all 
lines passing through a given point, the rotation-axis of the re- 
sultant couple is that with respect to which the moment-axis is 
the greatest. For this reason e is called the complete or prin- 
cipal moment-axis with reference to the point which is called 
the moment-centre. Hence also we infer that the moment-axis 
is the same for all axes at a given moment-centre which are in- 
clined at the same angle to the axis of the principal moment ; 


71.| PRINCIPAL MOMENT-AXIS. 97 


that is, all axes of equal moment form a right circular cone 
which has the axis of principal moment for its axis of figure. 

Now let the origin be changed to a point (@o, Yo, 20), the new 
axes being parallel to the former ones; and let Lo, Mo, No, Go be 
the values of L, M, N,e@ referred to the new origin; then 


Lo = 3.2 {(y—Yo) C08 y—(2—#0) C08 B} 
= 3&.P(y COS y—Z COS 8) — Yo Z.P COS y+ Zo S.P COS f, 


Lo = L—ZY0+ Y2o 
Mo = waste b (150) 
No = N—YX%+XYo 

LoX -+- Mo¥ +NoZ = LX+MY-+NZ; (151) 


that is, the quantity Lx +My-+Nz is the same whatever point is 
the origin, provided that the axes of coordinates remain parallel 
to their original directions. And the same quantity is also in- 
variable when the directions of the axes are changed. Let 2’, 
y’, 2’ be the new coordinates, and let them be related to 2, y, z 
by the following scheme of direction-cosines : 


@ y | z 
ax | a b oe 
y ay b, | Cy 
z ay be | C2 


and let x’, y’,z’, L’,m’,N’ be the new values of x,y,z, L, M,N, SO 
that 


K = ax’ +ay,yY' + a7’ 

y= bees’ sb b (152) 
Z= Cx +¢,Y¥ + C2 

L =at+bm+en 

M’ = micthartax b (153) 
N’ = )L4+0.M+4+ (2N 


LX+MY+4NZ = (ax’+a,Y +4,7')L+... 
= x (aL+bmM+cNn) +... 
= xr +yM47N'. (154) 
This quantity therefore is also invariable whatever are the direc- 
PRICE, VOL. III. O 
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tions of the coordinate axes. Also since the magnitude, and di- 
rection of the line of action of r is constant, 


x Y Z 
L—-+™M—+N-— =a constant; 
R R R 


Lcosa@+™M cos 64+N cose = a constant ; (155) - 


that is, whatever point is the origin, and whatever are the coor- 
dinate axes, if the moment-axes of the couples whose rotation- 
axes are the coordinate axes are resolved along the line of action 
of the resultant of translation, their sum is constant. 
And replacing L, m and n from (148), (155) becomes 
G {cos a cos A +-cos 6 cos ». +- cos ¢ cos v} = a constant ; 


so that, if ¢ is the angle between the rotation-axis of @ and the 
line of action of rR, 

G cos ¢ = a constant ; (156) 
therefore the resolved part of every principal moment-axis along 
the line of action of Rr is constant. 

Also from (150) we infer that if x =y=z=0O, that is, if the 
resultant of translation is equal to zero, Llp =L, Mo=M, No=N, 
and therefore G)= 6G; and thus the principal moment-axis is the 
same, both in intensity and direction, for all points of space. 


72.] Now since, in reference to any given moment-centre, & 
corresponds to that line whose moment-axis is the greatest of 
all, but since this maximum moment-axis changes as we pass 
from one point to another in space, it is desirable to investigate 
those points the principal moment-axes corresponding to which 
have a minimum value: the result of the last Article shews 
(1) that there is such a minimum value, because G cos¢ =a 
constant, and therefore that G is a minimum when cos ¢ is a 
maximum, that is, when ¢ =O; and that therefore the rotation- 
axis of such a minimum principal moment is parallel to the line 
of action of nr; and (2) that « cannot have an absolutely maxi- 
mum value, because it becomes larger and larger as ¢ increases, 
and ultimately is infinite when ¢ = 90°; and the position of the 
point, or points, which are moment-centres of the minimum 
principal moment-axis may be found in the following manner: 

Let 2’, y’, 2° be the coordinates of the moment-centre for 
which G is a minimum: then in reference to the origin chosen 
arbitrarily, if @’, L’, Mm’, N’ are the moment-axes in reference to 


the new origin, Gi? tig /Paeg' Bho! 
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and therefore, by reason of (150), 

ef? = (L—2y' + Y2')?+ (M—x2 4 Za’)? 4 (N—Ya" 4+ xy’)?; (157) 

wherefore, differentiating, we have 

G.D@ = {4(M—xz +24’)—y(N—ya' +xy')} dv'+...4+... (158) 
= (ZM’— yn’) da’ + (xn’ — 21’) dy’ + (yL’— xm’) dz’; (159) 

and as the right-hand member of this equation must vanish, 


and as no relation is given between w’, y’, 2’, the coefficients of 
dx’, dy’, dz’ must separately vanish; therefore 


NY—MZ = # (y?4 22) —x (vy +22) 
Sa (Xt y+ ne) —xX {xe yy +72) 
NY— MZ 


Re XY yy +72 
a Pe Ce Pee EERE se) 


x R? 
and therefore from the symmetry of the right-hand member 


, NY—MZ , L“Z—-NX , MX—LY 
& —- —— af — ——-)— 9 -— 
$$ = EO —__;__ (160) 


which are the equations to a straight line parallel to the line of 
action of x. At all points therefore of this straight line, the 
principal moment-axis is a minimum of all points in space; and 
as the line is thus the locus of the centres of minima principal 
moments, it is called the central axis ; also from (159) 

so that the rotation-axis of the least principal moment is parallel 
to the line of action of r, and coincides with the central axis. 

Let the moment-axis of this least principal moment = x, then 
as K is equal to the sum of the parts of L, M,N resolved along 
the direction of R, 

ay Ye Be GaN, (162) 
R 
and x is constant for all points in the central axis. Hereby 
then the forces are reduced to (1) a force of translation r acting 
along the central axis whose equations are (160), and (2) to a 
couple whose moment-axis is given by (161) and whose rotation- 
axis is the central axis; and we have the following results : 

(1) If any point of the central axis is taken as the moment- 
centre, of all axes of rotation passing through that point, that 
coincident with the central axis has the greatest moment. 

O 2 
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(2) And with respect to moment-centres taken at any point 
in space, the moment of the rotation-axis coincident with the 
central axis is the least. On account of these theorems K is 
called the “minimum maximorum” moment. 

If it is proposed to find the moment-centre corresponding to 
the greatest and least principal moments of all points on a given 
surface, F(a”, y’, 2) =0, then dz’, dy’, dz in the right-hand mem- 
ber of (159) are not independent, but are subject to a condition 
which is determined by the differential of the given function, 
and we have a problem of relative maxima or minima, which is 
to be solved in the usual manner. 


73.] Of this most important result it is desirable to give fur- 
ther illustration. In fig. 42, let o be the original moment-centre ; 
or the line of action of the force of translation acting at it; oe 
the moment-axis of the resultant principal couple at o: let 
GoM = q, so that oeey tee 


cos fd = “ee (163) 


resolve og into two parts, one along, and the other perpen-. 
dicular to or; then the part along or is @ eos ¢, and that 
perpendicular to or is csind; the rotation-axis of G cos > 
is oR, and that of e sin @ is a line in the plane containing 
og and or: at o draw op perpendicular to this plane, and 
take op of a length such that Rxorp=cG sing; at P introduce 
two equal and opposite forces, each of which is equal to Rr, and 
whose hne of action is parallel to that of r: then the couple 
whose arm is op, and whose force is R, neutralizes the couple 
whose moment-axis is oN; and there remain (1) the force Rr 
acting at p, and in a line parallel to the original line of action 
of r, and (2) a couple whose moment-axis is G cos ¢, and whose 
rotation-axis is along or. Let the rotation-axis be transferred 
parallel to itself so as to pass through p, and we have finally a 
force of translation Rr acting along PR, and a couple whose rota- 
tion-axis is along the line of action of x, and whose moment- 


aX1S 18 K, where 
K = G@ cos ¢ 


LX+MY+.NZ 
rg i aR 164 
(164) 
Now as oP is perpendicular to og and or, if a, 8, y are its direc- 


tion-angles, we have 
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BOs aN or 608 Pe ey mos yo. a see (149), (165) 
NY— MZ Le NX MX — LY ir 
and op = — sin 
Pans The ? 
v 
=} (166) 


therefore the equations to PR are 
NY— MZ LZ—NX MX —LY 

aT DET Oey wie MaKe H Wistetn Veil 

R R R? 


Xx 6 Z 


which are the equations to the central axis. 


74,| Hence if op - p, we have 


Rp = a Oy (168) 
K=Gcos¢)” 
G? = R7p7+K?; (169) 


therefore cg, the principal moment at a point, is the same at all 
points equally distant from the central axis; and therefore the 
locus of all moment-centres, at which the principal moments 
are equal, is a circular cylindrical surface, of which the central 
axis 1s the axis of figure; and at all points along the same gene- 
rating line of this cylinder, the rotation-axes of the principal 
moments are parallel, and all therefore le in the plane touching 
the cylinder along the generating line; but the directions of 
the rotation-axes change as we pass from one generating line 
to another; for since ¢ is the angle between the central axis 
and the rotation-axis of the principal moment corresponding to 
a moment-centre at a distance p from the central axis we have 
from (168) Rp 

tan @d = —; (170) 


K 

and this is therefore constant for all points of the cylindrical 
surface mentioned above; and as the direction-cosines of the 
central axis are proportional to x, y, z, and those of the rotation 
axis of the principal moment G to L, M,N, these lines in general 
do not meet: and therefore if a section is made of the cylin- 
drical surface mentioned above by a plane perpendicular to the 
central axis, and the principal moment-axes are drawn for the 
moment-centres situated in the circular section, they will form 
a hyperboloid of revolution of one sheet, having the central axis 
for its axis of figure. See Ex. 1, Article 319, Vol. I. 
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Also if Go refers to a moment-centre, the perpendicular dis- 
tance from which on the central axis is equal to po, then from 
(169) Go? = R2 po? + K?; 
therefore subtracting we have 

G? — Go? = R? (p? — pr’). 

I may observe that if k= 0,¢@=x; and therefore the principal 
moment is the same for all points in space; and as tang@=0, 
all the principal rotation-axes are parallel. 

If the impressed forces admit of a single resultant, then 
@ = 90°; and therefore from (164) kK =0; the “ minimum maxi- 
morum” therefore of the principal moments is equal to zero. 

From (169) it also follows that @ increases as p increases, that 
is, as the moment-centre is removed further from the central 
axis; and as such increase is infinite, there cannot be a “ maxi- 
mum maximorum.” Also from (170) it appears that as the 
moment-centre is removed further from the central axis, the 
angle between the central axis and the corresponding principal 
rotation-axis approaches nearer and nearer to a right-angle. 


75.] And the equation to the cylindrical surface which is 
the locus of all moment-centres of equal moment may thus be 
found. 

Let the origin be taken at a definite point on the central axis, 
so that the equations to the central axis are 


i sd) etree 

5 ere gs ee 
and let (xo, yo, 20) be the moment-centre at a distance p from 
the central axis, and in a plane perpendicular to the central 
axis and passing through the origin; so that the equations to 


a generating line of the cylinder are 


L— Xo “i Y— Yo Piper 


2 vars ae Oe 
and we have also 
Lo + Yo + 20° = p? 
a Si ' (173) 
where c is the principal moment at (%, yo, 20); also 
Xo + YYo+ 42% = 0; (174) 


therefore from (172) 
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2—2o _ Y—-Yo _ F—2Zo HAY ALZ 
re CREAT hg ad Sasa R? , 
and substituting in (173), 


(a? + y? + 2?) (x? Y?+4 27) —(xv4+yytz22) = G—K?, 


(ve—zy)? + (4v—xz)? 4 (xy—va)? = @—xk?; (175) 
which is the equation to the required cylindrical surface. 

We may also in the following manner determine the equation 
to the surface of the hyperboloid which is the locus-surface of 
the rotation-axes of the principal moments relative to a section 
of the preceding cylinder by a plane perpendicular to its axis or 
to the central axis. 

Let (2%, Yo, 20) be the moment-centre to which the rotation- 
axis of the principal moment is referred, and let p be the per- 
pendicular distance from it on the central axis, and suppose the 
origin to be at the point where p meets the central axis; then 
the equations to the rotation-axis are 


Soe ame Ars ~o (176) 
i Bei ae + 


also we have 1?-+mM?+N? = G? (a constant), 


2 2 
Ga Kk 
2 aS 
Ae ei eo > 


XM +VYYo+Z2% = O, 
LXo+MY+N2Z% = O, CEL} 
LX+MY+NZ = RGCOSd = RK; 


of the last three equations, the first expresses the condition 
that pis perpendicular to the central axis, the second that p is 
perpendicular to the rotation-axis of the principal moment, the 
third that the rotation-axis is inclined at an angle ¢ to the cen- 


tral axis. Now from (176) we have 
C—& _ Y—-Yo 22%) __ {Pty 422 +p2—2(wao+ yyotZ20)}" 
Pea want, Ny G 
_ X@+yy+22 
2 rs 


(178) 


Also multiplying the terms of (177) severally by those of the 
equality (176), we have 


LLO+YYot 2% = Pp, 
therefore from the last terms of (178) we have 


(a? + y? + 27) R?2K?—(G?—K?) kK? = (xa7+yy+z22)*e?, (179) 
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which is the equation to a hyperboloid of revolution of one 
sheet, the central axis being the axis of figure. 

And if the central axis is the coordinate-axis of z, x = 0, y=0, 
Z = R, in which case (179) becomes 

xv? +y2— 2 (tan >)? = p?, (180) 

Also for all moment-centres on a straight line perpendicular 
to the central axis, the corresponding rotation-axes are on the 
surface of a hyperbolic paraboloid. 

Let the central axis be the coordinate axis of z; and let the 
plane in which the given straight line is be that of vy; and let 
the moment-centre be the point (a, yo). Then if x, y, z, L, M, N 
refer to the origin as the moment-centre, and Lo, Mo, No to the 
given moment-centre, x = 0, y= 0, z=R, and by reason of 


(150) Lo = L— RY; Mop = M+ R22, No —N;5 


so that the equations to the rotation-axis through (ao, yo) are 
“ity eon 


L—RYo M+R N 


Also let the equation to the given straight line on which the 
moment-centre is be aw+by =O; so that we have 
N&—RZYo+LZ—N& =.0 
RZM+NYotMe—Ny = O I 
AX + bYo — ta W 
whence by cross-multiplication, and after reduction, we have 
R(bL—aM) 274+ aRNyz—ORNZe +N? (ax 4+ by) —(aL+ 6m) nz = 0 
which is the equation to a hyperbolic paraboloid, and on the 
surface of which therefore all the rotation-axes are found. 

76.] And let us further investigate certain properties of mo- 
ment-centres situated anywhere in space. 

Suppose (2%, Yo, Zo) to be the moment-centre of which Go is 
the principal moment, and of which 19, Mo, No are the resolved 
moments along the coordinate axes; and 1, M, n to be the 
resolved moments along the coordinate axes, of ¢, which is the 
principal moment with reference to the origin; then, by equa- 
tions (150) 1B ey vee 

My = eases | (181) 
No = N—Yap+XYo 
and let us call the plane which passes through (29, yo, Zo), and is 
perpendicular to the rotation-axis of the principal moment at 


wee 
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the point the momental plane *, so that the equation to the mo- 
mental plane corresponding to the moment-centre (a, yo, 20) is 
(%— 2) Lo + (Y¥ — Yo) Mo + (2—Zo) No = 9, 
or, (L—ZYo+ ¥2%)&+(M—X2%4+ 4X2) Y + (N—Y¥%+XYo) Z 
= L&+MYot+N%; (182) 
and as this expression is always possible and definite, we con- 
clude that every point in space may be a moment-centre; and 
have a momental plane which is unique for that point. 
Hence also the equation to the momental plane corresponding 
to the origin as the moment-centre is, as is otherwise evident, 
LY+My+NzZ = 0. 
Suppose moreover that the equation to a plane is 
A+ BY+C2 =D, (183) 
and that it is required to find in it the point which is its mo- 
ment-centre ; then comparing (183) and (182), we have 
L—ZYo+¥% _ M—X%+2% _N—-YXLo+XYo _ LXo+MYo+N%o (184) 
A B C D 
*  LX+MY+NZ_ 
me, +BY+CZ ’ 
au PEBENTTAM 9 
AX+BY+CZ | 


DY+CL—AN ; (185) 
AX+BY+CZ | 
DZ+AM—BL 
i ; 
AX+BY+CZ 
and as these quantities are possible and definite, every plane 
may be a momental plane, and will accordingly have a moment- 
centre in it and corresponding to it, and whose coordinates are 
given by (185). 
The coordinates of the moment-centres of the:three coordi- 
nate planes are therefore, 


Of the plane yz, a = 0, pms, peeks | 
x x | 
N ry 
Of the plane zz, v=, y = 0, ed 
M L 
es) Ge SS AIS z=O0; 
Of the plane vy, @ ie eae | 


* Mobius calls this plane “ Null-ebene,” as being that with respect to 
which the moment at the given point vanishes. 
PRICE, VOL. III. ¥ 
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all which points evidently lie in the plane whose equation is 
LY+My+Nz = 0, 

and which is the momental plane of the origin; and hence also 

we infer that the moment-centres of the three coordinate planes 

lie in a plane passing through the origin of coordinates. 

And the locus of the moment-centres of a system of parallel 
planes is a straight line which is parallel to the central axis ; 
and of which the equations are : 

@ (AxX+BY+CZ)+CM—BN y (AX+BY+CZ)+AN—CL 

x cee x, 
ty z(AX+BY+CZ)+BL—AM 
= : : 
these following immediately from (185). This line is cS course 
a generating line of the cylinder (175). 

Also if Go is the principal moment-axis with reference to the 
point (%, Yo, 20), equations (185), then 
A24-B24 c2)2 
= +BY+ “ or 


Ch 


77.] Also the perpendicular on the central axis from the mo- 
ment-centre (2%, Yo, 2) is at right angles to the rotation-axis of 
the principal moment in reference to that moment-centre. 

Let us suppose the origin to be on the central axis; then the 


equations to it are 
~= 2a, (186) 


x tE aay eee 
and the equations to the line passing through (%, yo, %) and 
perpendicular to and meeting the central axis are 


L—XL vce Yo 
oR?—X(Xa+VYo+Z%) YoR? — ¥ (XLp +YYo + 2%) 
2— Ho 


~ ZoR2— 7 (XX +YYo+ Z%) petite, 
and the equations to the rotation-axis of the principal moment 
in reference to the moment-centre (x, yo, Zo) are 
Eaerey oes eee (188) 
Lo Mo No 
and the sum of the products of the corresponding denominators 
of (187) and (188) is 
Lo {LoR2—X (Xp +VYo+Z2%)} +... + 
= R? (Lp Lo + Mo Yo +NoZo) — (XLo+YYo-+ZZo) (LoX + Mo¥ +NoZ) 
ond R? (LX +MYo+N2Zo) — (Xa -+YYo +220) (LX+MY+NZ) (189) 
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by reason of (150), and wherein 1, uy, n refer to the central axis; 
and therefore we have 
iy 
2 a (190) 
so that (189) becomes 
RK (XW +¥Yo + ZZ) —(XXo+ Y¥Yo t+ ZZ) BK, 
and which vanishes ; and therefore the rotation-axis of the prin- 
cipal moment corresponding to (a, yo, 20) is perpendicular to the 
line drawn from the moment-centre at right angles to the cen- 
tral axis ; and therefore also the perpendicular from the moment- 
centre to the central axis is the shortest line between the cen- 
tral axis and the principal rotation-axis at that moment-centre. 
Hence if @ is the angle contained between the central axis 
and. the rotation-axis of the principal moment through the mo- 
ment-centre (%o, Yo, 20), 
LoX + Mo¥ +NoZ 
Mig i Gyn 
LX+MY+NZ 
GoR 


cos ¢@ = 


“ 


the same result as (168). 


78.] Now let us consider the relations that exist between 
principal-moments, their projections on the coordinate axes and 
their rotation-axes in reference to two different moment-centres 
(a, Yo, Zo) and (a, yi, 21). And let us suppose the origin to be 
on the central axis; and let the symbols carry the subscript 
0 or 1, according as they refer to the former or the latter mo- 
ment-centre. Then we have 


Lo = L—ZYo+ YKo Ly; = L—ZY,+Y2, 
Mo = M—X2+2Z20 M; = M—X2|4+22) >, (191) 
No — N—Y%+XYpo Ny = N—-Y@+ X41 


(192) 


Tyla — Vi (25 25) —2 (91 — Yo) 
M;—My = Hem) —xGm=) 
Ni—No = X(Y1—Yo) —¥ (%1— 2) 
(Ly — Ly) (@1 — #9) + (My — Mo) (Yi — Yo) + (Ni — No) (21%) = 0. (193) 
Now the momental plane of the moment-centre (2, Yo, Zo) 18 


Lo (@ —#o) + Mo(¥—Yo) + No (2-2) = 0; (194) 
bP 
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and the momental plane of the moment-centre (2, ¥, 21) 18 | 


Ly (@—2) + M1 (Y¥—Y1) + Ni (Z—41) = O. (195) 
Suppose (2), Yi, 21) to be in the plane (194), then we have 
Lo (#1 — Xo) + Mo(Yi—Yo) +No(21—20) 9; (196) 
so that from (193) we have 
Ly (Yo — 1) + Mi (Yo— Yi) + Ni (Zo— 21) = Y, (197) 


and therefore, by reason of (195), the momental plane of the 
moment-centre (#1, yi, 21) contains the moment-centre (@, Yo, 20). 
Hence we infer 

The momental planes of all moment-centres in any given 
plane pass through the moment-centre of that plane : 

If a straight line drawn in a given plane through the moment- 
centre of that plane is called a ray of the plane, it follows that 
the momental planes of all moment-centres in that ray inter- 
sect in the ray. 

And such a ray may also be considered as lying in another 
plane which intersects the given momental plane along that 
ray; and therefore the momental planes of all moment-centres 
along this line pass through the moment-centre of this other 
plane, and therefore this latter moment-centre lies mm the given 
ray; and therefore a ray of any plane is the locus of the mo- 
ment-centres of all planes passing through the ray. 


79.] And as to the conditions requisite that a given straight 
line should be the principal rotation-axis with reference to 
sgme moment-centre on itself, let the equations to the given 
straight line be 


L— Ho Y—-Yo 2-2 

x = — as =p (say) ; (198) 
and let the moment-centre on it be (2, y, z): then the direction- 
cosines of this line must be proportional to L, M, N which refer 
to the moment-centre (2, y, z); let Lo, Mo, No refer to the mo- 


ment-centre (a, Yo, Zo); so that 


L = lop — Bly —Yo) + ¥ 20), > Ms. Ni 


Lo —Z(Y—Yo) FY (%—%) _ Mo—X(% — %) + 4(#— 4) 


A B 


No—¥(#@—&) + x (y—Yo) 


z 3 (200) 


therefore by means of (198), 
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Bp pAb Cvs Mo p(Ue ae) NG —p{(AY—Bx) 


A B C 
_ ALo+BMy+CNy — XLo+¥Mo+ZNo 
eee AB ee AX BY OZ 

| RK 


AX+BY-+CZ 


(ALo + BMy+CNp) (AX+BY+Cz) = RK (A?+ B?407), (202) 
which is the required condition; and if 0 is the angle between 
the rotation-axis of the principal moment ec) and the given 
straight line, and if ¢ is the angle between the given straight 
line and the central axis, (202) becomes 

Go COS 8 Cos @ = K. (203) 

One property of this equation is worth notice; if the line 
which is to be the rotation-axis is perpendicular to the central 
axis, ¢ = 90°, and therefore kK = 0: that is, the system of forces 
is reducible to a single resultant of translation. Hence, con- 
versely, if a system of forces is reducible to a single resultant, 
the only straight lines which can be rotation-axes with respect 
to any moment-centres on themselves are those which intersect 
at right angles the line of action of the single resultant; and if 
the forces do not admit of a single resultant, no straight line 
which is perpendicular to the central axis can be a rotation-axis 
with respect to a moment-centre on itself. 

Also the coordinates of the moment-centre are thus deter- 
mined: operate on the successive terms of the equality (201) 
with the factors Bz—cy, cx—Az, Ay—Bx, then the sum of the 
denominators vanishes, and therefore the sum of the numerators 
also vanishes ; whence we have 


__ Lo (BZ—CY) + My (CX—AZ) + No (AY—BX) _ (204) 
(BZ—Cy)?4+ (cx—az)?+(AY—Bx)? ” 
and therefore from (198) 

B=Xo+rpA, Y= Yor pB, 7=%+pe, (205) 
and these are the coordinates to the moment-centre. If these 
values are substituted in (199), the principal moment with 
respect to the determined moment-centre may be found in 
terms of the principal moment at the given point (2%, Yo, 2) 
and other known quantities. 

In application of these results, if the axis of v is a rotation-axis 
with respect to a moment-centre on itself, that is, if sn =c=0, 
equation (202) becomes 
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MoY+Noz = 0,7 

and if the point (2, yo, 2) 1s the origin, then from (205) 
_ No Mo 

and therefore the principal moment at the point is Lo. 

By a similar process we may determine the conditions that 
the other two rectangular coordinate-axes may be rotation-axes 
with respect to moment-centres on themselves; and also the 
coordinates to the required moment-centres. It is evident by 
reason of the required condition that all three cannot simul- 
taneously be rotation-axes of the given nature. 


80.] And another inquiry suggests itself; to what relations 
are all momental planes subject, whose moment-centres are on 
a given straight line ? 

Let 11, Mi, N; refer to the point (71, y;, 21) as a moment-centre ; 
so that the equation to the corresponding momental plane is 

Ly (@— #1) + Mi (y¥—Y1) +N1S%—Ki) = O53 (206) 
and suppose the moment-centre to be on a straight line whose 
equations are 

L1— Xo Yi—Yo a — % Js 
ig Ce i (207) 
where (%, Yo, 20) 1s a fixed point on the line: then 


X= &+tAp, Y=YotBp, m= %+Cp; (208) 
and if Lo, Mo, No refer to the fixed point (2%, yo, 2); 
Ly = Lo—Z(Y1— Yo) + ¥ (% — 2) 
M, = Mo—X(%—2%) + Z(@1—2o) } ; (209) 
Ny = No—Y¥(#1—Xo) +X(Y1— Yo) 
and if Bz—CY=a, cCx—Aaz= 8, AY—BX=y, (210) 
we have from (208) and (209) 
| Lj =Lo—pa, .Mi=Mo—pfB,; Ni=No—py; (211) 
so that (206) becomes 
(Lo — ap) (W7—&%—Ap) + (Mo—Bp) (Y—Yo— Bp) 
+ (No—yp) (2—%—Cp) = 0; (212) 
and therefore since Aa+BB+cy = 0, (213) 
we have 
Lp (# — 2%) + Mo (Y — Yo) + No (@—%o) 
—p{a(r—&%) + B(Y—Yo) + y (4—%) +ALo + BM + CNo} =O; (214) 
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which equation, it will be observed, consists of two linear ex- 
pressions of the first degree, the second of which is multiplied 
by the variable factor p: and therefore we conclude that all the 
momental planes, whose moment-centres are on the straight 
line (207), pass through a line which is the intersection of the 
two planes : 
Lo (@— 2%) + Mo (Y—Yo) + No (4—Z) = O - (215) 
a(v—Xy) +B (Y—Yo) ty (%—%) FAL + BMy+CNo = O 
The direction-cosines of this last line are proportional to 
Moy — Nof, Nopa—Loy, Lo — Moa, 
that is, if  @ = ALp+BMo+CNp, (216) 
to ARK—xXxQ, BRK—YQ, CRK—ZQ; 
and if we substitute 
w = Lo(B—y)+Mo(y—4a) + No(a—8) 
= RK(A+B+4+C)—Q(x+Y-+442), 
the equations (215) may be put into the form 


Q Q Q 
L—Xy — ~, (Mo—No) YY — (No Lo) %—  — ~~ (Lo — Mo) 


ae Mine Bo 9) 


ARK—xXQ BRK—YQ CRK—2ZQ 


or, 


Q Q Q 
L— Ly — ~) (Mo No) ¥—Yo— — (Nolo) a— 2 — Gp 6Lo— Mo) 


Moy —Nof i Noa—Loy By Lo B—Moa 
and this line therefore is that through which pass all the mo- 
mental planes whose moment-centres are on the line (207). 


81.] Let us however consider the converse problem of the pre- 
ceding: viz. to find the locus of the moment-centres of a series of 
planes passing through the line whose equations are (207). 

The equation to any such plane is evidently of the form 
L(v@—Xo) + mM (y —Yo) + 2 (%—%) 

+ p{l(x@—a) +m’ (y —Yo) +n’ (z—2)} =9, (218) 
where p is an arbitrary constant, and where 
So iain tee ? (219) 
Vatms+nc = 0 
and if (€,7, ¢) is the moment-centre, the direction-cosines of the 
rotation-axis of its principal moment are proportional to 
Lo—Z(n—Yo) + ¥(€—20), «ee oe 3 
and to Jl+pl’, m+pm’, n-+pn’; therefore 
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Lo—Z(n—Yo) +¥(C—%) _ Mo—X(C—#0) + 2(E—2o) 
L+ pl’ Ps m + pm’ 
ot No— Y¥ (€—o) a (7 — Yo) - (220) 
n+ pn 
and since (€, n, ¢) is in the plane (218), we have 
(1+ pl’) (E—ao) + (m+ pm’) (9 Yo) + (+ pn’) ((—20) = 0; (221) 
and from (219) 


(1+pl)a+(m+pm’)B+(n+pn')c =0: (222) 
so that operating on the terms of the equality (220), we have 
Lo(&—#o) + Mo(n— Yo) + No({—2%0) = 9, (223) 


a(€—2%) + B(n—Yo) + y (C—%) +ALo+BMo+CNo = 0, (224) 
and which are the same equations as (215); and therefore the 
locus of the moment-centres of all momental-planes passing 
through the line (207) is the line of intersection of the two 
planes whose equations are (223) and (224). Hence, to reca- 
pitulate the results, 

If a moment-centre moves along a line whose equations are 


ict A oy Y—Yo T ie ey 
AG ie 
all the momental-planes pass through the line (217), which is 


formed by the intersection of the two planes 


; (225) 


(BZ— CY) (#—2&) + (CX —AZ) (Y—Yo) + (AY — BX) (%— %) 

+ ALo + BMg+CNo = O 
and if a moment-centre moves along the line of intersection of 
these two planes, all the momental planes pass through the line 
whose equations are (225). These lines are for an obvious rea- 
son called reciprocal lines, (Gegen-linien)* ; (207) and (217) are 
therefore reciprocal lines. 

I may observe that, if x = 0, that is, if the system of forces is 
reducible to a single resultant of translation, (217) are inde- 
pendent of a, B, and c; and that the line is parallel to the line 
of action of the resultant of translation: hence we infer that 
under these circumstances this latter line is reciprocal to every 
line in space. 


Lo(#@—Xo) + Mo (Y —Yo) + No(—%) = O, : 
}: (226) 


* See Schweins, Crelle Vol. XX XVIII, pp. 40-76; Mobius, Statik, § 86, 
Erster Theil, Leipzig, 1837; and Steichen, Crelle Vol. XX XVIII, pp. 277-330; 
and Vol. XLIV, pp. 181-219. © 
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Let us briefly consider the geometrical position of two recipro- 
cal lines; let the origin be placed at the point (xo, yo, Zo) on the 
line (225): then the first plane of (226) is the momental-plane 
with respect to that poimt as the moment-centre; and the 
second plane is parallel to the plane containing the first reci- 
procal line and the line of the resultant of translation at the 
origin; also if @ is the angle between the line (225) and the 
line of action of the resultant of translation, then 
(Bz—cyY)? + (Ck —Az)?-+ (AY—Bx)? 

(a7-6 B42 C7). Rn? 


(sin @)? = 


] 


and the perpendicular from the origin on the second plane of 


(226) is equal to __ALy-+BMy+ONo 


R sin ¢ {A? 4+ B2402}3 
82.] The two reciprocal lines are perpendicular to each other, if 
A {Mo (AY —BX) —No (CX—AzZ)}4+...4... =O, (227) 
(a? 4 B* 4c?) (Lx +MY -+Nz) —(AX+ BY+CZ) (ALo + BMy+CNo) = 0, (228) 


which is the same as (202), and expresses the condition that the 
line (225) should be the rotation-axis of the principal moment 
with reference to some moment-centre on itself. And when this 
condition is fulfilled, (226) is also the rotation-axis of the prin- 
cipal moment with reference to some moment-centre on itself. 

For comparing the direction-cosines of this latter line as de- 
rived from (199) with those derived from (226), we have 

Lo— Z(Y —Yo) + ¥ (2— 2) 
Sis Sag tee a ee (229) 
of which, when operated on with the factors a, B,c, the sum of 
the numerators vanishes by reason of (226); and therefore the 
sum of the denominators also vanishes: and this latter equation 
is that marked (227), so that the proposition is proved. 

And as reciprocal lines which are perpendicular to each other 
are rotation-axes of the principal moments with reference to 
moment-centres on themselves, so if (#0, Yo, 20) and (#1, ¥1; 21) 
are the moment-centres, the equations to the lines are 


L— X% Y—Yo fee ED 


? 


Lo Mo No 
L— WH} me, ny ome) 
Lj My Nj 
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Now k=6 cos @, see equation (168): therefore if go and gy 
are the angles between the central axis and the reciprocal lines 


K = Go COS do = G, COS di, 


1 1 ___ (Cos do)? + (Cos 1)? | 
Gi, eG Ke? 
but as the reciprocal lines are perpendicular to each other, 
go + 1 = 90°, therefore 
1 ] 1 
Gi” Gag. he ae © 
Also two reciprocal lines are parallel, if 


ARK— XQ BRK—YQ CRK —ZQ 
SS 


A B C 


that is, if = = 8; 
A 


that is, when each line is parallel to the central axis; and also 
when q@=0, in which case the reciprocal lines coincide with each 
other, and with the central axis, every point of which is of course 
a moment-centre with respect to the line which is the principal 
rotation-axis with respect to it. 


83.] The equations to the line of shortest distance between 
two reciprocal lines are found in the following way : 
For convenience of symbolization let 


Moy—NoB =A, Noa—-loy=B, WwWB—Ma=c, (230) 


so that the equations to the reciprocal lines are, from (207) and 
eed)» ea YY oe 
A B C 


Q Q 
L— &y — — (Mo No) ¥—Yo— — (No—1o) 


A B 


U 


Q 
ed Vora — CLO Mo) 
= ——__,—_—___ = 7; (232) 


C 
and let cos A, cos p, cos v be the direction-cosines of the shortest 
line; then, as we know that the shortest line intersects both 
the above lines at right angles, we have 

A COSA+BCOSp+C cosy = a 


A’ cos A+B’ cos +c’ cosv = 0 Oe, 
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cos A COS pu COS V 
Here ke ILO SeAC RAR — aA Be 
cos A cos COs V 
re ee te (234) 
BZ—CY CX —AZ AY — BX 


Let ¢, 7, ¢ be the current coordinates of the shortest line; 
and (a, y, 2), (x, y’, 2’) the points where it intersects severally 
(231) and (232); then, by reason of its being perpendicular to 
(231) and to (232), we have 

(E—a) A+ (n—y) B+ (6-2) 6 = 0, 
(€—2) a +(n—y) B+ ((—z)c = 0, 
(€—Xo) A + (n—Yo) B + ((—%)C = (A? +B? +4 07) 7, 
(E—2o) A+ (N—Yo) B+ (C—%) Cc = (Aa + BB+ CC)r; 
whence eliminating 7, we have 
(€—2%) {A (Aa + BB’ + 0’) —a'(a? +B? 4.07) } +...4... = 03 (235) 
and if we operate in a similar manner on (232), we shall have 
{E—xXy — ~ (My—No)} {a’(Aa + BB’ +c’) —Aa(a'?+B2+07%)} 


ee atte, pa an (en) 
and if we substitute 


Lopa+MoB+Noy = k 
a2+ B2+y2 = p? : 
after obvious reductions these equations become respectively 
(€—£o) (CB—By) + (n—Yo) (A4y—Ca) + (C— Zo) (Ba—AB) = 0, 
(€—2o) (ak —Lop”) + (4 —Yo) (8&—Mop”) 
+ (C20) (yk—Nop”) + 9k = 0; (288) 


and the shortest line is the line of intersection of these two 
planes. 


(237) 


To find its equations ; from the preceding equations let ¢—2o, 
n—Yo, (— Zo be successively eliminated ; whereby we have 


k 
ee oC 2g) 8 a lires? 


({— 2) a—(€—X) y — _ (Ay—Ca) P3 (239). 


k 
(Ea) B—(n—yo) a = — = (Baa) | 


whence we have 
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{(€—#o) a+ (n—Yo) B+ ((—20) y} a— (Eo) p? 


=— 4 {a B?+4+Aay?—BaB—Cay} 


k 
wit p?A—a(Aat+BB+cy)} 
= —ka., 


Therefore from the symmetry we have 


2 
oh Wy Wee Aeon (240) 


and these are the equations to the shortest line between a pair 
of reciprocal lines. 

Now with regard to the central axis, it is in the first place 
plain that the line whose equations are (240) is perpendicular 
to it: for the direction-cosines of the central axis are (see equa- 
tions (167)) proportional to x,y,z; and 

ax+ By+tyz = x(BZ—cyY)+y¥(CK—AZ)+2Z (AY—BX) 
wl 8 

therefore the shortest distance between two reciprocal lines is 
perpendicular to the central axis. And it also meets the central 
axis; for writing the equations (167) of the central axis in the 
form 
NoY¥ —MoZ Lo Z— NoX 

0 = 0 EB yi ees 0 = 0 C2 = 
5 UN Se ee |. » (241) 
and applying to them, and to the equations (240), the ordinary 
conditions that two straight lines should be in the same plane, 
we have 


Mo X — Lo Y 
&—X%— eS 


kA = NoY—MoZ Lo Z— Nox 
Fee Set oe (5, 591 (ee 
ke’ : Moxy 
a ea yee —(§X) = 
kA = NoY—MoZ 
( | {x (AX+BY+0CZ)—AR7}4...64..= 
5 {(axtnyten)— (+n c”) R?} + A (NoY—MpZ) 


a B (Lo Z— No X) +C (MpX—LpY) oe 
k 
“ a {a?-+ 82+ y?} + Lo (BZ—CY) + Mo (CX—AZ) +. Np (AY—BX) = 
—k+Wa+MoB+Noy = 0; 
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whence we conclude that the shortest distance also meets the 
central axis. 


84.] We are now able to resume the discussions of Art. 70, 
and to investigate other properties of two forces, which, applied 
at definite points, along definite lines of action, and in definite 
directions, equivalently replace a system of forces acting on a 
rigid body in space; and the preceding properties of reciprocal 
lines will aid us much in the investigation. 

Let the two forces be Pp and 2), of which let the points of 
application be (2, yo, 20) and (#1, ¥1, 21) ; and which may also he 
considered to be the current coordinates of their lines of action: 
and let the components along the coordinate axes be xy ¥o Z, 
X,Y, Z,; so that we have the following equations: viz. 

KX = X)+X1, ¥ =.¥o-- Yi; Z=%+H, (242) 
L = ¥1%1—21Y1 + Yo%Z0— Zo Yo 
M = 21X)—@121 + 2X0 — Xo Zo i (243) 
N = 21Y1—Y1X1 + Lo Yo— YoXo 
and let Lo, Mo, No be the moment-axes of the original impressed 
couples about the coordinate axes at the point (a, Yo, Zo) ; so that 
L = lo + ZYo—Y¥ 2 
M = Mo+X2p—ZX I (244: 
ON = No+Y2%—XYo 
and substituting these in (243), and replacing x9, Yo, Z from 
(242), we have 
(245) 


Lo = 21 (Y1—Yo) — ¥1 (21 — 20) 
My = Xj (21—2o) — 21 (Vi— 2) | ; 
No = ¥1(@1—2) — 1 (Yi — Yo) 
from which equations 2, yi, 21, the coordinates of the point of 
application of Pp}, are to be determined; but as the equations 
involve the equation of condition 
LoXi+Mo¥itNom = O, 
Or, LoXo+MoYo+NoZ = LX+MY+NzZ 
= RK, . (246) 
they are equivalent to only two independent equations, and are 
therefore the equations to a straight line; and may be put into 


the form 
MoZ1— No Yi No Xj — Lo Z1 Lo Yi — MoX1 
y— yyy pt 
Py? Pp, Pp}? y 
o ebriaig ul yc wvchorsdP ibe og 
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or, 
My — No No — Lo Lo— Mo 


Xo Ayo eee 


eer 7, bet XV +21 _ ti +% ; (248) 


2 Ne Yj Z) 
and therefore the point of application of Pp; may be anywhere 
in this line; and as the direction-cosines of the line are propor- 
tional to the components, along the coordinate axes, of P,, we 
infer that the line of action of P, is coimcident with the line 
whose equations are (247) or (248). 
Now from (245) we have 
Lo (#1 —2%o) + Mo (Y1— Yo) + No(%1—%0) = O, (249) 
and also 
(¥oZ1—Z¥1) (#1 —Xo0) + (ZoX1 —X0%1) (Y1—Yo) 
+ (Xo¥i —YoX1) (21 —%) + XoLo + YoMo + Z0No = O, (250) 
but ¥oZ1—Zo¥y = Yo (Z—2Z) —Z (Y —Yo) 
= YoZ—ZY; 
similarly ZX;—Xo2Z1 = ZX—Xo9Z; and Xo¥;—YoX; = XoY—Yox}; 
therefore (250) becomes 
(¥0Z—Zo¥) (1 — Xo) + (ZX —XoZ) (Yi — Yo) + (Xo¥ — YoX) (21 — Zo) 
+ XoLo + ¥oMo+ZoNo = 0. (251) 
If therefore the equation to the line of action of Pp is 


L—Xy a Y— Yo is &—& (252) 


Xo Yo Zo 


the line of action of P,, which is the line of intersection of the 
two planes (249) and (251), is reciprocal to it, as is manifest on 
comparing the equations with (215) in Article 80. Hence also 
the line (247), which is the line of intersection of the planes 
(249) and (251), is the reciprocal of (252). And it will be also 
found on reduction that the general form of the reciprocal line 
given in equations (217) assumes in this case the form (248). 


85.] Hence we have the following Theorem : 

If a system of forces acting on a rigid body is equivalently 
replaced by two forces, one of which acts along the line whose 
equations are a pe eee: 

ew ot wer (5%) 
then the line of the other force is the reciprocal of this. 

And therefore by the properties of reciprocal lines, proved 


above, we infer that the lines of action of two such forces are 
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perpendicular to a line which passes through, and is perpen- 
dicular to, the central axis of the system. 

And the forces acting along the lines may thus be found. 
Let Po and P; be the forces and xo¥9%, X1¥1% their components 
along the coordinate axes; let (253) be the equations) to) [gy SS ~ 


line of action of Py ; then we have F) op 8 
ee NO 20 Koka + ¥oMo-t BoNol ) 
A B Cc ALo +BMg+CNo %\ 414 1) Ty 
NN 4) 
RK A | ; 
Sp Ns Li 58) 
ALo +BMy+CNo’ SS 


whence, as Lo, Mo and No are given, X9, Yo and Z are given in——_-7 
known quantities. Also from (242) 
Xj) =X—X9, Yi = Y—Yo, 4 =2Z—Z%, (255) 
so that x;¥,Z, are also determined. 
If the lines of action of the. two forces are in one and the 
same plane, then substituting in the usual equation of con- 


dition, that two straight lines may be in the same plane, from 
(247) and (252) we have 


(MoZ1— NoY1) (¥o%1 —Zo¥1) + (NoX1—LoZ) (ZoX1 — Xo%1) 

+ (Lo¥1—Mo2Z1) (Xo¥1—Yo%X1) = 0; 
and therefore 
(LoXo + MoYo + NoZo) (Xi? + ¥1? + 21”) 

) — (Xp Xi + Yo¥1 +.20%1) (LoX1 + Mo¥i+No%) = 0, 
the second part of which expression vanishes by reason of 
(245), and therefore 

= LoX0 + MoY¥o+NoZo = O, 
or, LX+MY+Nz = 0, 
which is the condition required; and is the same as that already 
determined, so that the forces should be reducible to a single 
force of translation. 


86.] And other properties of this system of double forces 
may be thus investigated. Let the forces, as above, be Po, Pi, 
and their points of application be (xo, yo, 20), (@1, Y1, 21) 3 let 7 
and 7 be the lengths on the shortest distance between the lines 
of action of the two forces, from the central axis to the respective 
lines of action; and let 0,6; be the angles between the central 
axis and the lines of action; then 


Py COS Oy + Pj COS 0; = R, (256) 
since R is the resultant of translation along the central axis. 
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K 
ro+n’ 
because K is the principal moment-axis about the central axis, 
and because the whole resultant of translation acts along that 
axis; and therefore also 


Po Sin O09 = FP Sin 6; = 


(257) 


P97 COS O97 = P17; COS 41, (258) 
tan 4 ce tan 6, a K (259) 
To Tl R197, 


If the lines of action of Po and of P; are perpendicular to each 
other, then 6) + 6; = 90°, and 
tan 4 tan 0; = 1, (260) 


2 


K R R 
Torl = T3» tan =To7, tan; =e (261) 


Also let G) and G, be the principal moment-axes of all the im- 
pressed forces at the points (7, Yo, 2) and (x, yi, 4); then by 


(168) et = 


FS Be Oo’ TE 68 Q;’ 
and since sin 0) = cos 4}, sin 0; = cos 60, therefore from (257) 

no pe ee (262) 
P} Po 

Po Py R 

— +— = 263 
P} “3 Po K (To+71), ( ) 

RK = PoP\(70+71), 


2. GoGy = RK(7)+7) ; * 
and from (262), 


Go” + G1? = (Po? + Py’) (7 +71)? 
= 7 (7 +171)", 
since R2x= Py" Py’, 

Also on the same supposition of the lines of action of the two 
forces being perpendicular to each other, it is plain, that con- 
sistently with the condition (261), 79 +7; will be a minimum when 

K 


m=") = * 5 (264) 


in which case tan 6) = tan 6,;; 0)= 6;= 45°; p= Pj = aa and 
therefore we have the theorem: A given system of forces 


acting on a rigid body may be replaced by two equal forces 
whose lines of action are perpendicular to each other, and each 
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of which has a line of action inclined at 45° to the central axis; 
and the forces act perpendicularly at the ends of an arm which 
is bisected at right angles by that axis; the magnitude of each 


2 
force is equal to ae and the length of the arm is — and no 
2 


other pair of forces, having lines of action perpendicular to each 
other, which can replace the system, can be at a distance less 
than this. 

And similarly, if the lines of action of the forces are inclined 
to each other at a given definite angle, say 2a, may the mini- 
mum distance between their lines of action be determined ; and 


we shall find 6) =6,=a, Py = P1 = 5 SCC... 70 = Tie 


And if the lines of action of the two forces are parallel, then 


the system of impressed forces is reducible to a single resultant 


; R : : 
of translation ; Pp = Py = 5° ro = 7; = an indeterminate quan- 


tity ; and each increases infinitely, when Pp = P, decreases infi- 
nitesimally ; and the line of action of each force is parallel to 
the central axis. 

If the forces have not lines of action inclined to each other 
at a given angle, the distance does not admit of a minimum ; 
the limiting case is that of two forces of infinite magnitude, 
but differmg by a finite quantity, which act along one line in 
opposite directions. This result is also evident from the mode 
by which in Art. 70 it is shewn that a system of forces acting 
on a rigid body may be reduced to two forces of translation. 

In all cases the two forces act perpendicularly at the ends of 
an arm which intersects the central axis at right angles. 


87.] The following is a curious geometrical property of the 
two forces Py and P), to which a system of forces acting on a 
rigid body may be reduced. Along the lines of action of Pp and 
Pp; let lines be taken severally proportional to the forces, then 
the content of the tetrahedron of which these lines are opposite 
edges is constant, whatever is the position of the lines on the 
lines of action of the forces. 

Let one end of the line-symbol of Pp be (#0, yo, %), then the 
other end is (%-+X0, YoYo, Zo +2); and let one extremity of 
the line-symbol of P, be, in virtue of equations (247), 

(. i ee Mi Zy ee Aa f Lo ieee Xy en Mo uot) 
then the coordinates of the other end are the same quantities 
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increased severally by x;, ¥1,%; and placing the origin at the 
point (x, Yo, 20), the volume of the tetrahedron is, according to 
the notation of Article 150, Vol. II, equal to Vea RS 


No¥] — Mo 21+ Xi Pi? 
plier Oe EL {Yo (MoX1— LoY1) — Zo (LoZ1— NoX1)} +... ee 


<a 6 P,? 

__ LoXo + MoYo + NoZo 

nie 6 

oo ORE (265) 


6 3 
and this is a constant quantity; and therefore the content of 
the above-mentioned tetrahedron is constant. 

If the volume of the tetrahedron vanishes, the two forces act 
in the same plane, and the system is reducible, either to a single 
force of translation, or to a couple : that is, either kK =0, or R=0. 

Hence also it is evident that if four forces are in equilibrium, 
the volume of the tetrahedron constructed on the line-symbols 
of any two is equal to that of the tetrahedron constructed on 
the line-symbols of the other two. 

Other properties of a similar character will be found in a 
memoir by M. Chasles, Liouville’s Journal, Vol. XII, p. 213. 


88.] It remains for us to investigate for forces acting in space 
relations analogous to that which was discovered in Art. 52 for 
forces acting in one plane; and therefore we must determine 
(1) whether at all, and (2) under what circumstances, a body 
which is in equilibrium under the action of many forces acting 
in given lines and at given points, is also in equilibrium, when 
the position of the body is changed in the most general manner ; 
and when the forces are applied to the body in its displaced 
position at the same points and in the same directions as before, 
and along lines of action parallel to the original ones. 

Let the body be referred to a system of rectangular axes, in 
respect of which p is the type-symbol of a force, (a, y, z) is its 
point of application, a, 8, y are the direction-angles of its line 
of action; so that the conditions of equilibrium are 


3,.P COS a. =k = 0 

SOPCOS hoa vee 0}, (266) 
B.PCOs iy a 20) 0 

=f? (y COS y-—2 COS:3) = 11 0 

=.P (z.cosa—# cos y)} = M = 0 

2.P (4 cos B—y cosa) = N= 0 


(267) 
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Now let the body be displaced, so that (1) every point of it 
receives an equal lineal displacement ; and which is compounded 
of three linear displacements parallel to the three coordinate 
axes: viz. those of #, yo, 2) parallel to the three axes of a, y, z 
respectively ; so that hereby the former origin becomes shifted 
to the point (2%, Yo, 0): and (2) let the body be turned about its 
new origin, with reference to which let the coordinate symbols 
be distinguished by an accent, and let the direction-cosines of 
the two systems of axes be related by the following scheme: 


x y | ra 
a’ a ay | a3 
: (268) 
y’ b b | be 
po Cc Cy | C2 
so that finally we have 
Y= Mot axr+ ay + a2 
y = yt be+ bbe (269) 
2 = 2%ter+oqytcez 


Then because the forces after the displacement of the body act 
on the same points of the body, and in lines of action parallel 
to their former ones, the following conditions of equilibrium 
must hold true: viz. 
=.P(y'cosy—z’cosB)=90, 3.P(z’cosa—a’ cos y) = 0, - 

| : t 70) 

=.P (@ cos 8—y cosa) = 0; 

and therefore substituting for x’ y’ 2 from the preceding for- 
mul, we have, for the first of these conditions, 


O = yo 3.P COS y— 2 &.P COS B 
+63.Px cos y+,3.Py cos y+ 6, 3.Pz cos y 
—c%.Px Cos B—C, 3.PYy COS B—Cz 3.22 cos B= 0. (271) 


Of the right-hand member, the first two terms vanish by reason 
of (266): and to abbreviate the expression, let 


%.PY COS y = 2.Pz2c08 8 = D S5Pa COS @iaeb 
=5P2.COs g == =.P2 Cos y = 7 s.PycosB =m}, (272) 
=.Pxcos 8 = 3.PyCOSa = F =.P2 cosy = 2 


R 2 
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the double equivalents of p, £, F following from (267); so that 
(271) becomes 


(6;—¢2:)D + bE—cKr—c\m+bn = O. (273) 

Similarly from the second and third of (270) we have 
(Cg —@)E+¢)F—a@D—a,n+ cl = 0, (274) 
(a—b,;)F+a,0—b,E—bl+ajym = 0. (275) 


As both the systems of coordinates are rectangular, their di- 
rection-cosines are subject to the following relations: viz. 
b,C,—b,c,; = a C1 Az — C20, = b a, b,—b,a,=€ 

beta a| coon =h | ahem | (276) 

be,— b,c = ag Ca,—c,a = by ab,;—ba,= Cs 
therefore multiplying (274) by 5, and (275) by c, and adding, 
we have 
(a3¢— a,b) D—(a,+ ab) E+ (ag +ac)F+a,cm—a,bn =0; (277) 
and by reason of (276) 

a20¢—a,b = cha—b,—ab,4 2 

(1+ a) (¢2—4), 


so that (277) becomes 
(1+ @) (¢2—0)) D—(a, 4+ ab) E 4+ (42+ 4c) F + a,cm—a,bn=0; 


and multiplying (273) by 1+4a, and adding to this last equa- 
tion, we have 


(6—a) E + (a2—c) F + (b,—¢)) (m+n) = 0; 
similarly (¢;—0,) r+ (6—a) D+ (e—a2) (n+l) = O, | (278) 
(dz—C) D + (Ci—bg) E + (a,;— 6) (14+ m) = 0, 
and if we substitute as follows, 
mM+n = &.P(ycosB+2cos y) =U 
n+l = %.P(zcos y+2 cosa) = vt (279) 
l+m = 3.P(#cosa+ycos B) = w 
we have w(¢,—.)—F(a,—c)—E(b—a) = O 
— F(¢;—62) + V(a2—c) —p(b—a) = O | (280) 
— E(¢;—6,)—D(a,—c) +w(6—a,) = 0 


and from these we have 

UVW—D?U —E’v— F*w—2 DEF = Q, (281) 
which equation expresses the relation between the forces, the 
direction-cosines of their lines of action, and their points of 
application, which is requisite so that the body should be in 
equilibrium in both positions. 
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It will be observed that a yo 2 have disappeared, because 
they enter only as coefficients of 3.P cos a, 3.P cos 8, %.P cosy; 
and these three vanish; and therefore we infer that no lateral 
displacement of the body affects the condition of equilibrium, 
so long as the forces are applied at their former points, in their 
original directions, and along parallel lines of action: (280) and 
(281) require and deserve closer consideration. 

From (280) we have 

(¢; — 3)” (@2—c)? (b— a)? 

Dovw E—wou F—uv’ (pe) 
and these two equations involve only six out of the nine direc- 
tion-cosines, and therefore give only two conditions of relation 
amongst them; and stv relations have been given heretofore ; 
one other condition is therefore required ere the new coordinate 
axes become fixed, and if this cannot be determined, the position 
of them is indeterminate: we must therefore consider this sub- 
ject ; and in the course of it we shall introduce a new process 
of transformation of coordinates; and which is due, so far as I 
know, to M. Olinde Rodrigues, and was published by him in 
Liouville’s Journal, Vol. V, 1840. 


89.] Imagine a body referred to a system of rectangular co- 
ordinate axes to rotate through an angle @ about an axis passing 
through the origin, and of which the direction-angles are f, g, h: 
let (x, y, 2) be any point of the body, and let this point after the 
rotation be (v7+A#, y+Ay, 2+Az): let As be the distance be- 
tween the two positions of this point, so that 


(As)? = (Aw)?+ (Ay)? + (Az); (283) 
and let p be the perpendicular distance from (a, y, z) to the axis 
of rotation; so that As is the chord of a circular arc, of radius 
p and angle 6, described by (#, y, z) revolving about the axis 
of rotation ; and therefore 


As = 2psin (284) 


D) . 
The coordinates to the middle point of As are 
v -- ee i ao oA a “eat 
D) Yr Oe <I 9” 


and as Aw, Ay, Az are the projections of As on the coordinate 
axes, they are proportional to the direction-cosines of As; and 
therefore as As is perpendicular to the rotation-axis, and also 
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to the line through the origin and its own middle point, we 
have 


Y 


Ax cosf+Aycosg+Azcosh = 0 
ax (2+) +ay(y +5 29) ¢ar(ea 44) = 0 (285) 


Ax Ay 


(y-4 52) 008 4— (2+ 52) cos g a (z+ =) cos f— (et pee 
me mu yee 5= = 2tan5, (286) 


(w+ =) cos y— (y+ <4) cosf P COS 5 


because the square root of the sum of the squares of the deno- 
minators is the length of the perpendicular on the rotation-axis 


4y 


from the point (2455 a Maes 


2 a ) ; therefore 


an = 2tan$ } (y+ =f) cos h— (2 +3) cosy? | 


a 2 tans (2444) cos f— (w+—2 


Pate 


) cos nt ee feos) 


2 
Peas fv 2t ao AL Ay 
Ae 2 tan 5 } (+ >) cos g — (y+ FP) cos ft i 
In these expressions let 


g cosh=v, (288) 


2 bh cosf=A, 2tan ; cosg=p, 2tan 9 


2 


Oy" 2 
4 (tan 5) WA abe i tee (289) 
so that (287) become 
2ZAL—vAY+pAz = 2(vy—pzZ) 
vAL+2Ay—AAzZ = 2(Az—v2) 
—pAr+Ay+2 Az = 2 (ux—dy) 


(290) 


whence we have 


Ay (4422+ p+ v?) = 2 (uwA—2v) @—2 (v2? +A?) Y4+-2 (UV + 2A) z 
Ag(A+? 4p? +07) = 2(vA+ 2p) 24 2 (Vv~e—2d) y—2 (A? +p?) z 


Av(4-+)7 4+ p24 2?) = santo noes nryd arene } 
3 (291) 


and these are the quantities by which 2, y, z are increased by 
means of the rotation of the body through an angle @ about an 
axis, of which the direction-angles are f, g,h. And if we replace 
A, p, v by their values from (288), we have 
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Av = sin é (y cos h—Zz cos g) 

+2 (sin 3) {eosf(w cos f+ y¥ cos g+2 cos h)— 2} 
Ay = sin 6 (zcos f—2 cos h) 

+2 (sin 3) {cos g (xcosf+y cos g+zcosh)—y} pate, 


Az = sn 0(xcosg—ycosf) 


2 
4 2(sin$) {cos h (x cos f+y cos g + ¢cosh)— 2} § 


But we shall find (291) more useful to our present purpose. 
Also I would observe that if the body is turned about the 
axis of rotation through an infinitesimal angle, then from (292) 
Aw, Ay, Az become infinitesimal; and for them putting dz, dy, 
dz; and neglecting the terms in (292) involving 6? we have 
dx =@O(ycosh—zcosg), dy =06(zcosf—x cosh), 
dz = 0(#@cosg—ycosf). (2938) 
90.] Imagine now two systems of rectangular coordinate axes 
to originate at the origin, and to be coincident ere the rota- 
tion about the axis has taken place; and imagine the second 
system to be fixed in the body and to move with it during the 
rotation; then if 2, y, z refer to the coordinate axes, as they 
are in their original position, so they do also refer to the system 
which has shifted with the body. Let the scheme of direction- 
cosines of this system in reference to the system in the original 
position be that indicated in Article 88, (268), so that we have 
BLAH = AL1ANY+ Az 
ytaAy = bri by+ yz i 
Z+AZ = cH + CY + Coz 
therefore Avy = —(l—a)@+Qny+ az 
Ay = be—(l1—b,) y+ b22 uy (294) 
Az = ce+cy—(l— Cs) 2 
and these are identical with (291); therefore 
gual ale a re 2 (Ap+2v) A gi 2(Av—2p)  ) 
A+ 24 2+ p2? eh) Aap? + 2 + vy?’ Sta NEE pee 
 e(pA—2 7) 4 p2—v?—d? eee 2 (uv +2d) 
A ee? App? 8 A 
2 (vA+2p) 2 (vu—2d) ete — i — pe 


= pe a ee Co = ——_,—__— = 
S44 fee? OO ae epee? ae Ee 


j= 7, (299) 
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whereby the direction-cosines of the new axes are expressed in 
terms of the direction-cosines of the axis of rotation, and of the 
angle through which the body has been turned about that axis ; 
and as rational functions of these quantities. And also in- 
versely, A, yw, v can be determined in terms of the direction- 
cosines of the new axes, and we have ~ 
ok 2 (b,—¢) ii, 2 (C— az) 2 (a,—4) 
~ 14+a4b)4+ 02’ ate l+a+ by +03’ Serr 1+a+6b,4+¢, 

The changes in position which the coordinate axes have un- 
dergone are represented in fig. 65, wherein xyz, x’ y’z’ are two 
equilateral right-angled and quadrantal triangles described on 
the surface of a sphere, whose centre is supposed to be at the 
origin; and R is the point on the surface of the sphere, where 
the axis, about which the rotation takes place, intersects the sur- 
face: about this line therefore the body has been turned through 
an angle 6, and the triangle x’y’z’, which was coincident with 
xyz, has been brought into its present position: therefore the 
arc RX=Rx’ =f, RY=RY'=g, RZ=RZ =A; xRX =YRY =ZRZ =O. 
And I may observe that the relations in (295) and (296) may 
be deduced from the geometrical figure, by the ordinary theo- 
rems of spherical trigonometry; see a paper by Mr. Cayley, of 
Trinity College, Cambridge, in the Cambridge Mathematical 
Journal, Vol. III, p. 225. 

If the nine direction-cosines connecting two systems of rect- 
angular axes are given, we can by means of (296) (288) and 
(289) determine the direction-cosines with respect to the fixed 
system of the axis about which the rotation, to which the dis- 
placement is due, has taken place; and also the amplitude (or 
the angle through which the body has been turned) of that rota- 
tion : and as these quantities are always possible, whatever is the 
position of the new axes, the change may always be produced by 
a displacement of the former axes about a determinate straight 
line. We proceed now to apply these results to the mechanical 
problem from which we started. 


. (296) 


91.] In reference to the equations (282), we have from 


(295), | 8d 
(kb = —- —_,—— 
Ait A? pi? + vy? 
= — 2sin 6cosf 
ag—C = = 2sindoy (297) 
b—a, = —2sinécosh 
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and (280) become 
—vu cos f+¥Fcosg+Ecosh = 0 
reonf—voony+ ncn = 0} 
E cos f+pDcosg—wcosh = 0 


(298) 


and these are the relations which the direction-cosines of an 
equilibrium-axis must satisfy ; and therefore from (282) 
(cosf)? _(cosg)? (cosh)? __ 1 
p?—vw Ss E?@—wusOF?—uv op? EB? + F?—(vw+wu+0v)’ 


(299) 


because (sin 0)? is a common factor in each numerator, and 
divides out. We have then the following results: the direction- 
cosines of the axis about which the body may be turned, so 
that it may be in equilibrium in its new, as well as in its ori- 
ginal position, are given by (299); and as this axis possesses 
some remarkable properties in reference to the system of forces, 
it is convenient that it should bear a distinctive name, and so 
it has been called the equilibrium-axis ; but as 6 is not involved 
in these last expressions, and as there is no other condition for 
determining it, it remains undetermined, and therefore the nine 
direction-cosines are still undetermined, because they are sub- 
ject to only eight conditions; and therefore if there is an equi- 
librium axis, the equilibrium subsists, whatever is the amplitude 
through which the system is turned about the equilibrium-axis ; 
and therefore, combining this result with that which arises from 
a parallel and lateral displacement of the body, we infer, that 

If a body is changed from one position into another by means 
of a lateral displacement and of a rotation about a certain axis, 
and is in equilibrium in both positions under the action of forces 
which act on the same points and in invariable directions in 
both positions; then is the body also in equilibrium in any 
third position into which it can be brought by a lateral dis- 
placement and by a further rotation about the same or a parallel 
axis. 

If p?=vw, £2 = wu, F?= vv, fg, are indeterminate, and 
the body is in equilibrium, whatever is the position of the axis 
about which it is turned. On this subject more is said hereafter. 

If c,—b, = a,-c=b—a,= 0, then from (297), sn 6=0; and 
therefore either 6=0, or 6=7: in the former case the body 
undergoes no displacement by means of rotation; in the latter, 
it is turned through 180°, and the position of the equilibrium- 
axis is still determined by means of the equations (299). 
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92.] The relation between the forces, their points of applica- 
tion and their lines of action, which is involved in the equation 
of condition (281), will be understood more easily by the fol- 
lowing process than it would be if interpreted directly. 

Suppose the axis of z to be the equilibrium-axis, so that 
cos f=cosg=0; then 

D= 0, E = OQ, w= QO, (300) 
that is, , 
=.Pycosy=0, =.Pxcosy=0, =.P(#cosa+ycos8)=O0; (3801) 
from the first two of which taken in combination with z.P cos y 
= 0, we infer that, if the forces are at their points of applica- 
tion resolved in directions parallel to the coordinate axes, those 
parallel to the axis of z are in equilibrium; and from the last, 
combined with the first two of (266) and the last of (267), we 
infer that the forces whose lines of action are parallel to the 
plane of vy satisfy the conditions required for a centre, see 
Art. 52, and are therefore in equilibrium when the body is turned 
through an angle about the axis of z. Hence the meaning of 
the condition (281) is, 

If the forces acting on a body are resolved along a certain 
straight line, and in planes perpendicular to that line; then the 
forces parallel to the straight line are in equilibrium, and those 
in the planes perpendicular to the straight line satisfy the con- 
ditions required for a centre. 

Again, let us suppose the forces to be such that the coordi- 
nate axes of w and y are both equilibrium-axes: then from the 
equations (298) we have 

D Eee F== 0 Ghee = OF 
and therefore also, from the last of (280), 6B—a,=0; and thus 
from (297) cos #=0; and therefore any line parallel to the 
plane of zy may also be an equilibrium-axis. 

And to investigate generally the conditions requisite that any 
two lines inclined at any angle to each other should be equi- 
librium-axes ; let the direction-angles of the two be Fen 
f', 9h; then from (298) we have 

—vcosf+Fcosg+xEcosh = 0 
F cosf—vcosg+pDcosh = 0} 
E cos f+Dcos g—weosh = 0 
—vcos/f’+Fcosg’+Ecosh' = 07 
F cos f’ — v cos g’ +-D cosh’ = Ob: (303) 
E cosf’ + p cos g’ —weosh’ = 0 


(302) 
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cos h cos f’— cos f cos h’ = g 
cos f cos g’— cos g cos f’ = r 
so that from the first of (302) and from the first of (303) we have 


and let cos g cos h’—cos h cos g’ = p 
} (304) 


Feat ECDL A 
Pa Made 4 Bie | 
and similarly, 2 frame iat BU pc agli (305) 
pP q r 
BE Dd —w 
Bertie nguideg ies) 


therefore pu+EeF=0, EV+FD=0, Fw+pE=0, (806) 
and also DV wee ew,” Bo UN, (307) 


and therefore cos f, cos g, cos # in (299) are indeterminate ; 
and substituting from (306) and (307) in any of the equations 
(302) we have 


aE ane Gi dv) PR Bap. g (308) 
Cy) fremaanya  (0.N)" 

and similarly from any of (303) we have 
cos f ns cos g i cos h oe (309) 


(vw)? (wu)? (uv)? 


and therefore a condition of the same kind has to be fulfilled 
by each of two axes, if they are equilibrium-axes; and these 
conditions are satisfied for not only the two preceding axes, but 
also for all axes which are in, or parallel to, a plane whose 
equation is 

L y z 


(vw)? (wv)? (uv)? 


2a(6) (310) 


Hence we infer that a body which is in equilibrium for two 
equilibrium-axes which meet and are not parallel to each other, 
is also in equilibrium for all axes parallel to the plane which 
contains the two above-mentioned equilibrium-axes. And hence 

If a body has three equilibrium-axes which are not parallel 
to one and the same plane, so has it also any fourth equilibrium- 
axis. And therefore 

If a body is in equilibrium in four different and not parallel 
positions, so is it also generally in every fifth position. 

And when this last case occurs, p= E=F=0, U=v=w=0; 
so that the position of the plane (310) becomes indeterminate. 


S$ 2 
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93.] Although a system of forces acting on a rigid body and 
being in equilibrium admits of an equilibrium-axis, only when 
(281) is fulfilled, and therefore not generally ; yet if a system is 

* in equilibrium, two new equal forces acting at certain definite 
points, along the same line of action and in opposite directions, 
may be introduced in such a manner that the system thus modi- 
fied may have an equilibrium-axis in a given direction. The 
new forces, it will be observed, as introduced in the first posi- 
tion of the body, being equal and opposite, neutralize each 
other, and do not disturb equilibrium, and in the other positions 
form a couple which equilibrates with the impressed forces of 
the system in their new positions. 

Let us, as in the last Article, suppose f, g, 2 to be the. direc- 
tion-angles of the given equilibrium-axis; P’ and P” to be the 
two new forces, equal and opposite to each other; (2”’, y’, 2’), 
(2”, y’, 2”) their points of application; /, m, n the direction- 
cosines of their common line of action; rv the distance between 
their points of application; let 2” — 2’, y”—y’', #’—Zz be posi- 
tive quantities ; then for the equilibrium of these two forces 


we have p’—p’ ne 0; (311) 
also we have 
Gi ‘94 Fae ld ws 
j Sp a ae (312) 


and if the accented letters refer to the system when increased 
by the two new forces, and the unaccented letters to the ori- 
ginal system, 


1d pen dd 


D = D+y'P'n+y'P'n 
— p+ (y"—y’) Pn, 


= D+P'7mn; 
‘= E+P'rnl, } (3138) 


"7 
= F+P 7rlm, 


similarly 


mw mY 
| 


U=u+P 7r(m+n?), V=v+P'r(n?+l), W=w+P'r(l?+m?); (814) 
and substituting these values in the conditions (298) which are 
requisite for an equilibrium-axis, we have from the first of them 
—vcosf+Fcosg+E cosh 

= P’r {(m? +n?) cos f—1m cos g—In cos h} 
= P’r {cos f—I (cos f+m cos g+n cos h)}. (815) 


Let ¢ be the angle between the line of action of Pv” and the 
equilibrium-axis; then 
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cos ¢ = lcosf+mcosg+ncosh; (316) 

and therefore we have 
—v cosf+Fcos y+ cosh = P”r {cos f—/ cos o} = u 

F cos f—Vvcosg+p cosh = Pv’r{cosg—mcoso} =v I (317) 

Ecos f+ pcos g—wcosh = P’r{cosh—ncos gd} =w 
employing u,v, w as abbreviated symbols for the left-hand mem- 
bers of the equations, which are known quantities. 

Hence we have 

ucosf+v cosg+wcosh = p’r {1—(cos ¢)*} 
P’r (sin d)?. 
Also uztv2+w2 = P’2r? {] — (cos d)*}, 
==n8 9-7 (Sli qd), 


fia ih Loge A as 


yh ae u cos f+ COs g + Ww COs h? it) 
f (u cos f+ v cos g+w cosh)? 
(sin $)? = f * Seen a (319) 


and therefore from (317) we are enabled to determine /, m, n; 
and thus the direction of the line of action of P” is completely 
determined. The intensity of P” and the position of its point 
of application is mvolved in only (818); and therefore we may 
take any two points on the line defined.by (J, m, ) at a distance 
y apart, and at them apply two equal and opposite forces P’ and 
P” of such magnitude that P”’r is equal to the constant in the 
right-hand member of (318). 

From the preceding it appears that two equal forces, acting 
originally in opposite directions along the same line of action, 
will, when the body is turned about a definite axis, equilibrate 
with the forces of the system: but as the two forces in this dis- 
placed position form a couple, we infer that 

If a rigid body, on which a system of forces in equilibrium 
acts, is turned about any axis, and if the forces act on the same 
points of the body as before and in the same directions, they 
are generally reducible to a couple; and in the particular case 
when the condition (281) is fulfilled, the moment of the couple 
vanishes. 


94.] If a system of forces acting on a rigid body is not in 
equilibrium, it can always be reduced to either a single force of 
translation, or two forces (see Art. 70); and this last reduction 
may take place in various ways. I will now shew that into a 
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system of forces not in equilibrium it is possible to introduce 
two new forces, which with the original forces shall not only 
produce equilibrium, but shall also make the system capable of 
an equilibrium-axis of a given direction: or, in other words, it 
is always possible to reduce a system of forces to two forces of 
translation, such that they with two other new forces shall be 
in equilibrium, and also shall have a given equilibrium-axis. 

Let the two new forces be Pp’ and Pp”; let a f’y’, a’ By’ be 
the direction-angles of their lines of action; (a, y’, 7), (a, y”, 2’) 
their points of application ; then for the condition of equilibrium 
of these two new forces, with the former forces of the system, 
we have 


P’ cos 8’ + P’ cos B’ + ¥ = O 
P’ cos y’-+ P’ cosy’ +z = 0 
Also let 


=.PYy COS y = D =/R2 cos 8 == D" 
2.22. COS @ieoc ie } SRP COSY => E, I (321) 


=.P27 cos 8 = F 


P’ cosa +P’ cosa’+x = 0 
} (820) 


=:Py cos'a =F" 
s.P(ycosB+zcosy)=U, 2%.P(ZcosSy+2#Cos a) =V, 
=.P(#cosa+ycos 8)=w; (3822) 


then, as the three expressions for the moment-axes of the couples 
about the coordinate-axes are to vanish, we have 


Py’ cos y 4 Pry” cos y" “4 p’ 
= Pz cosP + P” 2” cos Bp’ + D” = D (say) 


eo 


pP? cosa’ + P’2” cosa” 448’ 
= Pw’ cosy + P’2” cosy’ + EB” = E (say) 
went 


Px’ cos B’+ Pp’ 2’ cos B+ F 
= Py’ cosa +P’ y’ cosa’ it ¥ =F (say) J 


3 (328) 


also let 

P’(y'cos 8 +2 cosy’) +P (y’ cos B’ + 2” cosy”) +U =U" 

P’(z cos y’ + a cos a’) +P’ (2 cos y’ +. x” cos a”) 4+ V = V } 3 (824) 
P’(2’ cosa + y' cos B’) +P’ (2” cosa” + cos B”) + w= Ww 

and therefore, if the direction-angles of the given equilibrium- 
axis are f, g, h, the conditions required are, see (298), 


F cos f—v cosg+pcosh = 0 
E cosf+Dcosg—w cosh = 0 


—v’ cosf+Fcosg+Ecosh = 04. 
f (825) 


and these are all the conditions which are requisite for the 


95-] PRINCIPAL AXIS OF ROTATION. 135 


existence of an equilibrium-axis: viz. the equations severally 
of (820), (823), and (325), and of which the whole number is 
nine; and they contain twelve undetermined quantities: viz. 
P’cos a’, P’ cos f’,...P’ cosy’, a, y’,...2 ; of these therefore nine 
may be eliminated, and there will remain a condition involving 
the other three: the elimination however is so long and tedious 
that I shall only state results. If we eliminate the forces P’, Pp”, 
the direction-angles of their lines of action, and the coordinates 
of the point of application of one of them (say 2” y’ 2”), it will 
be found that the resulting equation is of the second order in 
terms of zw’ y'z; and will therefore represent a surface of the 
second order: and it will also be found that the point of appli- 
cation of the other force is also upon the same surface, and also 
that every point in the line joining the two points is on the 
same surface: the surface is therefore an hyperboloid of one 
sheet, the line joining the points of application of the forces 
being one of the generating straight lines of the surface; and 
the equilibrium axis is the imaginary axis of the surface. And 
hence we conclude that to a system of forces which is not in 
equilibrium two forces may be introduced, so that the system 
thus modified may be in equilibrium and may also have an equi- 
hbrium-axis; and the points of application of these two forces 
‘may be at such points on the surface of a certain hyperboloid 
of one sheet, that the line joining them lies wholly on the sur- 
face; and when these points of application are given the lines 
of action of the forces are also determined. 


95.] The two forces, to which a system of forces not in equi- 
librium and acting on a rigid body may be reduced, generally 
undergo a change when the body is turned about a given axis; 
and therefore the two forces, which may be introduced into the 
system, and which so modify it, that it is both in equilibrium, 
and also has an equilibrium-axis, also undergo a corresponding 
change. If however the two forces and the axis about which 
the rotation takes place are so related that their points of appli- 
cation are on the axis, then their effects continue the same, 
whatever is the angle through which the body is turned: this 
axis, which has a definite relation to the system of forces, it is 
convenient to call by a specific name, and therefore I shall call 
it the principal axis of rotation. 

Let fgh be the direction-angles of this definite axis; (v’, y’, 7), 
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(x, y”, 2’) the points at which the forces are applied; then, if 
y is the distance between these points, 
a ‘or id y" aa, y’ o en of 


cosf cosy. cosh ie eee) 
and we have from the last Article, and from this equation 
P’ cos a’ = — {x+P cos a’} ae = xv —T Cosy, 
P’ cos 8 = — {y+P” cos p"} y = y’—recosg I (327) 
P’ cosy’ = — {z+P" cos y’} # = 2"—reosh 
and substituting these in p, £, F, and in wv’, v’, w, we have 
D= 2z(rcosg—y")+rP” cos y’' cosg+D 7 


= y(rcosh—z’)+rP” cos B” cosh+ pv" 
E = x(rcosh—z’)+rp” cosa’ cosh+¥ 
= z(rcos f—2”)+rP’ cos y” cos f+ 5” r 
F = y(rcosf—wz’)+rP” cos B’ cos f+Fr 
= x(rcosg—y")+rP" cosa’ cosg+F" | 
uv’ = y(rcosg—y")4+2(r cosh—2") 
+ Pr (cos 8” cos g + cos y’ cos h) + U : 
v = 2z(rcosh—z’)+x(r cos f—w’) 
+ Pr (cos y” cos h + cos a” cos f) + Vv r 
w = x(rcosf—2”)+y (rcosg—y’) 
+ P”r (cos a” cos f+ cos 8” cos g) + Ww } 
and substituting these in (825) we have 


, (3828) 


; (329) 


(F’ — yx) cos f + (22 + xa” —v) cos g+(v’— yz) cosh = 0 
(n’— 2x) cos f+ (pD” — 2” xy) cosg+(xa” +yry” —w) cosh = 0 
Also from (328) we have 
(p’'— pv” +2" —zy”) cos f+ (n’— BE” 4+ 22” —xz") cosy 
+ (fF —¥’4+ xy”—y2") cosh = 0. (831) 
To abbreviate the preceding expressions, let 


—vcosf+F cosg+r” cosh = u 
| 


(yy +22” —v) cosf + (F — 2” y) cos g4 (E”— 2"z) cosh = O 
| _ (330) 


F’ cosf—vcosg+pD cosh = v 
E cos f+ pd cos g—weosh = w 
also let. (pD’— p”) cos f+ (E’— E’) cos g+(F — ¥F') cosh = 8, (838) 
2" cos g—y"cosh= £, 2” cosh—zcosf=n, y’ cos f—x2" cos g = ¢; (334) 
whence we have Ecos f+ncosg+¢cosh=0O0; (335) 
and therefore from (330) 


(332) 
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uty(—tzn = 0 

vine—xc=o | (336) 

w+xn—vé = 0. . 
and therefore Uxtvy+wz = 0. (337) 
Also (831) becomes x€é+y¥n+z¢€= 8; (338) 


and from (336) we have 


w cos g—v cosh = (x cos f+ y cos g +2 cos h) € 
ucosh—w cos f = (x cosf+y cos g+z cos h) n } eo (Ga9) 
v cosf—ucosg = (x cosf+ycosg+z cosh) ¢ 
and multiplying these severally by x, y, z, we have 
X (w cos g—v cos h) + ¥(ucosh—w cos f) +z (v cos f—u cos g) 
= (x cos f+ycosg+zcosh)s; (340) 
and these equations may be interpreted in the following manner : 
u, v, w and s are, as appears from (332) and (333), linear func- 
tions of cos f, cos g, cosh; so that (337) is a homogeneous equa- 
tion of the first degree, and (340) of the second degree in terms 
of cos f, cos g, cosh. Imagine then, for an instant, a line to be 
drawn through the origin, whose direction-angles are f, g, h; 
and a point to be taken on this line at a distance r from the 
origin, and of which the coordinates are x, y, z; so that 


ER toe (341) 
Zz y z ji 
then replacing the direction-cosines in (837) and (340) by their 
proportional values given by (341), (837) will become the equa- 
tion of a plane passing through the origin, and (340) will be 
that of a cone of the second degree whose vertex is at the ori- 
gin; and such a plane may cut the cone in two straight lines 
which intersect at the origin, or may touch it along its surface, 
or may not intersect it, save at the origin. Now the lines com- 
mon to the cone and the plane will be the principal axes of 
rotation ; there may therefore be, corresponding to a system of 
forces, two such axes, or only one, or none. 

In the most general case, therefore, there are two principal 
axes of rotation, and thus two several values of f, g,h: corre- 
sponding to these, there are from (339) two different values of 
€¢, and therefore from (334), of wy 2”; but as these values 
are subject to the condition (335), they are not independent, 
and are therefore the equations to a straight line, along which 
P” acts, and of which the point of application is undetermined ; 

PRICE, VOL. III. T 


138 CENTRAL LINE. [ 96. 


and these coordinates together with the values of f, g, 4 are 
sufficient to determine the position of the principal axes of 
rotation. 

_ Also let the preceding equations be applied to a system con- 
sisting of only two forces; then it will be found that of the 
principal axes of rotation, one is perpendicular to the plane 
which is parallel to the lines of action of the two forces, and 
pierces that plane at the centre of the orthographic projections 
of the two forces on that plane: and the second is the line join- 
ing the points of application of the forces. 

Hence if the line joining the points of application of the forces 
is perpendicular to each of the lines of action of the forces, the 
two principal axes coincide; such is the case of the system of 
forces in Article 86. 

If the two forces are applied at the same point, any line pass- 
ing through that point is a principal axis of rotation: and so if 
the lines of action of the forces are parallel, any line passing 
through the centre of the two parallel forces is a principal rota- 
tion-axis. 


96.] There is also another theorem of centres of forces not 
parallel, which it is expedient to investigate; and first we will 
take the more simple case of forees acting in one plane. If 
many forces act on a rigid body in one plane, and if at their 
points of application straight lines are drawn in an arbitrary 
direction, all parallel to each other, and along which the forces 
are resolved; then the locus of the centres of all the systems 
of the parallel resolved forces is a straight line. 

Let us.use the same notation as that of Article 46; and let @ 
be the angle at which the lines, along which the forces are re- 
solved, are inclined to the axis of x; then the resolved parts of 
the forces, and all of which are parallel to each other, are 

P) COS (a,;—8@), Pz COS (ag—8), ... Py, COS (a,—8O) ; 
and therefore if x y are the coordinates to the centre of this 
system of parallel forces, 
is cos (a—0) = %.P# cos tice (342) 
y =.P cos (a—O) = &.PYy Cos (a—8) 
cos 0{3.Px” cosa—# 3.P cosa} +sin @ {z.Px2 sina—z#3.Psina} = 0 
cos 0{3.Py coSa—y 5.P Cosa} +sin 6 {3.Pysina—yz.P sina} = 0; 


whence eliminating 0, which is arbitrary, we have 
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@Y.PY COSa—YY.PL cosa 
+ 3.P@cosax s.Py Ssina—3.Pycosaxz.Px# sina = 0; (3438) 
which is the equation to a straight line; and which is called the 
central line of the system; and passes through the origin if 
=.Py sina _ 2:Pw sin a (344) 
S.PyCcOSa %.P#cosa 
Also a similar theorem is true of a system of forces applied to 
a rigid body in space. At the points of application of each force 
let a straight line be drawn parallel to a straight line passing 
through the origin, and of which the direction-angles are A\ywv; 
and let the resolved parts of the forces along these lines be con- 
sidered ; they constitute a system of parallel forces, of each one 
of which the type is 
P {cos a cos A + cos 8 cos w+ Cos y cos v} ; 
and therefore if #, y, z are the coordinates to the centre of these 
parallel forces, we have 
# =.P {cos a cos A + Cos 8 cos p+ cos y cos v} 
= 3.Px {cos a cos A+ Cos 6 Cos .+ COS y Cos V}, 
and we have similar values for y and Zz ; therefore 
{vx—z.Pwxv cos a}cosA + {vy—z.Px cos B} cos pu | 
+ {vZ—3.Px cos y} cosy = 0 
{yx—z.Py cosa} cosA + {yy—z.Py cos 8} cos pu 
+ {yz—z.Py cos y} cosv = 0 
{zx—z.Pz cosa} cosA + {ZY—3.Pz cos 8} cos p 
+ {zz—3.Pzcosy} cosv = 0 J 


r3 (345) 


and therefore eliminating cos A, cos p, cos v, there will result an 
equation of the first degree in terms of #yz, and which is 
therefore the equation of a plane; and as this plane is the same 
whatever are the values of A, yw, and »v, it follows that whatever 
are the direction-cosines of the system of parallel lines along 
which the forces are resolved, the centres of the corresponding 
systems of parallel forces are in a plane. This plane is called 
the central plane of the system. 


Section 5.—Stability and Instability of Equilibrium. 


97.] Suppose a rigid body to be at rest under the action of 
many forces; and also suppose the body to receive a small dis- 
placement, of such an infinitesimal nature that the forces, when 

T-2 
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applied at the same points as before, act in the same directions, 
and along lines of action parallel to, and infinitesimally distant 
from, their former lines of action ; ‘then the body in its new po- 
sition (1) may not be in equilibrium, (2) may be in equilibrium : 
if it is not in equilibrium, the forces acting may tend either to 
bring it back again into its former position or to remove it far- 
ther from it ; the previous equilibrium is said in the former state 
to be stable, in the latter to be unstable; and if the body in its 
displaced state is in equilibrium, it may be so, either for that 
axis about which its displacement of rotation has taken place, 
and for certain other axes infinitesimally near to that, in which 
case the equilibrium is said to be neutral ; or the equilibrium may 
still exist for the axis about which the rotation has taken place, 
and for all others, in which case the equilibrium is said to be 
continuous. I say, for the axis about which the displacement 
of rotation has taken place: for every displacement of a body 
consists generally of two displacements; one of translation, in 
which all the parts of the body pass over equal and parallel 
straight lines; and another of rotation, when the body revolves 
through a certain angle about a given axis. Now for an infi- 
nitesimal displacement of translation, a body which under the 
action of certain forces is in equilibrium before the displace- 
ment, is also in equilibrium after, if the forces act at the same 
points, and in the same directions, and along lines of action 
parallel to their former lines; but after an infinitesimal dis- 
placement of rotation about a certain axis, a system of forces 
~ which was in equilibrium may, under the same incidents, either 
be or not be in equilibrium ; and therefore it is for a displace- 
ment of rotation only about a certain axis that I shall have to 
investigate analytical criteria of the four states mentioned above. 
And in reference to equilibrium-axes which have been the sub- 
jects of discussion in the preceding Articles I must observe, that 
if a body in equilibrium under the action of certain forces has 
no equilibrium-axis, its equilibrium is either stable or unstable ; 
if it has one or two equilibrium-axes, its equilibrium is neutral, 
when the displacement of rotation takes place about one of 
them; and if the system of forces is such, see Article 92, that 
every axis is an equilibrium-axis, then the equilibrium is con- 
tinuous. 

98.] And with the view of removing any obscurity of concep- 
tion, let me take the most simple case of a body held in equili- 
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brium under the action of two forces only: these of course are 
equal to each other, and act along the same line, and in oppo- 
site directions: but these conditions may be satisfied in two 
ways: the forces may act to draw their points of application 
either nearer to, or farther from, each other. Let P,, P:, see 
fig. 66, be the two forces; Aj, A, their respective points of appli- 
cation. Let the body receive an infinitesimal displacement of 
rotation about an axis perpendicular to the line of action of the 
forces: so that the line 4, 42, which before the displacement 
was in the same line with the line of action of the forces, is now 
in the positions, relatively to them, indicated in the figures (a) 
and (8): (a) is evidently the state in which the forces applied 
at A; and a, tend to bring the points nearer to each other; and 
in which, now that the displacement has taken place, the action 
of the forces tends to remove the system farther and farther 
from its original position, and in which therefore the original 
equilibrium was unstable; (8) is the state in which the forces 
act to separate their points of application, and in which the 
forces act after the displacement to bring the body back to its 
original position; and in which therefore the equilibrium is 
stable. If the two forces act at the same point, equilibrium is 
continuous for every displacement of the body about an axis 
perpendicular to the line of action of the forces; and also 
because the point at which they act is their centre. 

And let us investigate an analytical criterion of these several 
states of equilibrium. Let (x1, yi) (&2, yz) be the points of appli- 
cation of p, and of P, respectively ; then the conditions of equi- 
librium of these two forces are 

Pi) +P. = 0, 
G= sinas.Px—cosax.Py = 0. (346) 


Let the system be turned about an axis Heater a to the 
plane of vy through an angle dé; so that 


dx = —yd0, .dy=«xdd, (347) 
dx dy 
Hope ago COS a &. aT 
— {sinaz.Py+cosaz.Pxr}; (348) 


de . te oa 
but as 7a 8 positive or negative, so does the couple arising 


from the action of the forces in the displaced position of the 
body tend to remove the body farther from, or to bring it back 
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nearer to, its former position: that is, so is the equilibrium of 
the body unstable or stable. And therefore is equilibrium stable 
or unstable, according as 

=.P2cosa+z3.Py sina (349) 
is positive or negative. 

And because a is the same for both the forces, and is also 
generally indeterminate, since the directions of the axes are arbi- 
trary, so does the criterion (349) reduce itself to either =.Pz or 
=.Py, and thus the stability depends on the sign of either of 
these. 

If (3849) = 0, then, ‘since P} + Pz = 0, 2) = a#,=0, y= ¥2=9; 
that is, the forces are applied at the same point, viz. the origin, 
and the equilibrium is continuous. 

The rotation has hitherto taken place about an axis perpen- 
dicular to the line of action of the forces. I would only further 
observe, that if it takes place about the line of action of the 
two forces, their points of application undergo no displacement, 
and no criterion of stability is therefrom discernible. 


99.] To deduce generally the criterion of stability for a system 
of forces in equilibrium and acting on a rigid body in one plane, 
I will apply the process of resolution of Article 52, considering 
the infinitesimal rotation to take place about an axis perpen- 
dicular to the plane of the forces. 

Let the forces be Pj, P2,...P,, and let their points of applica- 
tion and lines of action be expressed as heretofore ; let Pp, fig. 67, 
be the type-force; let a be its point of application; join 04; 
resolve p along, and perpendicular to, 0a; and operate similarly 
on all the forces: then we shall have two expressions, viz. 
eae Men Masih Ss ue (350) 
and 3.P(#@cosa+ysin a) 
of which the first is evidently the moment of the resultant 
couple, and vanishes because the system is in equilibrium ; and 
the second is the central moment of Article 52, and is unaltered 
whatever is the origin and whatever are the coordinate axes, 
because the system is in equilibrium. Now let the body receive 
a slight displacement about an axis passing through o, and per- 
pendicular to the plane of the forces; and let the amplitude of - 
displacement be dé: then (850) become 

—d03.P(@ cosa+y sina)) - 


s.P(#cosa-+y sina) §’ (351) 
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and therefore from the first of these it appears, that the mo- 
ment of the couple which arises from the displacement is nega- 
tive or positive, and therefore tends to bring back the body to 
its former position or remove it farther from it according as 
=.P(#@cosa+y sina) is positive or negative; and the case in 
which it is zero, the resultant couple vanishes in the displaced 
as well as in the original state, and therefore the equilibrium is 
neutral. Also the central moment is unaltered by the displace- 
ment. Hence we have the following test: 

Of a system of forces acting on a rigid body in a plane, and 
being in equilibrium, the equilibrium is stable, neutral, or 
unstable, according as 3.P (@ cosa+y sin a), that is, the central 
moment, is positive, zero, or negative. 

It is also manifest that the preceding criterion is true only 
for a motion of the body about an axis perpendicular to the 
plane in which the forces act; and to illustrate this fact let us 
suppose four forces to act on a body in one plane and to be in 
equilibrium ; and suppose them to be such, that a pair of them 
is in equilibrium ; and that therefore the other pair also equili- 
brates; let the body be turned about an axis coinciding with 
the line of action of the latter pair, the equilibrium of the other 
pair may evidently be either stable or unstable: and if the ro- 
tation takes place about the line of action of the former pair, 
the equilibrium of the latter pair may be either stable or un- 
stable; and evidently there is no necessity that it should be of 
the same character as the other; hence in this case we are 
unable to state a priort the axes of stable or of unstable equi- 
librium. 

And the preceding test is applicable to the case of forces 
whose lines of action are parallel to a given plane when the dis- 
placement takes place about a line perpendicular to that plane. 


100.] I proceed now to the case of a rigid body in equilibrium 
under the action of many forces acting along any lines of action 
in space; and here again, for the reasons stated in Art. 97, we 
have to consider only the effects of a displacement of rotation 
as to the kind of equilibrium which the body is in. 

Let the direction-angles of the axis of rotation be f, g,h; and 
let the moment-axes of the impressed couples along the three 
coordinate axes be L, M,N; then, if c is the moment of the 
couple tending to turn the body about the rotation-axis, by 
reason of the law of resolution of couples, 


dé 
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G = Lcosf+™M cosg+Nn cosh 
= cos fs.P (y cos y—z COS B)+...4... (352) 
Now in equations (293), Art.89, the expressions for dx, dy, dz, 
which are there given in terms of the direction-angles of the 
rotation-axis and the amplitude, have ambiguous signs by rea- 
son of the square root which enters in the equality (286); let 
us therefore fix our thoughts, and suppose the rotation to be 
positive, if, the rotation-axes coinciding with the axes severally 
of x, y, 2, the directions of rotation are from y to z, from 2 to a, 
and from « to y: so that, if the amplitude of rotation is dé, 
dx = d0(z cos g—y cosh) 
dy = d0(xcosh—zcosf) } : 
dz = d0(y cos f—2 cos g) 


(353) 


_ cos f2.P (cos 7X — cos pS) Baa tac She ys 


= —(cos/f)?z.P(ycos B+ 2 cos y) + cos g cosh &.P (y cos y + 2 Cos B) 


— (cos g)? 3.P (Zz cos y+ 2 Cos a) + cos h cos fs.P (z cos a+ & COS y) 
— (cosh)? 3.P(vcos a+-ycos 8) +-cosfcos g 3.P (~7cos B+ yCcos a); 


and employing the abbreviated notation of Article 88, 


= —v (cos f)? — v (cos y)? — w (cos h)? 
: + 2pcos gcosh+2x8coshcosf+2rcosfcos g; (355) 


and since the effect of c due to a small variation of 6 is to bring 
back the system to its former position, or to remove it farther 


de . ’ ot 
therefrom, according as qa 38 negative or positive, so is the 


equilibrium stable or unstable according as the right-hand 
member of (355) is negative or positive. And I may observe 
in passing, that if the axis of rotation is the z-coordinate axis, 
(355) requires that w = 3.P (2 cos a+ y cos 8) should be positive 
for stable, and negative for unstable equilibrium: which is the 
same result as that of the last Article. 

And if all the forces are parallel to the axis of z, so that 
cos a = cos 8B = 0, cos y= 1, then 

= = —(sinh)?3.pz+ cosh {cosfz.pxr+cosgx.py}; (856) 
and if the axis about which the infinitesimal rotation takes 
place is at right-angles to the lines of action of the forces, then 
h =: 90°, and we have 


Th ee es ey (357) 


(354) 
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and therefore equilibrium is stable or unstable according as 
=.Pz is positive or negative. 


101.] For convenience of reference let us symbolize the right- 
hand member of (355) by s; so that 
s = — vu (cos f)?—v (cos g)? — w (cos h)? 
+ 2p cosgcosh+2xrcoshcosf+2rcosf cos 9; 


so that equilibrium is stable or unstable, according as s is nega- 
tive or positive: and the sign evidently depends, not only on 
the impressed forces and their incidents, but also on the direc- 
tion-angles of the rotation-axis; and therefore the equilibrium 
for a given system of forces may be stable for one rotation-axis, 
unstable for another, and neither one nor the other for a third ; 
that is, in the third case s may be equal to zero. 
Suppose now that s is arranged in the form 


{—ucosf+rcosg+E cosh} cos f+ {r cos f—v cos y+ cos h} cos g 
+{Ecosf+p cos gy—wcos h} cosh, (3858) 
and that we have also 


—vucosf+Frcosg +E cosh = 0 
rena f—voong +n cosh = 0} (359) 
E cos f+ Dcosg—wcecosh = 0 
so that UVW— D?7U—F2v—F?w—2pdEF = 0; (360) 


and this is the condition requisite for the existence of an equi- 
librium-axis; in this case s = 0, and the equilibrium is neutral. 
If also, according to Article 92, equations (307), 

Do VW, ne = Win Pa OY; (361) 
and if the axis about which the rotation takes place is parallel 
to the plane whose equation is 

a eae Z : < n 
OYE s OMI? ACOH) E 
then equilibrium is neutral for all such axes ; and is continuous, 
if the change of axis is from any one line to any other line lying 
in the plane. 
And if in addition, p=E=>rF=0 (368) 
u=v=w=0)’ 


LH): (362) 


so that any axis about which the body is turned is an equili- 
brium-axis, then the equilibrium is continuous for all axes. 
Also the right-hand member of (355) admits of being put in 
the following form : 
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s=3.P{(xcosf+ycosg+-z cosh) (cosa cosf+ cos 8 cos g + cos y cos h) } 
—x.P {xv cosa+ycos B+z cosy}. (364) 


Hence we may deduce another criterion of its sign; and in 
reference to this I would observe that, for a given rotation-axis, 
x cos f+y cos g+2z cos h is the projection on the rotation-axis of 
the distance from the origin of the point of application of p, and 
P {cos a cos f+ cos 8 cos g+ cos y cos h} is the resolved part of P 
along the rotation-axis; and therefore both these quantities are 
constant independently of the rotation; it is therefore only the 
latter part of (364) whose value will be altered by an infinitesi- 
mal rotation. 

I may also observe that, if the directions of action of all the 
forces are reversed, the signs of U, v, w, D, E, F are changed, and 
therefore the sign of s is changed; and thus the nature of the 
equilibrium is changed: in the case however of neutral equili- 
brium no alteration takes place. 


102.] And the right-hand member of (855) admits of the 
following geometrical interpretation: on the straight line drawn 
through the origin, and whose direction-angles are f, g, h, let a 
point (wv, y, z) be taken: then 2, y,z are proportional to cos f, 
cos g, cos h, and (855) becomes 

—U2*—vy—w2*42Dyz24+2E2r+2Q2Fry, (365) 
which, when equated to zero, is the equation to a cone of the 
second degree; and therefore for all lines passing through the 
origin, and lying within this cone, and employed as rotation- 
axes, the above expression has a different sign to that which it 
has for all lines lying outside of the cone; and for all lines on 
the surface of the cone it vanishes ; so that for all the generating 
lines of the cone, equilibrium is neutral; and the cone divides 
space into two parts such, that for all axes within its surface, 
the equilibrium is the opposite to that which it is for axes out- 
side the surface. 

I may however observe that if lines are drawn through the 
vertex of the cone, and if these are called interior or exterior 
lines according as from points on them real tangent planes 
cannot, or can, be drawn to the cone; then will interior lines be 
axes of stable, and exterior lines axes of unstable, equilibrium, if 


UVWw— D?U—E*v— F*w—2DEF = V (say) 
is positive; and if v is negative, the converse is the case. 
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If y=0, we have the following circumstances. If we reduce 
the expression (365) equated to zero, so as to deprive it of the 
terms containing the products of the variables, we get the (com- 
monly so called) discriminating cubic, of which the constant 
term is v, and therefore if vy = 0, one of the roots of this cubic 
is zero, and the reduced equation becomes of the form 

Uh ee ae Oy 

which, if the upper sign is taken, represents the axis of z; and, 
if the lower sign is taken, two planes. In the former of these 
two cases the axis of z is an axis of neutral equilibrium, and all 
other lines are axes either all of unstable, or all of stable, equi- 
librium : in the latter case, any line in either of the planes is an 
axis of neutral equilibrium, and the other lines are either all 
axes of stable, or all of unstable, equilibrium. 


103.] There are also some remarkable properties of the pre- 
ceding criteria for the stability of a system of forces in reference 
to maxima and minima, 

First let us take the case of a system of forces acting in one 
plane; that, viz., of ey: then the conditions of equilibrium are 

x.P cosa = 0, =,P-Simai— 0; 
=.P (#7 sin a—ycos a) = 0. (366) 
Let the system be turned about an axis perpendicular to the 
plane of the forces, through an infinitesimal angle dé: then the 
increments of x and y are 


dx = —yd0, dy = «dd, (367) 
dx dy 


and therefore (866) becomes 
dx dy 
Pf p(cosa + sina 4) = es 2 aT, “ (say), (369) 

u = 3.P(#@cosa+y sina); (370) 
and therefore uw is a maximum, or a minimum, or a constant: 
also since Ap 

U 
= =.P (4 sin a—y COS a) 


de? — dé 
dx dy 
—_ zp ( sin a — 7, cos a) 
= —%.P(#@cosa+y sin a) (371) 


= —4U, 
wis a maximum or a minimum according as uw is positive or 
U 2 
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negative; and is neither one nor the other when it is equal to 


oe Baad ah tis =.P (x cosa+y sin a) 


is a maximum when equilibrium is stable, a minimum when 
equilibrium is unstable, and zero when it is either neutral or 
continuous. 

For a system of forces acting on a rigid body in space, let us 
suppose the infinitesimal rotation to take place about an axis 
whose direction-angles are f, g, , and let the moment-axes of the 
couples, whose rotation-axes are the coordinate-axes, be L, M, N ; 
then for equilibrium we have 

Lcosf+M cosg+Ncosh = 0; (372) 
that is, replacing L, M, N by their values, and introducing dé, 
>.P {cosa (z cos g—y cos h) + cos B (2 cos h—z cos f) 


+ cos y (y cos f—wx cos y)} dd =0; 
and by means of (3853) 


+.P {cosadx-+cos B dy +cosydz} =0= du (say); (873) 
therefore by integration 
u= %.P(#cosa+ycos B+2 Cos y); (374) 


and therefore wu is a maximum, a minimum, or a constant: and 
since, see equation (352), 


a = 
au de 
de” «do 

= 8, 


see equation (355); therefore wu = 3.P (@ cosa+y cos 8+ 2 0s y) 
is a maximum or minimum, according as s is negative or posi- 
tive, that 1s, according as equilibrium is stable or unstable; and 
therefore, by reason of equation (864), according as wu is greater 
than or less than 

s.P {(x cos f+y cos g+ 2 cos h) (cos a cos f+ cos B cos g+ cos y cos h)} ; 
and if s=0, equilibrium is either neutral or continuous. 

In Article 52, the forces are resolved along, and perpen- 
dicular to, the radius vector of the point of application; and 
=.P(~cosa+ysina) has been called the central moment of the 
system, because it is the product of the radius vector of the 
point of application, and of the radial component. Similarly in 
space, if we resolve Pp along the radius vector of its point of 
application, and call vu its radial component, 
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_ P(wcosa+ycos B+z COS y) 


: (375) 
where r is the radius vector of the point of application of Pp: 
therefore =.P(% cosSa+y cos 8+2 COS y) = 3.U7, (376) 


and =.u7r is called the central moment of the system. Hence we 
have the following theorem : 

The equilibrium of a system of forces is stable or unstable 
according as the central moment is a maximum or a minimum, 

Some examples of a particular form of these problems will 
be given hereafter. 

And the central moment also possesses one or two other pro- 
perties which it is desirable to insert. Let us symbolize the 
central moment by m1: and let us suppose the body or system 
of particles on which the forces act to receive a small displace- 
ment, and all the forces to act at their points of application, 
along lines of action parallel to the former ones, and in the same 
directions. And (1) let us suppose the motion of the body to 
be constrained in translation along a given line, and let s be 


the space described; then o is the sum of the components of 


the forces estimated along that line; and (2) let the motion be 
one of rotation about a given axis; and let 0 be the amplitude 


Tin, ae ra P 
Fri is, In any position, the moment-axis of 


the couple arising out of the system of forces about that axis. 


of rotation; then 


104.] Again, let p be the projection of 7 on the line of action 


of p, then p=excosa+ycos8+2 cos y, 


=.P (@cosa+y cos B+ zZcos y) = =.Pp; (377) 


and since for equilibrium this quantity is such that its dif- 
ferential vanishes, therefore, from the right-hand member of 


ert), z.pdp = 0; (378) 


the change of position of the system being infinitesimal, and 
such that whilst the points of application of the forces undergo 
infinitesimal variations, the forces and the directions of their 
lines of action are unaltered. 

And this equation is the mathematical expression of the prin- 
ciple of virtual velocities ; a principle which holds in its grasp 
all statics, and to which all dynamics may be reduced; we shall 
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enter on the full elucidation of it hereafter, and so shall at 
present only enuntiate it, and as follows: 

If a system of forces is in equilibrium, and the system receives 
an infinitesimal displacement of the most general kind possible, 
whereby the points of application of the forces are displaced ; 
but the forces act along lines parallel to, and infinitesimally 
distant from, their former lines of action; and if the relative 
distances of their points of application are unaltered, then the 
sum of the products of each force, and the projection on its 
line of action of the displacement of its point of application, is 
equal to zero. | 

The projection on the line of action of a force of the infi- 
nitesimal displacement of its pomt of application is called the 
virtual velocity of the force: and is to be affected with a dif- 
ferent sign, by virtue of the law of projection, according as it is 
projected on the line of action in the direction towards which 
the force acts, or in that direction produced backwards. 

And from the equation (378) we can immediately deduce the 
six equations of equilibrium given in Article 57; let the system 
receive the most general infinitesimal displacement which is pos- 
sible ; that is, let it be moved (1) through distances €, n, ¢ parallel 
to the three coordinate axes, and (2) through an angle dé about 
an axis whose direction-angles are f, g, h: then 


dp = {£+d0 (zcos g—ycosh)} cosa+ {n+d6 (x cosh—zcosf)} cos B 


+ {¢+d0(y cos f—2 cos g)} cos y, (879) 
so that (877) becomes 


=.Pdp = €%.P cosa+7nz.P cos B+¢3.P COS y 

+ d6 cos f 3.P (y cos y—z cos B) +d0 cos g &.P (2 COS a—2# COS y) 
+d6 cos hz.P (x cos B—y cos a) = 0; (380) 

and as £, 7, ¢ f, g, h are indeterminate, we have 


=.Pcosa=— 0; 3.p¢cos8 = 0,” -37P cose 


=.P (2 cosa—z cosy) = 0 
=.P(x@ cos B—y cos a) = 0 


=.P (y cos y—z cos B) = O 
f (381) 


which are the well known conditions. 


105.] Connected with, and easily deducible from, the above 
is a theorem of Gauss, published for the first time, so far as 
I know, in the [Vth Volume of Crelle’s Journal; and inserted 
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in Mobius’ Statik, and subsequently in a note appended to the 
edition of Lagrange’s Mécanique Analytique, 3rd edition, by 
M. Bertrand, Vol. II, Paris. 1855. 

For a system of forces in equilibrium we have 


=.P {cos adxv-+cos B dy+cos y dz} = 0. (382) 


Let the forces be replaced by line-representatives, and let (a, y, z) 
be the point of application of the type-force Pp, and (£, n, ¢) the 
other extremity of the representative, then replacing P cos a, 
P cos B, P cos y respectively by é—2, n—y, (—2z, (882) becomes 


2.{(€—2) dx + (n—y) dy + ((—z2) dz} =0= _** (say); (383) 


and if the displacement of the system is such that the extremity 
(€,n, ¢) of the line-representative of the type-force is fixed, while 
the other extremity (x, y, z) receives an infinitesimal displace- 
ment, then integrating (383) we have 

2.{(—2) + (n—y)? + C—2)"} = 9, (384) 
and thus 2, which is the sum of the squares of the line-represen- 
tatives of the forces, is a maximum, a minimum, or a constant. 

Hence we have the following theorem : 

If there are 2 points, at invariable distances apart, the sys- 
‘tem of which is however moveable, and also if there is a system 
of n points wholly fixed, each of which corresponds to a point of 
the former system, then if the sum of the squares of the dis- 
tances between each of the moveable points and its correspond- 
ing fixed point has a critical value, the system of forces repre- 
sented as to intensity and line of action by these distances, and 
acting severally at the moveable points, is in equilibrium; and 
the equilibrium is stable or unstable, according as the sum of 
the squares of the distances is a minimum or a maximum, and 
is neutral if it is constant. 

Also differentiating again (383) we have 
D°O = 23. (dx* + dy? + dz?) 

—23.{(€—2) dx + (n—y) dy + C—z2) dz}; (885) 
and if the motion, to which the variations of the coordinates 
of the points of application of the forces are due, is such that 
d*x = dy = d*z = 0, then p?Q is necessarily positive, and © is a 
minimum ; also if 2.{(¢—«x) dx + (n—y) d?y + (¢—2z) dz} is 
negative, that is, when equilibrium is stable, as appears by the 
differentiation of (373), 2 is a minimum. 


152 GAUSS’ THEOREM. [ LOs. 


The line-representatives of the forces however can always be 
taken so small that 6—x, n—y, ¢—z shall be infinitesimal ; 
whereby the second part of (885) being infinitesimal, and of the 
third order, must be neglected; and as the first part is positive, 
Q is a minimum; that is, the sum of the squares of the line- 
representatives is a minimum. 

To this subject however we shall return hereafter, and in 
a more general way. And in respect of the preceding it is 
also to be observed that, in the displaced position of the 
body on which the forces act, nee = sup- 

P COS a P 
posed to act along lines parallel to their original lines of action ; 
whereas, in the most general case, the new lines of action would 
be functions of the original points of application. 
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CHAPTER IV. 


ON GRAVITY AND CENTRES OF GRAVITY. 


Section 1.—Preliminary considerations on Gravity. 


106.] All terrestrial, as well as most other matter, the proper- 
ties of which we are acquainted with, is attracted towards the 
earth by a force called gravity; the cause and the mode of 
operation of which we are ignorant of. This property of matter 
is called heaviness (pesanteur = fallingness). Gravity is a force 
which penetrates matter, and acts with equal effect on a par- 
ticle of matter, whether it is within a body, or on its surface, or 
whether it is separate: amount of heaviness is called weight: 
and the weight of many material particles is the same, whether 
they are separated, or whether they are collected into one body. 

The intensity of gravity on the same matter is not the same 
at all places of the earth’s surface: it increases as we go from 
the equator, where it has its least value, towards the pole, where 
it has its greatest value: this is due to two causes: (1) the sta- 
tical attraction of the earth, and (2) the dynamical action of 
centrifugal force: to the consideration of both causes we shall 
return hereafter. And it also changes, as we pass further from 
the centre of the earth: it decreases in the ratio of the inverse 
square of the distance from the centre of the earth; as, for in- 
stance, at a distance of two radii of the earth, the intensity of 
gravity is one-fourth of its value at the surface of the earth; 
and as we pass from the surface of the earth towards the centre, 
as e.g. down a mine, its intensity also decreases, and varies 
directly as the distance from the centre of the earth. A proof 
of these propositions will be given hereafter. Considerable 
change of place however is required before the effects become 
sensible ; and as the bodies, which will be the subjects of inves- 
tigation in the present chapter are of dimensions very small 
in comparison of distances required to indicate variations of 
gravity, it is unnecessary for us to enter further into the inquiry 
at present. Gravity also varies according to the nature of the 
materials of the earth in the neighbourhood of the place where 
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it is considered: its value on an island is different to that on a 
continent: it is also affected by neighbouring mountains. 

The line of action of it is vertical, that is, is perpendicular to 
the surface of still water. Now although the earth is nearly 
spherical, so that all verticals meet, with a small error, at the 
centre; yet its radius, about 4000 miles, is so large, compared 
with the dimensions of any bodies which we shall at present con- 
sider to be subject to gravity, that all vertical lines may, without 
sensible error, be reckoned parallel; and therefore all the par- 
ticles of material bodies may be considered to be acted on by 
forces whose lines of action are parallel; and thus the forces 
are such as to be subject to the results of Article 59. 


107.] Now were all bodies homogeneous, that is, did all bodies 
throughout their extent contain equal quantities of matter in 
equal spaces, their weights would doubtless be proportional to 
their volumes: but all bodies are not homogeneous; and there- 
fore we are obliged to have recourse to another mode of esti- 
mating their weight. Weight, be it remembered, is the amount 
of the earth’s attraction on a body, and depends on, not the 
space occupied by the body, but the quantity of matter which 
it contains, or its mass: this fact is the result of experiment: 
and although hereafter we shall be obliged to introduce another 
method of measuring mass, yet at present we measure mass by 
weight, and we say that the mass of one body is twice that of 
another, if the weight of the former is twice the weight of the — 
latter ; and the balance affords a convenient mode of measuring 
weight. Suppose then a heterogeneous body to be the subject 
of consideration, equal volumes at different points of which 
contain unequal quantities of matter; and let the quantity of 
matter contained in an unit-volume of the substance be called 
the density of the substance, the matter being supposed to be 
homogeneous throughout that unit-volume; and let density be 
measured by means of comparison with some substance which 
is assumed to be of unit-density; and let p be the ratio of the 
density of the given substance to that of unit-density; that is, 
the quantity of matter contained in an unit-volume of the sub- 
stance is p times that in an unit-volume of the substance of the 
unit-density: so that p is a number. And let us suppose the 
‘density of the substance to vary according to a continuous law. 
Then, if dv is an infinitesimal volume-element at a given point 
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of a body, and p is the density-symbol at that point; bearing 
in mind that dv is the symbol expressing the number of times 
which the unit-volume is taken, and that the quantity of matter 
contained in an unit-volume of the substance, whatever that 
substance is, is p times the quantity of matter contained in an 
unit-volume of the substance of the unit-density, we have 
Quantity of matter in dv = pdv; (1) 
and therefore 
Mass-element of body = pdv. (2) 
Now mass does not depend on the place of the body with 
respect to the earth: it is the same, as far as we know, for the 
same body everywhere, whether it is at the moon or at the 
most distant planets. Let us however suppose the body to be 
at a certain place on the earth, and let the earth’s attraction at 
that place on an unit-mass be g; or, in other words, let g be 
the weight of the unit-mass at a given place; then since the 
volume-element of the body contains pdv units of mass, and 
the weight of each of these units is g; therefore 


The weight of the element of the body contained in dv = pgdv, (3) 
and therefore 


Weight-element of body = pydv (4) 
= mass-element xg; (5) 
Weight of body = | pgdv. (6) 


It appears from the preceding that the mass of an unit- 
volume, or the density of a given substance, is expressed by 
the symbol p, meaning that the density of the substance is 
p times some assumed unit-density ; p is commonly called the 
specific density of the substance ; and the unit-density is assumed 
to be that of distilled water at a certain temperature, and under 
a certain atmospheric pressure. From the assumptions which 
we have made it also follows that the weight of an unit-volume 
is py; this weight is commonly called “specific gravity ;’ and 
sometimes and more correctly “ specific weight.” Ordinarily of 
homogeneous bodies the unit-volume is a cubic inch; and the 
weight of a cubic inch of any given substance is compared with 
that of a cubic inch of distilled water, at a certain temperature 
and under certain conditions. I must however refer the reader 
desirous of further information on these subjects to physical 
treatises wherein they are fully discussed; though I may re- 

xX 2 
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mark that it is by these means that we avoid the difficulty of 
determining p for every different substance. 

In (6) g is plainly constant on account of the volume of the 
body being small in comparison of that of the earth: and if p is 
also constant, then 


Weight of the body = pg | av = pO (7) 


that is, the weight of a body is equal to the product of its vo- 
lume and its specific gravity. 

Suppose however p to be variable; and let us calculate the 
weight of some bodies for which this is the case. 


Ex. 1. To find the weight of a circular plate of uniform thick- 
ness, the density of which varies as the distance from the centre. 

Let + be the thickness of the plate and a its radius: let the 
centre of the plate be the origin, and let it be referred to polar 
coordinates; so that dv=rrdrdé: let p=kr; then 


27 ra 
Weight of the plate = [ it gkrr2drdé 
/0 0 


27gkra® 

= a Pa ° 
Suppose the density to be constant, and the thickness to vary 
directly as the distance from the centre; then r= kr, and we 


27 (a 
ake Weight of the plate = [ if gpkr*dr dé 
/0 0 


angpkas 
— ip gS Die ° 

Ex. 2. To find the weight of a straight wire or rod, the den- 
sity of which varies directly as the distance from one end. 

Let the end of the rod be taken as the origin, and let a be 
the length of it; and let the distance of any point of it from 
that end = 2; let » = the area of a transverse section of it; 
then dv = wdz; and p= kx; therefore 


Weight of the rod = | ykowde 
0 


— gkoa 
ral tec 
Ex. 3. To determine the bounding curve of a thin ribbon of 
uniform thickness and density, such that the breadth of it cor- 
responding to each ordinate may be proportional to the weight 
of the ribbon beyond it. 
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Let the curve be that delineated in fig. 63. Let the axis of x 
be vertical, and that of y horizontal. om=w, MP=y, oaA=a. 
Let r be the constant thickness of the ribbon, p its density ; 
then taking the part of the ribbon on the positive side of the 
axis of xv, the weight of it below mp 


y=y 
os | Tpgy dx ; 
=0 
therefore by the data : 


y=y 
ip tpgydxr = my, 
y=0 


ydx = kdy, 
ye: 
Y= ak ; 


the equation to the logarithmic curve. Similarly, if oa’= a’, for 
the curve on the other side we shall have 


y’ pee a’k. 
If therefore the ribbon with its edges cut into two logarithmic 
curves according to the figure is suspended from a horizontal 


bar a’oa, the tension on every horizontal section will be pro- 
portional to the length of that section. 


108.] From equation (4) then it appears that each mass- 
element of the body corresponding to the volume-element dv 
is acted on by a force which is equal to gpdv; and the lines 
of action of all these are parallel and are vertical ; their resultant 
therefore is equal to their sum, as appears by equation (6), and 
may be inferred from Art. 59; and has a line of action parallel 
to those of the several components ; the resultant is called the 
weight of the body: it has also a definite point of application ; 
and by virtue of Art. 59, the position of this point is independent 
of the direction of the line of action of the forces, and therefore 
is the same, whatever is the position of the body. It is called 
the centre of gravity ; and of course, if it is fixed, the body will 
rest in all positions about it. The position of it is determined 
in the following manner : 

First let us take the case of many material particles separate 
from each other; let their masses be 7, mm,...m,; and the co- 
ordinates of their positions #7, y1 21, %2Y222,---@nYn2n3; then their 
weights are mg, m2g,...m™ng: let the coordinates to their 
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centre of gravity be zw, y, z; then referring to Art. 59, equations 
(116), Py = 719, Po = Mog, ... Pn = Mng; therefore 


R= 3.mg = 7=.m, (8) 
LEM = 3.mgz, seg eet ES eee 
Yys.mg = z.mgy, ys.m = s.my " (9) 
F219 = sn g2, 22M = ZMZ 


whereby both the resultant and the position of its point of ap- 
plication are known. And from the form of these equations it 
follows that, in the investigation of the centre of gravity of a 
system of material particles or bodies, we may, if it is conve- 
nient, divide the system into groups, and calculate separately 
the centre of gravity of each group; and by a similar process 
deduce from them the centre of gravity of the whole system. 

Secondly let us take the case of many material particles 
aggregated into a continuous body, so that the symbol of sum- 
mation becomes that of integration; and let the coordinates to 
the type volume-element of the body be 2, y, z: then the type- 
force is pgdv; let x, y, z be the coordinates to the centre of 
gravity; then by (116) Article 59, 


2 fog av = [ogedv | | 
y|egav = fogyav Ks (10) 


2 fog av ot ‘chile 
is used on both sides of the equations as a general symbol 


of summation ; and is to be replaced by the symbols of single, 
double, or triple integration according to the different values - 
of dv; and the integrals are definite; the limits being assigned 
by the particular circumstances of the problem. g will of course 
be divided out on both sides of the equations; and so will p, if 
the density is constant: but I have left these quantities that 
the student may see the true meaning of the equations. 

If the body whose centre of gravity is to be found is a plane 
plate or wire and of thickness infinitesimal in comparison of the 
surface or of the length, we may take its plane to be that of 
avy, so that z will vanish for all the particles of the body, and 
we shall have from (9) and (10) respectively, 

LSM = SMH 


yYs.m = %.my ns: 
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afogav = pgadv | 
: y [og av = | pgydv 


109.] The general values (9) and (10) require closer con- 
sideration. The centre of gravity is the point of application 
of the resultant of all the weights of the several component 
particles of a body, which resultant is equal to the sum of the 
separate weights; it is therefore that point at which, if the 
weight of the whole body acts, an effect is produced the same 
as that of all the particles of the body taken in combination ; 
or, in other and equivalent words, the centre of gravity is that 
point at which, if the body is collected into a material particle, 
the circumstances of pressure are the same as those of the body 
occupying the space which it does. This is immediately apparent 
from (12): for if we imagine the whole mass of the body to be 


(12) 


condensed into a particle at the centre of gravity, then / pgadav 


is the weight of the mass therein condensed, and the left-hand 
members of the equations are the moments of the mass thus 
condensed about the axes of y and # respectively: and the right- 
hand members are the sums of the moments of the weights of 
the several component elements of the body with reference to 
the same axes. And this is, be it observed, the mechanical 
interpretation of the equations. 

Also with reference to the equations (10) it is to be observed 
that the product of a body’s weight, and the distance of its 
centre of gravity from any plane, is equal to the sum of the 
products of the weight of every element of it, and the distance 
of that element from the same plane. 

Another point also requires some remarks. In Article 107 
different concrete units are involved: now the symbols p, dv, g 
are symbols of numbers; and therefore their product is a 
number; but the quantity which we commence with is volume- 
element, and that which we end with is weight-element: it 
remains therefore to seek the source whence this change arises ; 
it is true, as it is convenient, that dv expresses the number of 
the volume-units, p the number of mass-units in a volume-unit, 
and g the number of earth’s attraction-units in a mass-unit: but 
how does the result of all this imply weight? In the first place, 
the process “ multiplication” must be used in a sense wider 
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than its numerical one, so as to include within its subjects of 
operation quantities of different kinds; and so that the product 
may be of a kind different to that of either of the multiplicands: 
and thus the product of two concrete units is a concrete unit 
of a different kind; the product of the volume-unit and of the 
density-unit is mass-unit; and the product of the mass-unit and 
of the earth’s attraction-unit is weight-unit ; the change of con- 
crete unit therefore arises from the product of the different 
concrete units; and weight-unit is the product of three different 
concrete units. The units are of course arbitrary, and therefore 
we choose those which are most convenient; and thus we take 
a cubic inch to be the volume-unit; the density of distilled 
water, at a certain temperature and under certain atmospheric 
pressure, to be the density unit; and the earth’s attraction at 
Greenwich on a mass-unit to be the gravity-unit ; and by means 
of these we obtain the weight of a cubic inch of distilled water 
at a certain place, and compare all othcr weights with it. 

Or we may arrive at the same result by the laws of variation ; 
the quantity of matter in a given volume varies as the volume, 
and as the density or quantity of matter contained in a volume- 
unit ; so that if & is the coefficient of variation, 

Mass = kv x p; (13) 
but as & is arbitrary, let us assume the unit of mass to be that 
which corresponds to the volume-unit and the density-unit; there- 
fore k=1, and Messmer (14) 

Again, the weight of a given body varies as the mass of the 
body, and as the earth’s attraction; therefore if m represents 
the mass of a body, and g the earth’s attraction on an unit of 
mass at a given place, and if k is the coefficient of variation, 

Weight = king; (15) 
and if we assume the unit of weight to be that which corresponds 
to an unit of mass, and to an unit of earth’s attraction at a given 
place, k=1; therefore : 

Weight = mg = vpg. (16) 

There are of course many cases where the centre of gravity 
is known at once, by reason of the symmetry of the figure; 
thus the centre of gravity of a straight wire or rod, of the same 
density and thickness throughout, is at the middle point of the 
rod; the centre of gravity of a circular wire of the same density 
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and thickness throughout is at the centre of the circle: that of 
a circular, or of an elliptical plate of constant thickness and den- 
sity is at the centre: that of a homogeneous sphere and of a 
homogeneous ellipsoid is at the centre: and in a similar manner 
we shall frequently conclude that the centre of gravity of a 
body is in a particular line which can be at once determined by 
means of the symmetry of the figure. We proceed now to the 
determination of the centres of gravity of various figures, lines, 
plates, and bodies. 


Section 2.—The centre of gravity of material lines, or wires, 
straight and curved. 


110.] Let us first consider the centre of gravity of a curved 
material line or wire, of which the thickness is infinitesimal in 
comparison of the length, so that all the particles of it may be 
considered to be in one plane; let it be referred to rectangular 
coordinates, and let the plane of the wire be that of ry; then 
the equations (12) are applicable. 

Let » =the area of a transverse section of the wire, and 
ds = a length-element, so that dv = ods; let p be the density 
at the point (#, 7), and g =the earth’s attraction; and let a, y 
be the coordinates of the centre of gravity; then 


fegods = |rgowds | 
y [ogads spate 


The integrals are of course definite, and the limits are fixed by 
the conditions of the problem. If the equation to the curved 
wire is y= f(x), then 

ds* = dx*+dy?, 

ds = {14+(f'(w))?}* dx. (18) 
Also if the curve of the wire is referred to polar coordinates, 
and if the equation to it is r= (0), then x =rcos0, y=rsin#, 


ae ds = {72-4 (f'(0))?}* a0, (19) 


_ (17) 


| 


and therefore 
2 {ogo {v2 + (f'(0))?}? do = [egor cos 6 {72+ (f'(0))? 3 a9 | ee 
y| pg {r? + (f'(0))?}? do = fogar sin 6 {r?4-(f’ 3 * 0 | 
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It will be found that in many cases the centre of gravity of a 
material line is outside of the line; and therefore it 1s necessary 
that it should be rigidly connected with it if ¢he wire or rod is 
to have physical support. 


111.] Ex.1. To find the centre of gravity of a wire of uni- 
form thickness and density bent into the form of a quadrant of 
a circle. 

Let the radius of the circle be a; fig.43; then as p and g | 
are constant, they may be divided out, and (17) become 


a [as = [ads y| ds = | yas; (21) 


also v2 + y2 = g?, 
dv _ dy _ ds 


_[{* adzx @ axdx 
v es —_—_—_—_—__,, 


edd Le oth 


phish — 2a. 
= 3 
a dx i" Pe CR cs) | . 
= | Cag, [ sin-1= | = || ‘ 
os a?— x?)3 a1 0 
7 = 28 
esr Ey 
Or thus by means of polar coordinates; r= a, 
af *as = | “acoso do, sR pikes 
0 0 . w 
y| do = | “asinoas, sale 7 ee 
0 0 7 


Ex. 2, To find the centre of gravity of a wire of constant 
thickness and density, and bent into the form of a complete 
cycloid. 

Let the starting point of the cycloid be the origin, and let 
the equation to the curve be 


\ 
' 


i fd 
{ 
\ 


de dy meee, Oe 
y?  Ra-y? Ra) 


@ versin-! - - (Qay—y?)3, 
° i fr j 
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it is evident that the centre of gravity will be in the line per- 
pendicular to the base at its point of bisection; therefore 
@= 7a; and_as p, g, are constant, 


vf dy -[" y dy i ak poe 
0 (2a—y)? 0 (2a—y)2" 3 


Ex. 3. To find the centre of gravity of a wire of constant 
thickness and density, bent into the form of an arc of a circle. 

Let the radius of the circle be a; and let the line passing 
through the middle point (the vertex) of the circular arc and 
the centre of the circle be the axis of 2; then as the are, fig. 44, 
is symmetrical with respect to this line, y=0. Let the arc 
BOB’ = 2s, and let the chord BB’= 2c, on = 4; then 


Seas Z 
y? = 2ax—x*, 


eee 
G=—geeey a,” 
af da fe xv dx 
and = ef, > = | ———__,, 
0 (2axn—x?)? 0 (2ax—27)? 
= ae 
o= 0 —. 
8 


Ex. 4, To find the centre of gravity of a straight rod, the 
thickness of which varies directly as the distance from one end. 

Let the end of the rod whence the variation of the thickness 
is reckoned be taken as the origin, and the line as the axis of xv: 
then o=ke; let a= the length of the rod; and we have 

2[ pgxada = | pgxa?da, ace ee 
0 0 

Ex. 5. To find the centre of gravity of a straight rod, the 
density of which varies as the nth power of the distance of each 
point from a given point in the line of the rod produced. 

Let o be the point from which the variation of the density 
takes place; fig.45; oA =a, oB =), oP= 2, PQ= dL; p=KxL"; 


then b ; 
a/ Kogu" dx = | xoga** dr, 
a a 
a= n+] ae ee ae 
Ri n-+2 hrti_ qnrtl 
If n= —2, then 
#] nog = | xog G = ute eee 
a - z b—a a 
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Ex. 6. To find the centre of gravity of a wire bent mto the 
form of a-cycloid, the thickness of which varies directly as the 
distance from the middle point of the wire. 

The middle point of the wire is the highest point of the 
cycloid; let it be taken as the origin; and let the axis of the 
cycloid be the axis of 7; then y=0; let the length of the wire 
be 8a; then Vol. II, Art. 103, Ex. 3, the radius of the base- 
circle is a; and the equation to the cycloid is 


a ae versin-} ti (2ax—x)2, 


dy Ba ‘ ob ds 
(2a— x)? xv (2 a)? ' 
9 a! s? 
s= 2:\(2a2)", t= ae 


therefore p= «xs; and we have 


_ [4a ] 4a | 
2[ goxsds = | yoxsnds, a/ sus = a #° ds,. 
0 8aJo 


Bi Oh. 
112.] If the curve, into which the wire is bent, is In space, 
whether plane or of double curvature, then 


2| pyods = Jenene 


y | pgwds = [ogoyds rae: (22) 


2/pge Ge fegezas 


ix. 1. A wire of constant thickness and deisity is bent into 
the form of a helix; find its centre of gravity. , 

Let a =the radius of the base-cylinder; and let the wire 
commence at the axis of w, that is, at the point (a, 0,0), see 
fig. 125, Vol. 1; and let it end at (w, y, z); then 

L = aC08 ¢, y= asing, 2 oh ae 
ds = (1+ k2)? ad¢, 


o i p a 
a pgo(l+k*)2ado = [iogo(.+ kta cos odd, 
0 7/0 


rp = asin d, w= ka, 
yp = a(1—cos 4), y = ka—, 


hae". 4 
a Ce 9 2° 


®| 
\| 
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Ex. 2. To find the centre of gravity of the perimeter of a 
triangle in space, the three sides of which are thin rods of con- 
stant thickness and density. 

Let the lengths of the sides be 4, d, J;; and the angular 
points be (#1, yi, 21) ... (@3, Y3, 23): p = the constant density, 
wo = the area of a transverse section of the rod: then the cen- 
tres of gravity of J,, J, /; are manifestly at the points 

&+ X3 YotY¥3 22+ 23 
ee Qe Des 


Uy + Wy YWity2 &1+ 22 
2 eee Le pig as 
and therefore by the formule (9) 


be 1 
#(h+b+h) = 5) { 0, (2+ #3) + by (43+ #1) + ls (%1 + &2)}, 
ss 1 
Y¥ (h4t+h+h) = 5 th (Yoty¥s th Ystyy)th Yitye)}, 


2 1 
2(44+4+4+%) = 9 {lh (2+ 23) + by (23 + 21) + 1s (214+ 22)}. 


By a similar process the centre of gravity of the perimeter of a 
polygon formed by heavy rods in space may be determined. 


113.] The determination of the centres of gravity of material 
lines or wires also suggests the following problem, which is 
solved by the calculus of variations : 

To find the equation to the curve into which a thin heavy 
rod of uniform thickness and density and of given length is to 
be bent, so that its ends being fixed at two given points, the 
centre of gravity may be in the lowest possible position. 

Let the axis of z be parallel to the direction of gravity; and 
let 2c be the length of the rod; and (a, y, 21) and (#, yo, Zo) the 
ends of the line; then ; 

ds = 2e, (23) 


1 


Pas [ eds, (24) 
V0 


and z will be a maximum or a minimum according as the plane 
of vy is above or below the centre of gravity of the suspended 
wire; in either case, 6z=0; therefore from (24) 


‘aH 
2c6z =0 = | d.2ds 
/9 
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1 
eL0r b= =| (zdds + dsbz) 


=| 42(5 o a.bo + d.ty + d.tz) + dsdet 


d. 
dx dy dz 
= lie (Far + oy + Foe) | 
-[ fa Fw td.ns + (a2 —ds) zh 5 (25) 
ds 7 d ; 


Of this quantity the first part vanishes by reason of the limits 
being fixed ; also from (23), 


1 
3.2¢=0= 0 ds 
0 


1 
=f (or dbo + Lad.dy + Fd, at 


dx dy dz : 
= [Foe + a ds oy +02 |. 


dy dz 
-| Sa% oe bar + de ay + doe (26) 


and of this quantity the first part vanishes by reason of the 
limits being fixed; and as the second part is to consist with 
the second part of (25), we have 

dx dy dz 


d.2—- da d.z7- — ds 
E = 4 __ ) (aye 
Fe BAM 
ds ds ds 
from the first two members of which equality we have 
zag BW 
‘ds ns ‘ds ; dx dy 
dx dy "ay &@o 1 — Yo’ 
ds ds 


the constants being introduced consistently with the curve 
passing through (21, yi, 21) and (x, Yo, 20) 3 

tho Yas 

Ly— Ly Yi— Yo” 
whence it follows that the curve is a plane curve, and is in a 
plane perpendicular to that of vy. Let the plane of xz be taken 
so as to contain the curve; then y=0; and from the first of 
(27) we have ae ip 
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iH de 
de de _ yy de dz “ds 
ds 
log (g—)) + log = log a, or, ~-n 2 oh, 


where @ is an arbitrary constant of integration; and since 
ds* = dx* + dz*, 


de dz 
a {(@—dP— a2} 
x2—b 
Z— rag{e® Be oat (28) 


where 0 is another arbitrary constant of integration; and the 
three undetermined constants a, 6, \ may be determined by the 
conditions of the curve passing through two given points, and 
of the length of the curve between those points being given. 
The equation (28) is that of the catenary, the properties of 
which will be investigated hereafter; and the result is im- 
portant, inasmuch as it shews that the curve in which a per- 
fectly flexible and inextensible string will hang when suspended 
from two fixed points is also that of which the centre of gravity 
has the lowest possible position. 


114.] And there is another property of the centre of gravity 
of a curved material line, which it is necessary to explain. Sup- 
pose the line to be of constant thickness and density, and to be 
infinitesimally thin; then 


27y xs = [ony as. (29) 


Now if the plane curve whose length is s revolves about the 
axis of x, and generate thereby a thin shell (or surface) of revo- 
lution, the right-hand member of (29) is the area of the surface 
generated; see Art. 129, Vol. II; and the left-hand member of 
(29) is the product of the length of the generating line and of 
the path described during an entire revolution by the centre of 
gravity of it; hence we conclude that, 

If a plane curve lies wholly on one side of a line in its own 
plane, and revolving about that line generates thereby a surface 
of revolution, the area of the surface is equal to the (geometrical) 
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product of the length of the revolving line, and of the path 
described by its centre of gravity. 

This theorem is one of those known by the name of the 
Theorems of Pappus or of Guldinus; it is a geometrical relation 
existing between a curve, the surface which it generates by 
revolving about a line in its own plane, and the distance of its 
centre of gravity from that line; the curve must not intersect the 
axis of w; for if it does, y will change its sign; and (29) may 
be an inexact expression; the generating curve may also be a 
closed figure. Also as (29) expresses the equality of the two 
sides of the equation for a whole revolution, so will a similar 
theorem be true for any part of a revolution. Two or three 
examples are subjoined. 


Ex. 1. A circle of radius a revolves about an axis in its own 
plane at a distance ¢ from its centre; it is required to find the 
area of the surface of the ring thereby generated. 

The circumference of the generating curve is 27a; and as 
the centre of gravity of it is at its centre, the path described by 
the centre of gravity during a complete revolution is 2 7c; 


the area of the surface of the rng = 4 2?ac. 


Ex. 2. A right-angled triangle revolves about its hypothe- 
nuse, and its sides thereby describe a surface; it is required to 
find the area of the surface described. 

Let a, 6 be the sides of the triangle, and / the length of the 
perpendicular from the right-angle to the hypothenuse, so that 


Oe 
hA% at BAP 
then the area of the surface = m(a+b)h 
a (a+ b)ab 


| (a? +. 52)2 ” 

Also if the area of a surface is known, and the length of the 
generating line is known, the distance of the centre of gravity 
of the line from the axis of revolution may be determined. Thus, 
the surface of a sphere of radius a = 47a”, the length of a semi- 
circle = 7a; therefore from (29), 

27yYxXTa = 47a’, 
Lait jag 
y = —-. 


T 
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Srction 3.—Centre of gravity of thin plates and curved shells, 
bounded by lines straight or curved. 


115.] In the next place let us consider a plane plate of infini- 
tesimal thickness, bounded by curved or straight lines, and refer 
it to rectangular coordinates. Let the plane of the plate be 
that of wy, and let the coordinates of any element in the plane 
surface of the plate be z, y; so that the area of an element £ is 
dedy; see fig. 46. Let the thickness of the plate at r=1; then 


dv = rdx dy. (30) 


Let p= density, g = earth’s attraction ; equations (12) become 


2| [egrdy dx =| [ogrady de | 
7| fegrdy de = | foaryayee | 


the limits being assigned by the geometrical conditions of the 
problem ; and the conditions of the definite integrals being the 
same as those explained in Vol. II. Chap. VII. 


(31) 


Ex. 1. It is required to find the centre of gravity of a thin 
plate of uniform thickness and density, bounded by a parabola, 
its axis, and an ordinate; fig. 46. 

Let oa = a, AB = 6; r= thickness of plate, p= density: then 

2 


2 
= — 2. 
y a 


Let es 2? = y, so that from (31), introducing the limits, we have 
a 


a Ris, a ye 
af [ay ax =| [ vdyae, 
ovo ~. 0 J0 
a “oe ore 
z/ x? dx = [et ae, 
0 (mee J 


3 
L Soa 
= 54; 
a FY a@aif>y 
of | dyax = [| vayae, 
0 ~0 0 /0 
ek 
AS PU Te 


Ex. 2. To find the centre of gravity of a thin plate of uni- 
form thickness and density in the form of an elliptic quadrant. 
PRICE, VOL, III. Z 
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The equation to the bounding curve is - 


YES Ts 
oats haces 
b 2 
Let ye 5 (ae 


then from (31) in this case 


a W a we 
af [ayae = [ [ x dy de, 
Jo /0 


¥0 /0 


(a a 
ae 1 L 
v| (a*—x*)? dx = [‘v(a—a de, 
2 (0 /0 


A a 


~ 30° 

y| " dydx = Bi. y dy dex, 
i. ieee 
Yaa 


Ex. 3. To find the centre of gravity of a thin triangular plate 
of constant thickness and density. 

Let 7 be the thickness of the plate, and p = the density. Take 
the angle 0, fig. 47, for the origin, and the sides 0, ox for the 
coordinate axes; 0A = a, 0B = 8, so that the equation to aB is 


Roe Ba 
ae 


Let the angle ato =; then the area of the surface at & 
= dxdy sinw; dv=rdxdysinw. Then if ; 
in aN 
a 


the equations of moments about the axes are 


zsin of "| dyde sino = | sean dy dx, 


ysinof [ dyae sin o af [yaa indy, 


ie’ Le 
9 ho in aee See a y= 3° 
the centre of gravity therefore is situated on the line passing 
through o and bisecting azn, at a distance from o equal to two- ° 
thirds of the bisecting line; and as the result is independent 
of the particular angle, it is equally true for all the angles; and 
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therefore the centre of gravity of a triangular thin plate is at the 
point of intersection of the three bisectors of the sides drawn 
from the opposite angles. This is also manifest from the follow- 
ing reason: let oasB be a triangular plate, fig. 48; and let oc be 
drawn from o to c, the middle point of the opposite side a, ; 
and imagine the plate to be divided into a series:of thin slices 
by lines parallel to as; then the centre of gravity of each of 
these slices will be at its middle point, that is, at its intersection 
with oc. Imagine therefore each slice to be condensed into its 
centre of gravity ; there is then a series of particles of increasing 
weight arranged along the line oc, the law of increase being 
that of the distance directly, because PP’ varies as om ; if there- 
fore om = #, and oc=A, we have from (17) 


h h 
— 9 
eG] van = Boe, 
“0 0 


ae 
Fj fmm g/t. (32) 


Hereby also we conclude that if the coordinates to the angles 
of a triangular plate in space are %y121, %2Y2%2, %3Y3%3, then 
Ses ser ha sy 6S) 
deal 
Te Maes 85 (33) 
> M141 eat%s | 
ae 8 e) | 
Ex. 4. To find the centre of gravity of a cycloidal plate, the 
thickness of which varies as the nth power of the distance from 
the base, and of which the density is constant. 
In this case taking the starting point as the origin, and the 
base as the axis of 2, 
e = a versin=! — (2ay—y?)?, 
tas 
~ (Qay—y?)® 
Let r= xy” = thickness, p= density; it is plain that 7 = 7a; 
and from (81) 


2nra fy 2ra f(y 
v/ a [ haat 


27a ae! ah ese 
gj 2 J/0 De 
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if ate dy nl 2a gine dy 

0 (Qay—y?)2 N+2Jo (Qay—y?)? 

mel 22a es yay 
a ee Ee eT Ty 

N+2 n+3 Jo (Ray—y?)? 

nm+12n+5 

n+2 ne. 

116.] If the plane surface of the plate is referred to polar 
coordinates, and rectangular coordinates are retained for the 
centre of gravity, then the area of the surface-element of the 
plate is rdrdé, and «=rcos0, y=rsin@, so that the equa- 
tions (31) become 


2 [ogrrarao = | foger’ cos 0dr dé 
(34) 
y fogrraras = | Jeger sin 6dr dé 


Ex. 1. To find the centre of gravity of a plate in the form of 
a sector of a circle, the thickness of which varies directly as the 
distance from the centre of the circle. 

Let a= radius of circle, 2a = the angle which the sector 
subtends at the centre; and let the axis of xv be the line bisect- 
ing the angle 2a, so that y=0; then r=4r, and we have 


af [rar do =|" [ cos 0dr dé, 
—av0 —av0 


3a sina 
i Pala 

Ex. 2. To find the centre of gravity of a thin plate of uni- 
form thickness and density in the form of the loop of the 
lemniscata. 

The equation to the bounding curve is 


Rt 


en 


ry? = a? cos 20; 
and as the loop is symmetrical with respect to the axis of z, 
y=0. Let r=a(cos 20)?, then from (34), 


af Nee dé Sh [reo bdr dé, 


to es * (cas 26)8 cova 


2 
a: in 6)? "d. sin 6 
j37 (in " “sin 


ry 


seo A: 


a 
= aa 
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3 k - 
Lag te 
o Jk 


i 
; 1 | 
if Ke = 5, and sind=27; 
a 22a 80 
en Male! 
eat ad 
93 


117.] Centre of gravity of a thin shell of revolution. 

Let the axis of revolution be the axis of x; and let the 
equation to the curve, by the revolution of which the exterior 
surface of the shell is generated, be y= f(x): let + = the 
thickness of the shell; p =the density; g =the earth’s attrac- 
tion; and imagine the shell, see fig. 49, to be divided into 
a series of circular rings or annuli of breadth dx by means of 
planes perpendicular to the axis of revolution, and at an infini- 
tesimal distance apart: then, if ds is a length-element of the 
generating curve, the volume of any one of these rings corre- 
sponding to a point (#,y) on the generating curve is 2ayrds; 
and therefore the weight of it is 27pgryds: now imagine this 
weight to be condensed into a point at the centre of gravity of 
the ring, which is at m on the axis of x: the circumstances of 
pressure are not hereby changed: and let us imagine the 
weight of each ring to be similarly collected at its centre of 
gravity ; then we have a series of weights arranged along the 
line ow, of variable magnitude, the law of variation depending 
on the equation of the generating curve: but such that the 
weight at the distance 2 is equal to 27ypgrds: hence we have 
to find the centre of gravity of this rod of variable density ; and 
therefore, by virtue of equations (17), 


7 | 2npgryds = | 2xpgreyds, (35) 
and cancelling 279, 
ae [oryas = | prayds (36) 


Ex. 1. To find the centre of gravity of a thin shell of uniform 
thickness and density, the exterior surface of which is generated 
by the revolution of a quadrant of a circle about one of its 
bounding radii. | 

Let + = thickness of shell; p = density; then, fig. 50, the 
equation to the generating curve is 
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ay? ae ‘ 
GE FG NOs 
af ao ge ee 
z [ade = | ‘axde, 
J0 /0 
pice = 
= 5: 


This result is also manifest by the method of infinitesimals } in” 
Vol. I, Art. 24, Ex. 7, it 1s shewn that each zone of the shell is 
equal to the corresponding zone of the cylinder of the same 
thickness circumscribing the spherical shell; and therefore as 
these zones are equal and equivalent as to the position of their 
centres of gravity, the latter may replace the former, and the 
centre of gravity of the hemispherical shell is the same as that 
of the cylindrical shell; and this latter is evidently on oA in 
the middle point of oa. 


Ex. 2. To find the centre of gravity of a thin right conical 
shell, of uniform thickness and density. 
Let + = the thickness of the shell; p = the density; and let 
the equation to the generating straight line be 
Y * av, 
let the altitude of the shell = a: then ds? = (1+?) dw?; and 


from (36) we have a M. 
z | Re Ee | x da, 
0 0 


e 


C= SS. 


3 

This is also manifest by the following reasoning: the conical 
shell may be imagined to be resolved into a series of triangular 
plates all the vertices of which meet at the vertex of the cone, 
and the bases of which form the circular base of the conical 
shell: now the centre of gravity of a triangular plate is on the 
line which is drawn from the vertex to the middle point, of the 
base, and is at a distance from the vertex equal to two-thirds of 
that line; and therefore the centre of gravity of the shell is on 
the axis at a distance from the vertex equal to two-thirds of the - 
AXIS. 

And suppose the thickness of the conical shell to vary as the 


distance from the vertex : then p = k(1+ a”)*a, 


118. | PLATES AND SHELLS. : 175 


Ex. 3. To find the centre of gravity of a thin shell of uniform 
thickness and density formed by the revolution about its base 
of a wire bent into a semi-cycloid. 

The equation to the generating curve is 

w = aversin~!= — (2ay—y?)?, 
de dy Go ds 


yY  Qay—y?)? ~— (Qay)®’ 


Ae yy lt vy dy 
0 (2a—y)? Yo (2a—y) y 


sh 26a 
oo = Tt ° 
118.] Centre of gravity of a thin curved shell.- 


Lastly, let us investigate the coordinates of the centre of 
gravity of a thin curved shell; of which let the thickness = 7, 
the density = p; and let the equation to the bounding surface 


of the shell be Weryee\ = 0: (87) 
Then using the symbols of Articles 133 and 184, Vol. IT, let 


x,y, 2 be the coordinates to a point on the surface ; and let da 
be the surface-element abutting at it ; then 


dv = Tas, (38) 

where a 5 x 
da = — dydz = —dzdxa = — dz dy, (39) 

Wis Vv Ww 
= {l+p?+ 2}? de dy; (40) 


so that (10) become, taking for da the last value of (39), 


2 | fogr® de dy = ogra? de dy | 


= Q Q 
y fogr® de dy = fogry® de dy (41) 


= Q Q 
2[[rgr® de dy = ogre © de dy J 


Ex.1. To find the centre of gravity of the octant of a thin 
spherical shell of uniform thickness and density 
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Uv; Ve ey, WwW = 2z, 
P= (vty? +2), 
= 407, 


Let + = the thickness, p = density; and as these are 
constant, they may be divided out of the equations (41). Also 
let (a@2—a)? = y; then from (41) 


off ady dav _ =f fe _andyde — 
Jo Jo (a? — a2 —y?)? i ye 


(a2 — a2 — 


af 5 dw =F 5 x ax, 


—y : 
ne wg Cs 
I = 3 

2f°[ SE ; =|" [ody ar, 
0 Jo (a2?—x—y?)? Yo 0 

satel 
7 = 5! 

Suppose the thickness of the shell to vary as the z-ordimate to 

any point of it; then r = kz, and ’ a 


z || akdy de = |" [ake dy dr, 
~/0 v0 0 0 
 4a- 


Sa? 
y [| akdy de = ["Pakyayae, 
J0 V0 “0 v0 
‘ YT ee 4a 
ye 85° 
2[ "| akdyae = [| ak(@—a2—y)*dyda, 
0 “0 0 “0 
| 26 | 
. 


pay oe 5 
119.] The following theorem, due to Pappus, expresses a 
relation between a plane area, the volume of the solid gene- 


rated by it as it revolves about a line on its own plane, and the 
distance of the centre of gravity of the area from the axis, 
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whereby, when any two of these quantities are given, we are 
able to discover the third. 

Let the revolving area be of constant density dni thickness, 
and be so thin as to be conceived to be a geometrical surface, 
then, if y is the distance of the centre of gravity of this area 
from the axis of 7, we have, by the second of (31), 


5 {[inae =| [vaya 


QTY | dy dx = | [enydy de. (42) 


Now these integrals bemg definite, the second factor of the left- 
hand member of the equation expresses the area in the plane vy, 
and the first factor is the length of the path described by the 
centre of gravity of that area, as it revolves through four right 
angles about the axis of #: and because dy dv is the area-element, 
and 2z7y is the path described by the area-element during a com- 
_ plete revolution of the area about the axis of x, the right-hand 
member is the product of all the area-elements of the given 
area, and of their paths, and is therefore the volume described by 
the area during a complete revolution: if therefore the curve lies 
wholly on the same side of the axis of x, so that y does not 
change sign, the above equation authorizes us to infer that, 

If a plane area, lying wholly on the same side of a line in its 
own plane, revolves about that lime, and thereby generates a 
solid of revolution, the volume of the solid thus generated is 
equal to the (geometrical) product of the revolving area, and of 
the path described by its centre of gravity during the revolution. 

As (42) is true for the whole revolution, a similar theorem is 
also true for any part of the revolution: and if the generating 
area is such as that described in fig. 46, where the axis of # is 
one of the bounding lines, then the limits of the y-integration 
in (42) are the ordinate to the curve and zero: therefore 


day | yar = Ty” dx, (43) 
and the right-hand member is the ordinary expression for the 
volume of a solid of revolution, which is investigated in Art. 
137, Vol. II. In other cases the limits of y are given by the 
geometrical conditions of the problem. 


Ex. 1. An ellipse revolves about a line in its own plane, the 
perpendicular distance of which from the centre is equal to c; 
PRICE, VOL. III. Aa 
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it is required to find the volume of the ring generated during a 
complete revolution. 

Let a and 64 be the semi-axes of the generating ellipse; then 
the generating area = zab; and as 2zc is the path described 
by the centre of gravity, 

the volume = 277abc. 
It will be observed that the volume is the same, whatever direc- 
tion the axis of revolution has with respect to the axes of the 
ellipse, provided that the perpendicular distance from the centre 
to the axis of revolution is the same. 


; . Ana 
Ex. 2. The volume of a sphere of radius @ is = ; and the 
2 
area of a semicircle is “—: it is required to deduce from these 


2 
data the position of the centre of gravity of the semicircle. 


Let y be the distance of the centre of gravity of the semi- 
circle from the diameter ; then considering it as the generating 
area of the sphere, we have 
ma? 4a? Pel! ae 
Yee 


and by reason of the symmetry, the centre of gravity is on the 
line which is perpendicular to the diameter through the centre 
of the circle. 


Section 4.—Centre of gravity of heavy bodies bounded by plane 
and curved surfaces. 


120.] Before I proceed to the general case, I will consider 
that of a solid bounded by a surface of revolution, and refer the 
body to the axis of revolution as the axis of #: let the equation 
to the generating curve of the bounding surface be y=/(z). 
Imagine the solid, (see fig. 51,) to be divided into thin circular 
slices by planes at an infinitesimal distance apart, and perpen- 
dicular to the axis of revolution: of these let the cireular slice 
pP’a’a be the type, and let om= 2, MN = dz, so that dz is the 
thickness of it. Of this slice take a particle at a distance r from 
the axis, and so that the plane passing through ow and that 
particle may be inclined at an angle @ to the plane passing 
through ow and oy; then the volume of the element is equal to 
rdddrdx. Wet p= the density of the body at the particle, then 

mass-element = prdrdddz, (44:) 
and the weight-element = pgrdrdddz. (45) 
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Now if the constitution of the body as to density is symme- 
trical with respect to the axis of revolution, the centre of gravity 
is plainly on the axis of w, and therefore we have to find only 
#; and we have from (10) 


2[[[ogrdadr dx 2S [[[egerdodrar, (46) 


and performing the 6-integration through a whole revolution, 
so as to obtain the required result for a ring of radius 7, and 
observing that the symmetry of the body renders p independent 
of 6, we have, dividing out 279, 


a] [ordrde = | [oar drde. (47) 


And if the density is uniform throughout a complete slice, we 
may perform the r-integration between 7 = 0, and r= y, where 
y is the ordinate to the generating curve: and (47) becomes 


| pytde = |pyede, (48) 


and the limits of # will depend on the circumstances of the 
problem. 


Ex. 1. To find the centre of gravity of a paraboloid of revolu- 
tion of uniform density, the length of whose axis is e. 

Let the equation to the generating parabola be y?7=4az; 
therefore from (48), as p is constant, 


a] 4axde =| 4ax*dzx, = ~C. 
0 0 


Ex. 2. To find the centre of gravity of a portion of a prolate 
spheroid of uniform density, the length of whose axis measured 
from the vertex is c. 

Let the equation to the generating curve of the bounding 
surface be 32 

ye Gp eae — 2") ; 


then, as p is constant, (48) becomes 
af (2ax—x*) dx = | @ax—a%) nde, 
0 0 


i c 8a—dce 
aE Ay eae 


Thus for a hemi-spheroid, c= a, and we have 


Aa 2 ‘ ye 
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As b does not enter into either of the last two values, they are 
the same for a spherical segment and for a hemisphere. 


Ex. 8. To find the centre of gravity of a double convex lens 
of uniform density. 
- Let the equations to the generating circles of the two inter- 
secting spheres be, fig. 52, 
e+y? = a’, (vw—c)2+y? = b, 
where oA =a, Bc=0, oc=c; then the equation to the plane 
of intersection of the spheres is 


a? + c2— >? ue 
He ee ie k (say) ; 


then from (48) 
7 } (e228 dx +| ; {b?—(#—c)*} aur 
k /c—b 
= | (2) 2de +f {b°>—(«—c)*| veda, 
k e—b 


whence may # be determined. 


Ex. 4. To find the centre of gravity of a cone, the density of 
each circular slice of which varies as the uth power of its dis- 
tance from a parallel plane through the vertex. 

Let the vertex be the origin, and the equation to the gene- 
rating line of the cone be y=aa; and let a be the altitude; 
then p=ka”: and (48) becomes 


a a 
af ees de =| ae fhe a 
0 0 n +4 


Ex. 5. To find the centre of gravity of a cone, the density of 
every particle of which increases as its distance from the axis. 

Let the vertex be the origin, a = the altitude, and let the equa- 
tion of the generating line of the bounding surface be y= aa; 
then in equation (47) p=kr, so that 


af [r+ drde pbs [[Pedrde, ees 
0/0 0 ~0 5 


Ex. 6. To find the centre of gravity of the volume of uniform 
density contained between a hemisphere and a cone whose vertex 
is the vertex of the hemisphere and base is the base of the 
hemisphere. 

Let the common vertex, see fig. 53, be the origin; and let 
the equations to the bounding surfaces be 


I= ROL — ieee, Oph ick 
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so that y and w are the limits of the r-integration in equation 
(47): then, as p is constant, 


a)" | rarde = ['[ redrae, 
0 “x 0 “x 


z| “Qax—a?—a°) de =a [ @av—a—a%) 0d, 
J/0 J0 


ar a 
Pe Nawal se 


2 
121.] Now let us take the most general case of a body in 
space; and first let it be referred to three rectangular axes 
originating at o: let x,y,z be the coordinates to any particle of 
it, so that the volume-element abutting at it is dedydz; then 
dv = dxdydz: 
let the density = p, so that equations (10) become 


[riety = [[forvart 
y| | [odwdy az = |[[oydvdyaz ' (49) 
Si ffoceetares [fos tec | 


The integrals are of course definite and the limits are assigned 
by the conditions of the problem. 


Ex. 1. To find the centre of gravity of a homogeneous body 
in the form of the octant of an ellipsoid. 
Let the equation to the ellipsoid be 


ran BF iF cz me 
uv y? 2 
and let Z= e(1 a 7) 2 
vases —(a?— x)3 
then a["[ | dedyae = [| “ade dy de, 
0 v0 “0 00 0 
Bi hod 
Chi eB” 
ae is (936 ui c 
similarly, Y= z= 3: 


Ex. 2. To find the centre of gravity of a body of uniform 
density bounded by the Cono-Cuneus of Wallis and the planes 
= 0, y=C. ‘ 
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The equation to the Cono-Cuneus is, equation (89), Art. 315, 
Vol. I, a yeh (reed 
and performing the z-, y-, z-integrations in order, the limits are 
2 (a?— 2?) and 0, c and O, a and O; so that if 


Z£= ‘ (a2—x)?, 


af" | [dedy ax bs [’[ [eae dy az 

0 “0 “0 “0 4/0 0 
a["['y@—a)! dy dz = ["[ cy (@—a%) dy de, 
70 v0 /0 ~0 


of ‘(@—a? dx = | ‘o@—a) dx, 
0 0 
= 3; 


a 
af ff dz dy dx _Sieaba 
meee “ye (a? — x)? da, 


gf ff dz dy dx PEL zdzdydx, 
z['[°¥ Y (@2— 2)? dydx ah “ EME dae 


= 5: 
122.] Again, let the curved bounding surface be referred to 


a system of polar coordinates of the construction of Art. 146, 
Vol. II, so that 


2{ [for SEC RIL = | ffors(sin 6)? cos pdr dé dd | 


v| [for sin 0drdé do = | forcin 0)?sin pdrdédp >;(50) 


z [for sin ddr dé dd = | [for sin 0 cos 6 dr dédq | 


the integrals of course being definite, and the limits being 
assigned by the geometrical conditions of the problem. 

Ex. 1. To find the centre of gravity of an octant of a sphere, 
the density of which varies as the nth power of the distance of 
any particle from the centre. 
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Let a = the radius of the sphere; and let p= kr ; Pre, 
equations (50) become \. 


a [ [°mtsin adds dr =[f [eden de 


~ _ a+ eye eee 3 \ 
eas ON wcAinges 22 <Y p- 
the last two being inferred from the symmetry of BN body, 


Ex. 2. The vertex of a right circular cone is at the centre of __~ 


a sphere ; it is required to find the centre of gravity of a body 
of uniform density contained within the cone and the sphere. 
Let the axis of z be the axis of the cone: and let a be the 
semi-vertical angle of the cone; a = the radius of the sphere ; 
p = the constant density: then @ and 7 are evidently equal to 


zero; and we have 
2a fa fa 
[°° [-['r8sin 0.008 ocr da de, 
0 0-0 


ar 
af [snoaeaa 
/0 


__ a@* (sin a)? 
2© (1 —cos.a) 2a = © 5) 27, 
z= A (1 + cosa). 


123.] I shall conclude this section with a few examples of 
determining the centres of gravity of bodies which do not come 
under any of the former methods, but to which the principles 
are equally applicable. 


Ex.1. To find the centre of gravity of a right pyramid of 
uniform density, whose base is any regular plane figure. 

Let the vertex of the pyramid be the origin, and the axis of 
the pyramid the axis of x; divide the pyramid into slices of the 
thickness dz by planes perpendicular to the axis: then as the 
areas of the sections thus formed will vary as the squares of 
their homologous sides, and as these sides will vary as the dis- 
tances from the vertex, so will the areas of the sections vary as 
the squares of the distances from the vertex; and therefore if 
the axis of the pyramid is divided into equal infinitesimal ele- 
ments, the masses of the several slices will vary as the squares 
of the distance from the vertex. Now imagine each slice to be 
condensed into its centre of gravity, which point will be on the 
axis of 2; then if a =the altitude of the pyramid, we shall have 


a/ ur dx = | ‘ade, Si pep 
0 J . A, 
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Ex. 2. On the base of a hemisphere a right circular cone is 
constructed, the whole body being of uniform density; deter- 
mine the altitude of the cone, so that the centre of gravity of 
the whole may be at the centre of the circular base of the 
hemisphere. 

Let a = the radius of the hemisphere, 
¢ = the altitude of the cone: 
then if we imagine the hemisphere and the cone to be condensed 
into their centres of gravity, the moments of these weights 
must be equal about the centre of the circular base of the 
hemisphere: that is, 


a c q2 
| (a*— x?) xdx =| — (c—2)*xdzx, 
0 DG 
oo) Oe oe 
and therefore the vertical angle of the cone is 60°. 

Ex. 3. When a heavy body with a convex surface rests on a 
horizontal plane, the vertical line through the centre of gravity 
also passes through the point of contact: because as the body is 
acted on by only two forces, viz., the weight acting downwards 
at the centre of gravity, and the reaction of the plane upwards at 
the point of contact, these forces cannot be in equilibrium un- 
less they are equal, and act along the same line in opposite 
directions. 

Hence it appears that the compound body of the last example 
will rest in any position on its convex spherical surface. 

Hence also it follows that if a body is suspended from any 
point, the pot of suspension and the centre of gravity are in 
the same vertical line. 

A body in the form of a paraboloid of revolution of given 
altitude and uniform density is suspended from a point in the 
edge of its circular base; it is required to find the inclination 
of its axis to the vertical. 

Let a = the altitude of the paraboloid ; 6 = the radius of its 
circular base; 0 = the angle between the axis of the paraboloid 
and the vertical: then, since the distance of the centre of 


gravity from the centre of the circular base = ~, see Ex. 1. 


3? 
Art. 120, 3 
SL) econ ae 
a 
Ex. 4. Ifa heavy body is placed on a rough inclined plane, 
the friction of which is sufficient to prevent sliding, the body 
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will be at rest so long as the vertical line through the centre of 
gravity passes within the part of the body which is in contact 
with the inclined plane; and if it falls beyond that part, the 
body will fall over; and if it passes through the edge of it, the 
body is just in its limiting position of rest. 

A given cone rests with its base on an inclined plane: it is 
required to determine the inclination of the plane, when the 
cone is just on the point of falling over. 

Let a = the altitude of the cone, and 6 the radius of the 


base: then ce = 7 see fig. 54: let cor = a: 


tana = tanco2, 

= tances, 

Ab 

=—; 

and when the angle of inclination of the plane exceeds this 
angle, the cone will fall over. 


Section 5.—Stability and instability of equilibrium of 
heavy bodies. 


124.] And we have now means at our disposal for determin- 
ing the stability or instability of bodies under the action of 
gravity, in accordance with the principles already explained in 
Section 5 of the preceding Chapter. 

If a heavy body is in equilibrium with one point of it resting 
on a plane or on a surface, the centre of gravity of the body is 
in the same vertical line with the point of contact, and the line 
of action of the common pressures is vertical. Now imagine a 
body thus at rest on a plane or on a surface to receive a slight 
displacement by means of a new force, and to be kept at rest in 
its displaced position ; then either (1) this new force may act 
in a direction to hinder the body from returning to its former 
position; or (2) the body may be at rest in its new position 
without the continued action of the new force; or (3) the force 
may act in a direction to hinder the body from receding further 
from its former position ; thus, when the body is slightly dis- 
placed, the tendency is in the first case to return to its original 
state; in the second, to remain at rest in its new position ; in 
the third, to recede further from it: in the first state we have 

PRICE, VOL. III. Bb 
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stable equilibrium, in the second, neutral or continuous, and in 
the third, unstable ; and the mechanical circumstances are these: 
in the first case the centre of gravity ascends in consequence of | 
the displacement ; in the second it remains in the same hori- 
zontal line; in the third it descends: thus if a heavy ellipsoid 
is balanced at the extremity of its greatest axis the equilibrium 
is unstable ; if it is placed on the end of its mean axis the equi- 
librium will be stable for oscillations about the least axis, and 
unstable for those about the greatest axis, and will be neutral 
for rotation about some axes intermediate to these; and if it is 
placed on the end of its least axis, the position is that of stable 
equilibrium: also evidently the equilibrium of a heavy sphere 
resting on a smooth plane is continuous ; and thus the analyti- 
cal probiem is, to determine whether the centre of gravity of a 
body resting on a surface, ascends or moves horizontally or de- 
scends, when the body receives a slight displacement: we 
therefore calculate its distance from a horizontal plane, and 
determine whether that distance is for a small displacement a 
minimum, a constant, or a maximum. ‘Thus if #= the distance 
above a horizontal plane, in all these cases dh = 0, and the 
change of sign will determine the nature of equilibrium. And 
this is in accordance with the results of Art. 103: let the axes 
of coordinates be so chosen that the axis of z is vertical: then 


have = 
hd o2%.P = &.P2, 


and therefore if z is a maximum or a minimum 
1 fo Hy Mins 
S. Pale 40): 

To take the most general case of this kind, let us consider 
that of a heavy body bounded by a convex surface resting on 
another body also with a convex surface. And let fig. 55 re- 
present the bodies : the continuous lines indicating the position 
of the bodies when they are at rest at first, and the dotted lines 
the position of displacement. Let cao be the vertical line 
passing through a the point of contact of the two surfaces when 
they are at rest, and through the centre of gravity of the upper 
body: let c be the centre of curvature of the lower body cor- 
responding to the point a, and o that of the upper body ; let @ be 
the centre of gravity of the upper body: now suppose a small 
displacement of the upper body to take place by means of 
rolling on the lower one, so that P being the new point of con- 
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tact, and a’ being the point which was originally in contact 
with a, a’p = AP, the axis about which the rolling takes place 
being perpendicular to the plane of the paper. Let the curva- 
ture of the two surfaces be continuous about the points a and P; 
and by reason of the small displacement let o and ec respectively 
be moved to o’ and a’; let ca = cP = pj; 0A = O'A'= OP = fg 
Ace = 6; 06 = 06 =; therefore since the are ar = the 
are A’P ; 

p19 = poAOP, eed onal 6, 

P2 

Let A = eK = vertical height of e above the horizontal line 
through c; therefore 

h = (pi+ pg) cos 8—c cos (1 ae uy 6, 

p2 

and replacing the cosines by the first two terms of their equiva- 
lent series, because 0 is small, we have 


. rid N 
h = pit pee —(ei tps) (1-0) 12° 


4 = (ate) (1—e) 0, 
=a Oates art 0} 
pa 
pit pa 
px 


9 


Pit p2 
and therefore 4 is a maximum or a minimum according as 


P1 P2 
P1i-+ P2 


and changes sign from + to —, if c is less than 


= - - - - - - -—to +4, ifc¢ is greater than 


AG = pa—C is greater or less than ; that is, as 


1 1 
— 1s less than or greater than — + —-; Ok 
— g oe (51) 
and therefore the equilibrium is stable or is unstable according as 


al is greater than or less than ae ate os : (52) 
AG P1 P2 


If the equilibrium is neutral 
1 1 1 


AG Pl P2 
and in this case, for a small displacement, the centre of gravity 
of the upper body neither ascends nor descends. 

If the lower surface is plane, p; = oo , and the equilibrium is 
stable or unstable, according as ace is less or greater than p2; 
that is, according as the centre of gravity is below or above the 
centre of curvature corresponding to the point a. 

Bb a 


(53) 
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If the lower surface is concave, p; is negative, and the equilt: 

brium is stable or unstable according as 
at is greater or less than aiag Tan (54) 
AG P2 Pi 
125.] The values of p; and pz will of course depend on the 
position of the normal planes of the greatest and least curva- 
ture of the two surfaces, and therefore the stability will be 
different for the different normal planes through a; the stability 
therefore will be greatest or least according as 
| 1 
es oa at Fe 
Pa p2 

is @ minimum or a Maximum. 

If therefore in this latter case, which is the most unfavoura- 
ble, the equilibrium is stable, it is also stable for every normal 
section passing through a, and therefore the position of the 
body is one of complete stability. 

Suppose however that the upper and lower surfaces are so 
arranged, that a is the angle between the normal section of 
greatest curvature in the lowest, and that of the greatest cur- 
vature in the upper; and suppose that it is required to find the 
nature of the stability of any particular normal plane. 

Let 6 be the angle between the normal plane of displacement, 
and that of maximum curvature in the lowest surface: then 
if R,; and 7, are the principal radii of curvature of the lower 
surface, by Euler’s theorem, Art. 351, Vol. I, 


] cos 6)? sin 0)? 
1 _ (cosa)? , (sino) 


pe ry Rj 
and if rz and r, are the principal radii of curvature of the upper 
surface 1 _ {cos (#+a)}? i {sin(@+a)}?_ 
p2 =) Ue) Rg ie . 
1 ] (cos@)? {cos(O+a)}? (sind)? {sin(@+a)}? 
2 te SH i 
Pl P2 Un Ue) R} Re 


whereby the normal plane of least stability may be determined. 


126.] One or two problems involving conditions of stability 
or instability are subjoined. 


Ex. 1. A heavy uniform beam rests against a smooth curve, 
and against a vertical wall, all of which are in the same vertical 
plane ; it is required to find the nature of the curve so that the 
beam may be at rest in all positions. 


co 


126. ] OF EQUILIBRIUM. 189 


Let the beam be ap, fig. 56, of which let @ be the middle 
point and the centre of gravity; and let the horizontal line, in 
which the centre of gravity is in all positions of the beam, be 
the axis of x, and let it meet the vertical wall in the point o; 
let o be the origin, let the length of the beam be 2a, so that 
the curve required meets the wall at a distance 04 (= a) below 
o; let oa be the axis of y; oM= 2, MP=y, QGo= 68, 

v y 


—— = COS 0, “= sing; 
2a a 
therefore squaring and adding, 
we ¥? 
tat 


the equation to an ellipse, whose centre is 0, horizontal semi- 
axis 1s 2a, and vertical semi-axis is a. 

The property of the curve required in the problem is evi- 
dently the same as that of the elliptic compasses. 


Ex. 2. A heavy uniform beam rests against a smooth vertical 
wall, and on a smooth curve; determine the nature of the 
curve so that the beam may rest in all positions. 

Let r@ be the beam of length 2a, whose centre of gravity is e, 
fig.57; p the point in the curve at which the beam touches it ; 
let the horizontal line ome, in which in all positions of the 
beam its centre of gravity is, be the axis of 2; and let it meet 
the wall at o, and let o be the origin, om= 2, MP=y, QG= 
¢R =a. Then, as the line rq is a tangent to the required 


curve at P, 
tan ocga = — oe 
Ax 
Therefore a = QP+PG, 

eS MS 

anda dy ” 
pmbay ni agyit | 
de (da + dy*)* 


which is a differential equation of Clairault’s form: and of 
which the singular solution is, see Art. 314, Vol. IT, 
yj? +27 = a? ; 
the equation of a hypocycloid, see Art. 179, Vol. I. 
Ex. 3. To determine whether the position of the beam resting 


on two planes, as investigated in Ex. 2, Art. 50, is of stable or 
of unstable equilibrium. 
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In fig. 29 let ck = h; therefore 


h = acsina—asin 0, 


sin a sin (8 + 0) : 
a et ae ASS 
= nto) a sin 6, 

a . e ¢ ed ° -, 
= Bn (ER8) {sin (a—f) sin +2 sin asin f cos 6} ; 


BETS est Wear 
fe. sin (a4) 


tan dé = AIAG ae (see Ex. 2, Art. 50); 
2 sin a sin B 


{sin (a—) cos 0—2 sina sin B sin 6}, 


I 
and = changes sign from + to — ; therefore / is a maximum, 


and the equilibrium is unstable. 


Section 6.—General properties of the centre of gravity. 


127.] In the first place let me remark that by reason of 
equations (9), if #, y, 2 are the coordinates to the centre of 
gravity of a series of heavy particles of the masses m, m2,...my, 

and if the origin of coordinates is placed at the centre of gravity, 
so that @ = y = z = 0, then 

S.M2 = M41 + Mgdo+... +My = O 
S.MY = M4 Y1+ MeYo+ ..-+MnYn = O | (55) 
S.MZ = 21 +Me2o4+... + M2, = O 
And thus, apart from all mechanical considerations, such as 
weight, or any of the properties which have been investigated 
in the preceding Sections of this Chapter, it is often convenient 
to consider the centre of gravity to be geometrically the point 
whereat the conditions (55) are satisfied. 


Turorem I. Of all points in space the centre of gravity is, 
with reference to a system of material particles, such that the 
sum of the products of each particle and the square of its dis- 
tance from the point is a minimum. ) 

Let (x, y, z) be the required point; m mz... m, the particles ; 
(#1 Y1 21), (#2 Y2 22) «++ (@n Yn Zn) their positions; then if 

u? = m {(@—a1)? + (y—y1)? + (2—21)?} 
$s {(@ a2)? + (y— yo)? + (2—22)"} | 
ira ache at emt 
+My {(@ — Bn)? + (Y —Yn)* + (2 —2n)?} f 
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and if w? is to be a minimum, 
UdU = m{(w—2a,)dx+(y—y1) dy+ (z—2) dz} | 
+ Mz {(¥— Xp) dx + (y— ie hoe — #2) dz} 
Beep MP ie: a bene 
+ Mn{(@— Xn) ede i ae ae Len 
and equating to zero the coefficients of dx, dy, dz, we have 
oy a a C8) 
=.m =. =. 
and as (56) by the form of the expression admits of infinite in- 
crease, u evidently cannot be a maximum; (58) therefore ren- 
der wa minimum; and these are the coordinates of the centre 
of gravity. 


128.] Turorem II. If a system of material particles is inva- 
riable in form, and its centre of gravity is at a constant distance 
from a fixed point, the sum of the products of each particle and 
the square of its distance from the fixed point is constant. 

Let the fixed point be the origin, and let 7 y z be the coordi- 
nates of the centre of gravity, and (2 y 21), (#2 Y2 22)---(@n Yn Zn) 
the positions of the particles in a given position of the system, 
these coordinates being measured from the centre of gravity ; 


also let Rtg) 2? aca? 


and let 7, 72...7, be the distances of the particles from the fixed 
point: then 
S.mr2 = m{ (+21)? +(4 Dahies (z+ he 
oe PAL ee 
+My {(# ban)? a G4 ts yy? h @ as 2, E 
= a7 (m+ m,+ ... +p) 
4273.0 4+ 2Y3.MY+2723.MzZ 
+3. p*, 
if pi p2-.-pn are the distances of mm...» from the centre of 
gravity. But s.mxz = 0, 3.my = 0, x.mz = 0, by reason of 


(55); therefore x.mr? = a3.m+2.mp?; (59) 


and as the right-hand member is constant, so is the left-hand 
member, and the proposition is proved. 


129.] Turorem III. If there is a system of heavy material 
particles, the product of the sum of the masses and of the sum 
of the products of each mass and the square of its distance from 
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the centre of gravity is equal to the sum of the product of every 
two masses and of the square of the distance between them. 
Let the centre of gravity be the origin: then by (55) 
M21 + Mg hat ooo +Mykyn = O 
M1 Y1 + MzgYo+ ... +MnYn = O } (60) 
M2 + Mg2a+ ... +MynZn = O 
Let p po... pn be the distances of m, mz... m» from the origin ; 
then squaring and adding the above, we have 
my? py? + Mg" po? + ... + My? pyr? 
+ 2 my My (2&2 + YrY2 + 42) 
+2 Mp1 My (Vn—12n + Yn-1Yn + %n—12n) = 0; (61) 
=.m? p2+23.mm’ pp cos(p,p) = 0, (62) 
if m,m’ are the symbols for every two of the material particles, 
and (p,p’) is the angle contained between p and p’. Now sup- 
pose u to be the distance between the positions of the two par- 
ticles m and m’, then 
u? = p+ p'®—2pp'cos (p, p’) ; 
2 pp cos (p,p’) = p?+p?—w?. 
Therefore (62) becomes 
3.m? p? + 3.mm'(p*+ p'2*—u?) = 0: 
and when written at length 
My {My py” + Mg,p2? + ... ++ Mn Pn” } 
+ Mz {7} pr? + Mg,po? + ... + Mn Pn} 
+ My {My py? + M2 p97 + ... + Mn pr?} —2.mm' wv = 0; (63) 
and if M = 3.m = m+m.+... +M,; we have 
MS.mp? = 3.mm'u?, (64) 


which is the proposition required*. 


130.] THzorem IV. If a material particle is in equilibrium 
under the action of many pressures which are represented as to 
intensity and line of action by straight lines meeting at the 
particle ; and if at the extremities of each of these lines heavy 
particles equal in weight are placed, the centre of gravity of 
these is at the point which is at rest under the action of the 
impressed pressures. 


* In the “ Mécanique Analytique” of Lagrange, Premiere partie, Section 
III, Art. 20, an extension of this Theorem is given. 
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By reason of equations (69), Art. 28, we have 
SeCosmy =>. P COs = 0,9 s-p cosy Or °° (65) 
let $1, $9, ... 8, be the line-representatives of the impressed forces 
acting on the material particle, the place of which we will take 
to be the origin: so that the equations (65) become 
srecosa ca 0, s.scosf = 0; 3:3 cosy = 0; (66) 
Let (21 y1 21), (#2 Y2 22), ++» (@n Yn Zn) be the extremities of 
$1, $2, --. 8,3 SO that 


v1 = 8§,COSQ;, . Yi = 8 COS Pi, <1 = 8, COS yj, 
Lz = 82 COS ag, Y2 = So COS Po, 23 = $2 COS y2, 
Lyn = Sy COS an, Yn = Sy COS Bns &n = Sp CO8 Yn, 


whereby (66) become 

2 = 0) Sy Oh Sia, Cae (67) 
and if the mass of the particle at the extremity of every line- 
representative is m, we have 

=.mr = 0, Zip == 0, 5 Pg ead 1 (68) 
and therefore by (55), the origin is the centre of gravity of all 
the particles. 
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CHAPTER V. 


THE ACTION OF FORCES ON BODIES OF VARIABLE FORM. 


Section 1.—The action of forces on flexible and inextensible 
strings or cords. 


131.] Thus far the bodies or systems of material particles, on 
which the statical forces act, have been assumed to be rigid, and 
their forms, or the relative position of the particles, have been 
supposed not to change on account of the acting forces. We 
shall now extend the inquiry to the case of bodies whose form 
varies by the action of the pressures, but becomes permanent, 
and may be considered rigid, under the action of the impressed 
forces. I shall first shortly investigate the case of the Funi- 
cular Polygon. 

Suppose a string or cord, fig. 58, aB to be fastened at the two 
points a,B; the cord being without weight, perfectly flexible, 
and perfectly inextensible ; and suppose at Qj, Q2, Q3, Q@4, definite 
points of it, pressures P1, P:, P3, Py to act with definite intensities 
and along definite lines of action, so that the cord assumes the 
permanent position indicated in the figure; the object is the 
determination of the form of the polygonal figure which the 
cord of given length assumes under the action of these forces, 
and of the tensions of each of its component straight elements. 

It is manifest that the tension is the same throughout each 
element ; and that as each point Qj, Qo, ... @4 1s at rest, the forces 
acting at each are in equilibrium. Let the tensions along 
AQ1, Q1Q2, .-. Q4B, be respectively 1), T2,... Ts, So that the pres- 
sures at the fixed points a and B are respectively 1; and 7;; and 
let the angles between the successive straight parts of the cord 
be aj, @2,... a4; then as the point q; is kept at rest by the three 
forces 1,, P}, and To, the lines of action of all are in the same 
plane, and we have 

Ty te RR ae Te 1 
sie; G76: 8 SiN ay» -AIN P}Q@, a0 (1) 
In the same way for the point @2 we have 
To Po T3 | 2) 


SIN P3Q:Q3 SiNa,  SsiNP2Q2Q)° 


132. | THE FUNICULAR POLYGON. 195 


and so on for the other points ; and therefore when the form of 
the polygon and the magnitudes and lines of action of the forces 
PUGres are given, the tensions of the several connecting 
strings may be determined. 


132.] Suppose that the lines of action of the forces Pj, Po,... P4 


bisect the angles a), az,...a4; then 11, = T2, = ... = Ts; and 
Py P9 P4 
p = Pm pe As ats (3) 
1 2 
cos— cos— cos — 
2 2 2 


and this condition may be secured in two ways; (1) by fixing 
smooth pins at the points Q;...@4, and passing the strings round 
them, so that the tension of the string is the same on both sides 
of the pin, and the pressure on the pin is the resultant of these 
two equal forces, and therefore its line of action bisects the 
angle between their lines of action: and (2) by making the im- 
pressed forces act on the cord at the points q;... by means of 
smooth rings which slide on the cord, and are at rest at these 
points; and the line of action of P, will manifestly under this 
arrangement bisect the angle 4@; Qs, because considering A and 
Q2 to be fixed, and the cord to be also fastened at them, if the 
ring Q; slides, it can move only on the surface of a prolate 
spheroid, of the generating ellipse of which a and Q; are the 
foci, and the length aq,Q,2 of the cord is the major axis, and 
therefore the normal at Q; which is the line of action of P, 
bisects the focal angle between the distances. 

And also besides suppose that the two sides of the polygon 
abutting at (say) Q; are equal; then if aq; = Q1Q,= 8), and 
the radius of the circle passing through 44@1Q_ 18 pi, we have 


cos — = : (4) 


and therefore if all the sides are equal, from (8) it follows that 
each impressed force is inversely as the radius of the circle pass- 

‘ing through its point of application and the two angular points 
of the polygon adjacent on each side. 

Now of such a polygon a curve is a particular case, if the 
length of the curve is the equicrescent variable ; and the circles 
just mentioned are the circles lying in the osculating plane at 
the point, and whose radius is the radius of absolute curvature 
of the curve at the point ; and therefore when a funicular curve 
fastened at its two ends is acted on in all its equal elements by 

CC 
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normal forces, the tension is the same throughout, and each 
normal force varies as the absolute curvature of the curve at 
the point where it is applied. 

Thus suppose a cord to be stretched by given forces at its 
ends on a curved surface, then the pressure caused by the sur- 
face is at every point in the direction of the normal of the 
surface, and is therefore proportional to the absolute curvature 
of the curve which the cord assumes on the surface ; and as the 
normal-line of the reaction is in the same plane with two con- 
secutive elements of the funicular curve, the osculating plane of 
the curve is anormal plane to the surface at the common point; 
and therefore, see Art. 227, Vol. II, the curve is the geodesic 
line on the surface joining the two points: and this geodesic 
line may evidently be either the maximum or the minimum; 
thus, a cord stretched between two given points on a sphere 
will arrange itself along the geodesic line, whieh is a great 
circle ; and as one great circle-arc abutting at the points will 
be a minimum, so will the remainder of the same great circle be 
the maximum. 


133.] If the lines of action of all the forces acting on the 
funicular polygon are parallel, the cord is evidently in one 
plane. Let the lines of action of the forces be vertical; then 
SIN P} Qi Qz = SIN P2Q,Q), SIN Py Q2Qg = SIN P3Q3Qz, ..e.-- ; so that 
if 8), Bo, ... are the angles of inclination of the successive lengths 
to the horizontal line, 

T] COS 8; = Tz COS By = T3 COS P3 =... 5 (5) 
and therefore the successive tensions are inversely as the cosines 
of the angles of inclination to the horizon of the sides along 
which they act ; and therefore if £ is the tension of a side which 
is horizontal, and if rT is the tension along any side whose in- 
clination to the horizontal line is £, 

T= k sec B. (6) 
Suppose however that the vertical forces are the weights of the 
several parts of the cord, so that P;, P2, ... are proportional to the 
lengths AQ, @1Q2, ...; and moreover suppose that the lengths 
of the elements are infinitesimal, so that the polygon becomes a 
plane curve, then if the density and thickness of the cord are 
constant throughout, and if p=the density, and =the area 
of a transverse section, 

P = pwgds, 
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dy 
ds ’ 
and if r and 1 are the tensions at the beginning and end of an 
element respectively, 
T cos 8’ = TcosB+d.T cosB ) 
r sin 8’ = rsinB+d.rsin Bp } 
therefore taking vertical forces 
p= d.T sin B; 


sin B = cosa =, 


(7) 


and if k = pwcg, d 

gds = d. Z 
eee ne POLE 2 
and placing the origin at the lowest point of the curve, 

d. 

from which equation all the Rio fertios of the curve, which is 
called the Catenary, may be deduced. I propose however to. 
consider the problem of the equilibrium-form of a flexible and 
inextensible strimg under the action of given forces in a more 
general way. 


s = ¢— 


134. ] Suppose a perfectly flexible and inextensible string to 
be in space, and to be at all its parts subject to the action of 
certain given forces ; let it be referred to a system of coordinate 
axes, and at the point (2, y, 2), let p be the density, w the area 
of a transverse section of the cord, and ds the length-element ; 
so that pwds is the mass-element of the cord. Let x,y,z be 
the impressed forces acting on an unit of mass at that point; so 
that the pressures acting on the mass-element at the point are 

pwxds, poyvds, pozds. (9) 
Let t be the tension of the cord at the point (x, y, z); then as 
it acts along the curve, its resolved parts are 
ee as (10) 
and therefore at the point (7+ dz, y+dy, z+dz) the resolved 
parts of the tension are. 
= dn, lan din, 0+ dase pe GUD) 
the tension varying continuously as we pass along the curve ; 
now let us suppose v,y,2,and s to increase simultaneously; then 
the element of the curve being in equilibrium under the action 
of the forces (9) (10) and (11), the conditions of equilibrium, 
equations (94), Art. 57, become 
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dx 4 poxds = 0 | 


d.v os pwvds UP Goss (12) 


i plata pig 0 


ds 
and from these equations all the properties of the curve are to 
be deduced. 
First, integrating the equations, we have 


fooxds fooxds fronds 


and therefore the numerators are proportional to the direction-_ 
cosines of the arc-element on which the forces act. 

Also expressing at length the first terms of these equations, 
and taking s to be equicrescent, we have 


dx dz 
td.— vie a ai ct ea 
rd. + Vdn+pords mye (13) 
dz dz 
td. + qe UT + pouds = 0 | 
Multiply these equations severally by dz, dy, dz and add, and 
we have dv +po{xde+yvdy+zdz} = 0; (14) 


where dt is the total differential of r. Let the integral of this be 
taken between the limits which carry the subscripts n and 0; and 
we have | n 
Tr— To 2). po{xdx+ydy+zdz} = 0. (15) 
If therefore p,,x,y,z are functions of the coordinates of the 
point to which they apply, and are such that the quantity under 
the sign of integration is a complete differential, then the dif- 
ference between the tensions at the limits is a function of the 
coordinates of those points only, and is peat of the form 
of the curve which joins them. 


135.] When the force, of which the components are x, y, z, is 
normal to the curve at all its points, 

xdx+ydy+zdz = 0, (16) 

Li.) = 0; (17) 

so that the tension of the string is the same at all its points, 


then 


(dzd. 
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The condition (16) holds good when the string is stretched on a 
smooth surface, and the pressure of the surface is the only 
acting force. 

Also if the tension T is constant, (12) become 


Mads aa | 


ds 
dy 
Td. 7 + pads he: (18) 
dz 
Td. 7+ pozds = 0 
: dx\* dy\? ANS tae eet ac 
: 0?) (4.27) + (a.<") oa (d.=) t p2 aw" (x? + y?-+ 2?) ds?. (19) 


Let x24 y?+ 2? = p?; then, by equation (23), Art. 325, Vol. I, if 
p is the radius of absolute curvature of the curve at the point 
(2, Y, 2); Tt? ds? 
p? 
ne pe ee ees Nie Nev seome 

m2 == p* oP? p?, Bho (21) 
and therefore, whatever is the normal force, the form of the 
curve will be such, that the force varies inversely as the radius 
of absolute curvature, (see Art. 1382). If therefore the force is 
constant and the curve is plane, it will be also the arc of a circle. 
Again if we transfer to the right-hand members of the equa- 
tions, the last term in each of (18), and then square them, and 

add them, we have, if s is equicrescent, 


== pa’ P* ds? ; (20) 


2 | 
7? atl at” = p* oP ds? ; 
p 
Ta dee Le teas 
wa + (7) = prot (22) 
Also from (13) eliminating tT and dt, we have 


ds ds ds ds 
(dz d*y — dy dz) x + (dx d?z—dz d*x) v¥ + (dy d?x—dx d*y)z = 0; 
and as the former factors of each term are proportional to the 
direction-cosines of the binormal, we conclude that the impressed 
force lies in the osculating plane of the string-curve. 
Also if ¢ is the angle between the line of action of p and the 


arc-element, xdx+ydy+zdz = eds cos; 


therefore from (14) dv+pwpdscosd = 0 


OY tty d=) x +(dnd  — ded.) x + (dyad. — ded.) 2 = 0; (28) 


(24) 


aR 
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and substituting this value for dv in (22) we have 
T = pp oP sin ¢, 
which are indeed the tangential and normal components: and 
hence, as before, if ¢ = 90°, that is, if the line of action of P is 
normal to the curve 
dv = Q; .. Th =='8 Constant, 
and eet = pp ur, 
and therefore p varies inversely as the radius of absolute curvature. 


-136.] Next let us investigate the equations of equilibrium of 
a string stretched on a given curved surface, and under the 
action of certain forces by which it is kept on the surface ; and 
let us suppose the surface to be smooth. 

Let the equation to the surface be r(x, y,z) =0; and let its 
partial derived functions be v,v,w; and let q?= u?+v?+ w?: 
let rds be the pressure of the surface against the mass-element 
whose length is ds, so that the phe at of equilibrium are 


ie +poxds+n— ds — 0 4 


| 


Na ar (25) 
| 


bi Vv 
d. To + QOALEE: pie ds 


d. 1+ ponds +n ~ ds = 0 


Multiply these equations savouls by da, dy, dz, and add, and 
let s be equicrescent ; then because 
ude+vdytwdz = 0, 
dt+pwo{xdx+ydy+zdz} = 0; (26) 
and therefore if xdw+ydy +zdz = 0, T is constant throughout 
the length of the string, whatever is the form of the surface. 
Again, differentiating ist first terms of (25), and multiplying 


we have 


the equations Eg is ae mat and adding, we have 
Ee OY eet ZW 
dtd td 42) pa REIT AN t 4 nds = 0; 27) 


and therefore if 0 = ” angle between the Sain to the surface 
and the principal normal to the curve at a common point, 
and if ¢ =the angle between the normal to the surface and the 
line of action of the resultant of the impressed forces, V1Z., P, 


and if p= the radius of absolute curvature of the curve, we have 


T cos 0 
—— +pwPrcosd+R = 0. wa es 
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‘Again, suppose that x= y=z=0, and that we differentiate 
the first terms of each of the equations (25), and eliminate 1 and 
dv by cross-multiplication, then | 

(dzd*y — dy d*z) v + (da d?z—dzd*x)v + (dy d?z—dzxd’y)w = 0; (29) 
and therefore the binormal of the curve is perpendicular to the 
normal of the surface; the curve therefore along which the 
string is laid is a geodesic line on the surface. 


137.] To pass however from the general investigations of the 
preceding Articles to the particular cases: first let us suppose, 
in the case of the free catenary, the impressed forces to act in 
one plane, that of zy; then the equations (12) become 


dx 
d.t =~ -+ pwxds or 0 | 


by bs (80) 
d.t 7+ pods = 0 J 
and therefore, as before, 
dt+pw(xdwvw+ydy) = 0: (31) 


whence the tension at any point may be determined for any 
given forces. 

And if T is constant, and p is the impressed force of which 
x and y are the components, and /’ is the radius of curvature 


at (7, y); n2 = p2w2P2p, (32) 
Let us suppose gravity, or the earth’s attraction, to be the 
only acting force, in which case the curve is the catenary, and 


let the axis of 2 be horizontal, and that of y vertical; then 
x=0, y= —g; so that the equations (30) become 


dx dy 
a. = 0, d.0 —gwpds — ie (33) 
dx 
aed ain. 4 
tT, say (34) 


where c is the constant of integration, and is the value of 
when 2 =], that is, is the horizontal tension of the catenary. 
Also from (83) and (84) 


dy f } 
“= : 35 
oa, = fgepds (39) 
and if » and p are constant throughout the curve 
Be cos (36) 


dx 
PRICE, VOL. III. pd 
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if s = 0, when 2 = 0, that is, if s is measured from the lowest 


point of the curve; and from (34), we infer that the horizontal 
tension of the catenary is constant throughout. 

Let us however deduce the properties of the curve from first 
principles ; and suppose the curve, see fig. 59, to be suspended 
from two fixed points, a and B, in the plane of the paper, which 
is supposed to be vertical; let c be the lowest point of the 
catenary, and let a vertical line through it be taken for the 
axis of y, and let the horizontal line, which will also touch the 
curve at c, be the axis of 2 Let cm=a@, mMp=y, the arc | 
cP =Ss, p=density at Pp, »=the area of the transverse section 
of the cord. Then the arc cp, after it has assumed its perma- 
nent form of equilibrium, may be considered as a rigid body, 
and kept at rest by three forces, (1) tT the tension acting at P in 
the direction of the tangent, (2) the weight of the cord cp 


acting vertically downwards and which is equal to [ gpods, and 
0 


(3) the horizontal tension at the lowest point c; as to the last 
force, let us suppose o to be the density of the cord at c, a to 
be the area of a transverse section at the same point, and c to 
be the length of cord such that gacc is equal to the tension at 
c; then by the triangle of forces, these forces are proportional 
to the three lines pv’, f'n, Np, which their lines of action are 
respectively parallel to; and therefore we have 


ds 
Bi Wes ee garg: His 
PT NT NP 
Pre OTN eS Ne 
but ria — dy — ax’ 
— [9098 sane 38 
ds 8 hy ae (99) 
so that the equation to the curve is given by 
dy . 
(area = [pods (39) 
and the tension at any point by the equation 
ds 
T= gaoc ae (40) 


138.] Let » and p be constant throughout the cord; so that 
the curve becomes that of a cord of constant thickness and 
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density, suspended from two given points 4 and: B: therefore 
p=o,o=a; and from (89), 


dy 8s 
ws. 41) 
therefore differentiating, and making 2 equicrescent, 
d°y dy? \= 
eFe = (1+54) ; (42) 
dy 
d.—~ 
a. ! 
= i= aes (43) 


and integrating, and taking the limits such that . = 0, when 


x= 0, we have . i oe 
“tog 1 Hei qe pt 3 
d dy)? = | 
Hi (14 ee 
dx dx U 
; (44) 
dx Ah | 
dy = aaa 
= €°—e °; (AS 
© e Gens (45) 
and integrating again, and observing that y=0, when v=0, 
we have - > 
2y=C¢ fee+e °}—2e; 
yto=s{erre “}. (46) 


Also Seng the values of — dy pn (41) and (45) we have 


aS fdar th eu) 


and either (46) or (47) is the equation to the catenary of con- 
stant thickness and density, when the lowest point of the curve 
is the origin, and the horizontal tangent at it is the axis of a. 

To simplify the equation, let the origin be moved to a point 
o, see fig. 60, at a distance c below c and on the axis of y, so 
that (46) becomes a x 

y=s{erte}, (48) 

and (47) is unaltered. The horizontal line through o is called 
the Directrix of the Catenary. 

Now c= 0c is the length of a cord of the same thickness and 

pd2 
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density as the cord of the curve, the weight of which is equal 
to the tension of the curve at its lowest point: if therefore a 
smooth small pulley were placed at c, and if over it a cord of 
length c, and of the same thickness and density as the cord of 
the curve, and joined to the arc cp, were suspended, the curve 
would be in equilibrium. 


From (47) He 4) tab oe Ae 
: .P = 5} e° +e c op 
= %; (49) 
c 


therefore from (40), T= gacy; (50) 


that is, the tension at every point of the curve is equal to the 
weight of a cord of the same thickness and density, and equal 
in length to the ordinate at the point. The tension therefore is 
the least at the lowest point of the catenary, and increases 
directly as the ordinate: it is the same also for the two points 
in the same horizontal line. And therefore if, see fig.61, a cord 
of constant thickness and density is suspended over two small 
pulleys a and Bs, and is at rest by means of certain lengths 
hanging over the pulleys, the two ends u and x are in the same 
horizontal line, and the tension at the lowest point c is equal 
to the weight of a cord similar in all respects, and whose length 
is CO. 


139.] Let us investigate some of the more prominent geome- 
trical properties of the catenary. From (47) and (48) we have 


gee Sfer pens}, $= s{ef—e fs 
2 icra, @ 
ee 
= 4, (53) 
yard, (54) 


Now as (48) is unaltered when 2 is replaced by — z, it follows 
that the catenary is symmetrical with respect to the axis of y. 
- Also squaring (47) and (48) and subtracting, we have 
4? — 97 = 4 (55) 
From the preceding equation it will be found that the radius 
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of curvature of the catenary is equal to the normal, and that 
the lines are drawn from the curve in opposite directions ; hence 
the radius of curvature at c is equal to c. Also from (50) 
Tr = garary? | 

= g*a*a* (c? + 57) 

= gator + g2a2o2s? 

= (tension of curve at lowest point)? 

+ (weight of cord of length = s)?. 


Also let a tangent pn, fig. 60, be drawn to the catenary at 
the point p, and from m, the foot of the ordinate, let a perpen- 


. : dx . ; 
dicular to pm be drawn; then since Ws 38 the sine of mpM, 


da 
ds 


= C; 


IM= y 


and therefore from (53) or (41) pn=s=the arc cr. Therefore 
the point m is on the involute of the catenary which originates 
from the curve at c, and m™ is a tangent to this involute; and 
as 11M is the tangent to this last curve, and is equal to the con- 
stant quantity c, the involute is the equitangential curve or 
tractrix, the asymptote of which is the axis of x. Let therefore 
yn and € be the current coordinates to this curve; on = & 
Ni=7; then dn 

dé 


tan IM2 


= — tanmMNn 


NM { c2—n2}2 : 
which is the differential equation to the equitangential curve : 
see Ex.1, Art.101, Vol. II. And producing rn, so that it cuts 
the axis of 2 in 1, pm is the radius of curvature of the tractrix 
at the point n, and nr is the normal; and therefore as mM is 
a right-angle, pn x nt =1M?; therefore in the tractrix 

the radius of curvature x the normal = c?. 
Also the catenary at its lowest point approximately coincides 
with a conical parabola. For taking the equation (46), the 
origin of which is at the lowest point, 


ytc= Ser 4 e*} 


206 THE CATENARY. [ 140. 


c v a \ 28 
yte=5ilt+-+igatiageat-: 3 
x ae? wr 
+1—7\3 1333 — eee 


i a 
Slitisd tiesto 
and omitting terms which involve powers of x higher than the 
second, 


Py) 
y 9c’ 
Pst ecye 


the equation to a parabola, whose vertex is c, whose principal 
axis is cy, and whose latus rectum is 2c. 


140.] The constant c which enters into the equations (47) and 
(48) is to be determined experimentally by means of the ten- 
sion at the lowest point c. Suppose however that the data of 
the problem are different to those which we have taken. Sup- 
pose, for instance, that a homogeneous heavy cord of the length 
21 is suspended from two points in the same horizontal line at 
a distance 26 apart, and that it is required to determine the 
equation of the catenary, the position of the lowest point, and 
the tension at every point. 

Let the origin be taken at the point of bisection of the hori- 
zontal line which joins the two given points; see fig. 62; the 
horizontal line being the axis of xv, and the vertical line mea- 
sured downwards being the axis of y; on =oB' =); let oc=h; 
so that the equations become 


x 


c “ Rael 
hte—-y = ae +e }, | (56) 
LY eek 
2=54" —e 1 (57) 
and in these we have to determine / and c in terms of / and 38. 


Let a be the angle at which the curve is inclined to oB at 
the point 8; then since 


seca+tana = e°¢, 
l 
r 


Also from (41) tana = —, (58) 
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cot a log (sec a+ tan a) 


o~| Os 


cot a log tan (45° 4 5) ; 


whence by successive approximation a may be determined. 


And from (58) peje 4 Bracers 


and from (56) and (57) we have 
Ly ene 
A+e¢ = 51¢ +e e l 
A+lte= ce’, 
h = I {cosec a—cot a} 


a 
= itan 5. 


therefore the tension at the lowest point = pgwl cot a, 
and the tension at B, and at B’ = pgwil coseca; 

thus all the circumstances of the curve are determined. 

Another problem of the same kind is, To determine the form 
and circumstances of the catenary when a heavy homogeneous _ 
string of given length is suspended over two smooth pulleys in 
the same horizontal line, and the ends of the string hang freely 
so that the string supports itself. 

141.] To determine the position of the centre of gravity of 
the cord of the catenary of uniform thickness and density, be- 
ginning at the lowest point c; fig. 60. 


2] ypwds = Jopaxds, os, afas = |evds; 


ze = as—|"5 {ere *} de 
=2s—S {e+e e—2h 
= ws—cy+c’, 
> re a te (59) 
8 
y [ds = | yas 
= ere - ar 
ys = | AC +e ) dw 
omens Sh CH 
aERa eae tis 
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RN a sy CL. 
Dadeacestat Ws $20 Nik 
Bes cia 60 
y oan D) cs 25° ( ) 
And by geometrical construction in fig. 60, 
sd _ ™MP+or 
f= OT+TH, Y= a 


In Art. 118 it has been proved that of all curves which a wire 
or a flexible string of uniform thickness and density and of 
given length with its ends at fixed points can assume, the cate- 
nary is that of which the centre of gravity has the lowest posi- 
tion. The form therefore which a heavy flexible cord of uniform 
thickness and density assumes when suspended from two fixed 
points is that of stable equilibrium. 

142.] Next let us consider the circumstances of a heavy 
string of varying thickness and density, under the action of 
gravity only. ' 

In this case, of course, the equations (38) hold good, and are 


sufficient, viz. 4 
T a hee = 


oF Le ’ (61) 
oY d 
UO Ce a ge S, 
d? 
gaoe —— = Jpo sae (62) 


from which the variation of the density or of the thickness may 
be determined, when the catenarian curve is given; and the 
curve may be found, when the law of the thickness or of the 
density is given: also ie 
T= gace — ; | (63) 
whereby the tension at any point of the curve may be found. 
Some examples are subjoined. 

Ex. 1. It is required to determine the law of variation of the 
thickness of a heavy homogeneous string, that it may be in 
equilibrium in the form of a parabola with its vertex downwards 
and its axis vertical. 

Let the equation be «#2 = 4ay; 

dx dy _ ds d?y Ls 
2a @ ~ Ge ypaal’ de® = Ba? 
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and therefore from (62), as p is constant and equal to o, 

Ste ac = oo" oc 
therefore when 2 is small, w is Peer which fact is accordant 
with the proposition of Article 139. 


- (4.0? + 42)? ; 


Ex. 2. It is required to find the law of variation of the den- 
sity of a heavy string of uniform thickness that it may hang 
in the form of a semicircle with its diameter horizontal under 
the action of gravity. 


dx dy ds 
mele ne a= F a as ; 
ag a ai — ore ee ae 
acca 
Therefore from (62 = Sees 


that is, the density varies inversely as the square of the depth 
below the horizontal diameter of the semicircle. 
Also aoe 


gaoca 
a—y 

If therefore y=a, p=0, T=: that is, the density and the 
tension are both infinite; and rightly so, because the string is 
vertical at the points of its support at the extremities of the 
horizontal diameter of the circle, and there is at them no coun- 
teracting horizontal force to balance the horizontal tension at 
the lowest point. 


Ex. 3. To find the form of a heavy string, the thickness of 
which varies inversely as the square root of its length from the 
lowest point, when it is acted on by gravity. 


In this case Se FUE RE 
Therefore from (61) 


dy IF -ts 
gaoe = J gers ds 


| 
w 
—) 
> 
= 
& 
NH 


dy\? 
Ara) 4 py? dy? \? 2 peu? 
ae eel = 26k, 


dy? \? Sabet oS 3 
{1+ aay 
ax: 


because the origin is at the lowest point, where the curve is 
horizontal; and making obvious substitutions, 

af 
i = (#4 2ax)?, 
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whence the equation to the curve will be found without diffi- 
culty. Also tes 
T= gadce 3 


Ex. 4. To find the equation to the catenarian curve, when 
the weight of each element of the curve varies as the horizontal 
projection of it. | 7 

This case is approximately that of suspension bridges, in 
which each element of the chain has to bear that part of the 
roadway which corresponds to the horizontal projection of it. 

In this case pogds = ppogdz ; 
therefore from (61) 


dy a i 
gaccs aa! Mpwg dx 


= MPpogwr 
1 

ij ia apr: 
Ae: 


the equation of a parabola with its axis vertical and vertex 
downwards. 


Ex. 5. To détermine the equation to the catenarian curve of 
uniform density, and the law of variation of the thickness, so 
that the thickness may be at all points porportional to the 
tension. 

In this case Ces Dk (64) 
therefore (61) becomes 


ne gpptds eo 
ads = dy haa oid 
ay dy ds? 
gaocd.7 = gpyrds, d. 4, = OPE aes 
dy 
ri gppde, 
lee 
Ov? 
log sec pyr” = gppy, (65) 
SCC Ppmx = esPuy, (66) 


which is the equation to the required curve. And if we sub- 


‘ 1 
stitute "5 for gp we have 
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y 

= v 

e* = sec —; 
a 


and if y=oo, x—-"“, which is therefore the greatest value 


9 J 
of v Also 
T = Jacc SC Jppa, (67) 


@ = Yao SEC JppX. (68) 


1438.] In Article 113 it is shewn that of all uniform and heavy 
curved lines of given length joing two given points in the 
same vertical plane, the catenary is that of which the centre 
of gravity has the lowest position; I propose therefore to 
extend the problem to the case of heavy flexible strings of 
given varying density and thickness, and to find the form of 
the curve that the centre of gravity of it may be the lowest 
possible. 

Let the axis of z be vertical, and let the coordinates to any 
point on the curve be 2, y, z, and let the element ds begin at 
this point ; let ds = the mass-element of the string-curve, where 
wis a function of 2, y, z; then Z is to be a minimum, where 


1 1 
2/ nde = | weds (69) 
0 0 


1 
Now i pds is the mass of the string, and this evidently is 
0 


constant, so that the variation of the right-hand member of 
(69) is to vanish consistently with this condition, 


1 1 
3,f pzds = O, and 2.[ ds ths (70) 
0 0 
from the former of which we have 
1 
0 =| d.uz ds 
0 
7 dx dy dz 
=i) \ue(S a.6x2 + ae d.by + ae d.bz) + ds duet 


ge: os dz 1 


Tite ley _ d. pe oa (ea) d.pz 2) by 


(uds+2ds(4) dep 2S) bet 5 (71) 


and from the latter of (70), 
Ee 2 
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iL 
0 =| 5. ds 
0 


i dy dz : 
= E fat ate a) 


+f 4(as( — (H) —2.uZ) ba + (as (#) - é. ph) oy 

( as (34) — 5. wan) oet (72) 

Now for (71) and (72) to consist, it is necessary that 

2 ds (4) ruices eds (4) — dz dy 


nda ds oh dy ds 
as (4) dp So as(T) dy 
du dx 
pds+zds(e) —a op 
= hi Se =o te (73) 
ds (*) d.w 


where A is an undetermined constant; and from these equa- 
tions, when p is given, the equation to the catenary is to be 
deduced. If w=1, the equations (73) become (27), Art. 1138. 


144.] Let us also consider some general properties of a 
string-curve which is under the action of certain forces of at- 
traction or repulsion originating in fixed centres. 

Let the central force acting on an unit of mass of the string 
be Pp, and let the centre of it be the origin; let the force be re- 
pulsive so that its tendency is to remove the molecules of the 
string further from the origin, and therefore the string will be 
concave towards it; if the force is attractive Pp will be affected 
with a negative sign and the string-curve will be convex towards 
the origin. The components of p along the coordinate-axes 
acting on an element of the curve which begins at the poimt 
(xv, y, 2) and at a distance 7 from the centre, are 
= oles ‘ Y= FY yy == ie ; 

r r ye 
so that the equations (12) become 


ds 


dy Py 


ee + pods — = ° 
i (74) 


dz PZ 
a. We + pwds oC 


I 
= 
Cie 
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multiplying the second of these equations by z, and the third 
by y, and subtracting, 


PP TT 0; 
integrating zT o —yYyT r& = == ty | 
similarly mG — 27 o = =i igs > (79) 
ie — xT oh = hg J 


and therefore multiplying these last equations severally by 


z, and addi 
v,Y, 2, and aciaing, Ayet+hey +h3z = 0; (76) 


which is the equation to a plane passing through the origin, 
which is the centre of force: whence we infer that the curve 
and the centre of force are in one and the same plane. 
Let this plane be the plane of zy, so that z= 0; equations 
74) become 
‘e Renee — 0.1] 
ds r 


(77) 
dy pe i 
d.1 7+ pads — S= 0 . 


Differentiating the first terms of these equations, and elimi1- 
nating dt, we have 
dy d?2—dzx d*y 
jp Les ee 
ds 
If therefore pis the radius of curvature of the string-curve 
at the point (#,y,2), and if p is the perpendicular from the 
origin on the tangent at the same point, 


+ pods = (e@dy—ydx) = 0. 


T Bo 
oy re 
Tr—ppope = 0. (78) 


Again, differentiating the first terms of (77), and multiplying 
the first by a} and the second by a , and adding, we have 


dx ,dx dy , dy xdu-+ydy 
dngn \F de + pact + + pop - 


and if s is a ee 


349) 


dx dy , dy _ 


= “ds * ds “ds 
and wr4y? = v2, ~. wde+tydy =rdr; 


0; 
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dt+pordr=0; (79) 
and therefore from (78), dt oo ea = 0, 
but hex ils aie poe ae 
dp Ie 


and integrating, if Tt) and pp are simultaneous values of T and p, 


we have Tp = TP) = a constant ; (80) 


hence we conclude that the tension varies inversely as the per- 
pendicular on the tangent from the centre of force; equation 
(79) is the equation of statical moments with respect to the 
centre of force, and might therefore have been deduced directly 
from equation (57), Art. 48. 
Hence eliminating t between (78) and (80), and replacing p’ by 


: rdr 
its value ——, we have 


d 
7 dp _wprdr_ 
pe PyT sien © 
1 
is < | ceeaes (81) 
Pp PoTo 


the limits of the integral being given by the conditions of the 
problem. From (81), when P is given, the equation to the 
catenarian curve is to be found; and if the curve is given, P 
may be found; also from (79) or (80) the tension at any point 
of the curve may be found. 


145.] As an example of the preceding expressions, let us 
suppose the force to vary inversely as the square of the dis- 
tance, and to be attractive ; and let us also suppose the cord or 
chain on which the force acts to be uniform in thickness and 
density. Then 


pie aes 


2? 


therefore from (79) 
. i 1 
n—1) + pop(— = =) — 0; 
where T) and 7p are initial given values of tT and r. 


Also from (81) y} y f oH ( 1 1) 
P fo poo "0 Pe 3 
and if —fP — —¢, bares sail = — ck, we have 
PoTo Po PoroTo 
A = 3 — ck, 
p r 


= cu—ch, 
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if w= z ; and therefore by equation (19), Art. 221, Vol. I, 


Cwe—20ku+ ek? = en 


- 3 
Ey ae 
eae ae 
D 
ae = (7?—1)¥—2Ckut+cPk?; (82) 


and the integral of this equation will be of three different forms, 
according as c is greater than, equal to, or less than, unity. 

(1) Let c? be greater than unity; then if c?—1 = n?, the in- 
pa of (82) is of the ay 


U—-a = 5 (enemy, 
(2) Let c? = 1, then the integral is of the form 
c 
r= To@2: 


(3) Let c? be less than unity; then if 1—c? = n?, 
u—a = bcosné. 


146.] There is one other class of problems connected with 
the present subject, and which must not be omitted. Suppose 
a perfectly flexible and inextensible string to be in contact with 
a rough surface under the action of given forces, and to be on 
the point of motion in the direction of its length, so that the 
friction of the surface is a force which acts in a direction con- 
trary to that of the motion: then if rds is the pressure on the 
surface of a length-element of the string, and rds is the friction 
corresponding to ds, and yp is the coefficient of friction, see 


ert G8, Fds = pRds; (83) 


and as F acts in the direction of the line along which motion is 
about to take place, the components of rds are 
Fdx, F dy, KF dz, 
or, pRdag, pRady, wRdz; 
so that the equations of pressure become, see Art. 136, 


dx U 
. : an 4 Me ee =~ = 0 
q.t = +pox ds pray Bas | 


dy 


d.n 7+ pox ds—prdy +R — ds 


oF Uae: (84) 


dz Y) 
Ge POA — ER Ae B — ds = 0 | 


and from these equations general properties may be deduced. 
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Let us however consider a special case: that, viz., of a flexible 
cord, which I shall imagine to be without weight, in contact 
with a rough circular cylinder, in a plane perpendicular to the 
axis of the cylinder, and with given forces acting at the ends of 
the string. 

Let fig. 64 represent the string resting on the cylinder, of 
which the plane of the paper is a section perpendicular to the 
axis of the cylinder: let the string be in contact with the 
cylinder over an arc which subtends at the centre the angle 
AcB=a; and let the tension at the ends of the string be F and 
F ; and these are also the tensions at a and B. Let ac=a, 
ACP=0, pcq=d0é; and let the line ac be the axis of z, and c 
be the origin. Then at the point p(a,y), since x= ¥y=0, 


dx Lv 
d.1 — pRdx + Rds — =) | 


: (85) 
dod 1 ieee { 
ds a 


therefore differentiating the first terms in each, and multiplying 
them respectively by dw and dy, and observing that xdx+ydy 
= 0, because 2? +y? = a’, 
dt—prds = 0. (86) 
And again, differentiating the first terms of (85), and multi- 
plying the first by dy, and the second by dx, and subtracting, 


dx dy Rds 
: \ aya S ad dvd. +" (wdy—ydu) =0; (87) 
dyd*x—dxd*y  & ee 
Serpummeey: Fe yame 7a + 7 (w dy —y dx) may ff 
Law. (88) 
And since ds = adé, from (86) and (88) we have 
dv ip 
ry — pd, log 5 = 0; 
Ta ens (89) 


and therefore if ¥’ is the tension of the string at B, just as mo- 
tion begins to take place, 
F= FeM?; (90) 


therefore also T = FerO-o), 


F 
mo ite 
ary oe ; (91) 


Qi 
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therefore the whole pressure on the cylinder 


= | nade, 
0 
["venras, 
0 


es (ney: (92) 
a 


Now from (90), r —r = r(e"*—1): if therefore a string, with the 
forces F and ¥’ acting at its ends, passes over a rough cylinder, 
and if the part of the string im contact with the cylinder sub- 
tends an angle a at the centre, motion will not take place so 
long as the difference between the two forces does not exceed 


F(e#*—1), (93) 


147.] Ex.1. A string passes over three rough cylindrical 
horizontal bars which are at equal distances apart, and the 
lower two of which are in the same horizontal plane; and at 
the ends of the string weights are suspended: find the differ- 
ence between them just as motion begins to take place. 

Let F be the less, and ¥’ the greater weight, 1, the tension of 
the string between the first and the upper bars; tT, the tension 
between the upper and the third bars: therefore 

vy) = Fe"s, Ts; ='ne"s, Wf = T:e"6; 
F = Fer; ov. F—F = F(e"™—1), 

Ex. 2. A string passes over a rough horizontal cylinder; and 
two weights p and q are suspended at its ends so that P is just 
beginning to descend; what weight must be added to q, so that 
q may be beginning to descend ? 

Let q’ be the additional weight required ; then we have 

P= gen", Q+Q = Per"; 
He oe. 


Q= <e 
Q 


Suction 2.—The action of forces on elastic bodies. 


148.] Our knowledge of the internal constitution of bodies is 
doubtless very imperfect ; but so far as it goes there is no ma- 
terial substance in nature, the relative positions of the particles 
of which are not changed when the matter is acted on by ex- 
ternal pressures: if a force acts on a body at a certain point, 


and in the way of pressure against it, the particles of the body 
PRICE, VOL, III. it 
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at, or about, the point of application, approach to each other; 
and if the force is a pulling force, the distances between the 
constituent molecules of the body, at and about the point of 
application, are increased. It seems indeed that a body is made 
up of a system of molecules, infinitesimal in volume, and at an 
infinitesimal distance apart, and that these are held in a state 
of relative rest by forces acting reciprocally from one to another ; 
and that these forces are functions of the distances between the 
molecules; and that when an external force acts on the system, 
the molecules are either separated farther from, or are brought 
nearer to, each other, by reason of the action of the force; 
so that either a compression or a dilatation of the system takes 
place ; all bodies, that is, are compressible and extensible to a 
certain degree: the relative position of the molecules is not the 
same when the body is free from, and when it is subject to, 
external pressures. Into the particular mode of action of such 
forces on the constitution of a body, or the change of molecular 
action of the internal forces under the influence of such external 
force, I shall enter only briefly, and generally; the special 
study of such a subject belongs to other branches of physical 
mathematics; and now we have not data sufficient for the 
fuil solution of the problem. But I would observe, that our 
previous results of forces acting on rigid bodies, that is, on 
bodies the constituent molecules of which are in a state of 
relative rest, are not hereby falsified, because the molecules of 
the body though disturbed at first are ultimately in relative 
rest. It is the amount of this disturbance which we shall 
generally calculate: and upon the hypothesis of the truth of 
certain laws, which laws will not be deduced from more remote 
principles. 

The disturbances or displacements which the molecules un- 
dergo are of three kinds: there may be (1) a longitudinal com- 
pression or dilatation ; I shall calculate the effects of this on a 
bar or a string: (2) a flexure, as of a shell or a lamina: (8) a 
twisting or a torsion, as of a twisted bar. Now in all these, as 
in all similar displacements, there is the same result; no dis- 
turbance or disarrangement, at least within certain limits, takes 
place, unless there is also called into action a force of restitu- 
tion, whereby the body tends to recover its former state; the 
molecular forces are such that, so long as temperature, &c., 
remain the same, they tend to bring the body back again into 
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that state which it had before the disturbance due to the external 
force: this energy of restitution is called Hlasticity ; “La force 
elastique,” says D’Alembert in the Encyclopédie, art. Elasticité, 
“est une propriété ou puissance des corps, au moyen de laquelle 
ils se rétablissent dans la figure et 1’étendue, qu’une cause 
extérieure leur avait fait perdre.”” Thus elasticity in the first 
‘of the three cases mentioned above, is the tendency which a 
stretched string has to return to its former and unstretched 
length: im the second case it is the force of a spring, as that of 
a coil which is the motive power of a watch: in the third case 
it is the force of return which a twisted wire exhibits, as in 
Coulomb’s Torsion Balance, or in Cavendish’s experiment with 
leaden balls. Let this term then be plainly distinguished from 
expansibility, extensibility, compressibility, and so on: it is conse- 
quent upon these last, but expresses a property quite distinct from 
them ; and the greater or less perfectness of elasticity of a given 
substance depends on the degree with which it recovers the 
state, as to the arrangement of its molecules, whence it has 
been displaced: if the state is altogether recovered, elasticity is 
perfect : if the body remains in the state into which it has been 
put by the disturbing force, it is said to be wholly inelastic: 
neither of these conditions is ever fully satisfied in nature. 
Thus much as to elasticity is sufficient for our present purpose. 


149.] In the first place let us investigate the most simple 
case: that, viz., of an extensible string, which is stretched by 
the action of certain forces. 

The law to which the extension is subject, and which is com- 
monly called Hooke’s law, is, The extension is as the tension: 
that is, the length added to an extensible string by means of a 
stretching force varies as the force. Also the same law may 
be supposed to be applicable to compression, that is, the 
compression varies as the compressing force. Suppose the 
length of an extensible string of an unit-length, and the area of 
whose transverse section is an unit, to be by the action of an 
unit-force increased by a quantity e, so that 1 becomes 1+ e; 
then, by reason of the preceding law, under the action of a force 
T, the length is increased by ev, so that 1 becomes 1+ er; and 
therefore, the circumstances as to thickness, density, &c., of the 
string being the same throughout, the length of a string of 
length a becomes a(1+er); e is called the coefficient of elasti- 

EFL2 
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city. Ifthe stretching force is not the same throughout the 
length of the string, this formula is inapplicable as it stands ; 
but we may resolve the string into infinitesimal parts, and 
apply it to each of these. 

It is sometimes convenient to express e in another form. Let 
a be the length of a when stretched by the constant force 
throughout ; so that ee Taceny (94) 


and let & be the value of 1, when a is stretched so that its 
length is doubled : 


then 2a = a(l+es); 
] 
and (94) becomes Re ne . 
Pe poem or =) : (96) 


EB is called the Modulus of Elasticity. 


Ex.1. A heavy extensible string of constant thickness and 
density is suspended by one end, and hangs vertically ; it is re- 
quired to find the length of it thus stretched. 

Let o, fig. 68, be the end by which it is suspended: a= the 
length of it when unstretched: oa = a’= the length when 
stretched: p= the density: » = area of transverse section: g = 
earth’s attraction on an unit-mass: op = 2’, pPg@= daz’: and sup- 
pose 2 to be the distance of P from o, when the string is not 
stretched: then the weight of pA =pgw(a—a): and this is the 
' stretching force on pa: therefore 
dx’ = dx {\l+epga(a—2)}; 


| «| = | "+ epgo (a—a)} de: 
0 vo 


2 
OG =90--+ oo 5 
=o} 14 PEeRt (97) 


If the whole weight of the string had been collected at the 


lowest point, then a = a{l-+epgwa}; (98) 


and therefore by its own weight the string is stretched only half 

as much as it would be, if it were collected at its lowest point. 
If p or varies, the corresponding alteration must be made 

in the preceding integral. | 


ix. 2. A heavy extensible string of constant thickness and 
density is suspended by one end, and hangs vertically; at a 
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given point in it a weight is fixed; it is required to find the 
length of the string thus stretched. 

Let o be the end by which it is suspended: let a be the point 
at which the weight, say w, is placed, oa=a, an= 40, a and 6 
referring to the string unstretched: then, using the same symbols 
as in the preceding Article, we have 


a b 
a+), =/( asada sage +pgwe(b—x)\ dex 


= a+b+ewa + 22°" "(a a+ 6). 


Ex. 3. Two weights P a q resting on two inclined planes, 
fig. 69, are connected by an elastic string pq; it is required to 
find the position of equilibrium. 

Let cp=w, cg =y; let the inclinations to the horizon of ca, 
cB, PQ be a, 8,0; let the tension of Pa=T, and the unstretched 


leneth — a: PQ =a{l+er}. 


Then resolving along the planes, and eliminating 1, we have 
Q sin 8 cosa—P sina cos 8 


ae ar: (P+ Q) sina sin B ; 
epsina 


Ex. 4. A heavy elastic ring is placed round a smooth vertical 
cone, and descends by its own weight ; it is eats to find the 
position of équilibrium. 

Consider the cone to be the limiting form of a regular pyra- 
mid of m sides, of which two adjacent ones are the triangles 
APQ, AQR in fig. 70: and let PQ and gr be two adjoining ele- 
ments of the string which rest on these sides: let the triangles 
APQ and Agr be bisected by the lines ap and ag drawn to the 
middle points of their bases; and so that the string contained 
between p and g is the nth part of the whole ring. Let w 
=the weight of the ring, a=the radius of it unstretched; 
r=the radius of it stretched; ee the vertical angle of the 


cone ; ieee the weight of pag = ~, and this resolved along 
AQ= - cosa: now the other re acting on pag are the two 


tensions along pe and aq, and these are equal to each other 
and to 7 (say); let agp =aqgr= 8; and resolving along AQ, we 
have ig 
one = 27 cosB; 
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20r = 2na{1+erT}, 


ew cosa 
r= a\l4 t; 


2n cos B 
but cos 8 BD da a a 
AQ NOQ 
r= ahi oerat (100) 


and this determines the position of the ring. 


150.] The last example of the preceding Article differs from 
the former in that the string, by reason of its increased length, 
also undergoes a change of curvature; and this change of form 
is doubtless to a certain extent resisted, or favoured, as the case 
may be, by the elastic forces of the matter of the string: that 
is, by those forces of elasticity which affect the curvature of the 
string. And of these forces no account has been taken; the 
ring is supposed to be perfectly flexible, and yet extensible. 

We may however consider, in a more general form, the curve 
which is taken by a string, perfectly flexible, and extensible 
according to Hooke’s Law, under the action of given forces. 

Let ds’ be a length-element of the curve before it is stretched, 
and ds the corresponding length-element in its stretched state : 
then, if T is the tension, 

ds = ds’ (1+ et); (101) 
also let the thickness and density of the curve when stretched 
be the same throughout the length ; this supposition is of course 
generally only approximately true in applications; and let x, y, z 
be the impressed forces acting on an unit-mass of the string 
before it is stretched, then the equations (12), Art. 1384, become 


poxds+(1-+en) dre = ps 
povds+(1+er) dr =) é (102) 


pozds+(1+ en) dae = 0 


from which the general properties of the curve are to be de- 
duced, and the properties of any particular curve when the im- 
pressed forces are given. 


Let s be equicrescent ; then, expanding the last terms of each 
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of the equations (102), and multiplying the equations severally 


y a a, = and adding, we have 
pw{xder+ydy+zdz}+(1l+ter)dr = 0. (103) 
And from (101), edt = d. a : 
po {xdx+ydy+zdz\ + : oe eo se (Py 
po {xdo4ydy+ndz} + 5d. (S) = — AF. (104) 
whence by integration e. and thence the extension of the 


string, may be determined. 


151.] Suppose however the string to be heavy, and gravity 
to be the sole acting force: the string-curve will manifestly be 
wholly in one vertical plane. Let the plane be that of vy, and 
let the axes of x and y be respectively horizontal and vertical : 
and let the curve be above the axis of #: then 


x=—Z>= 0, Y= —JY; 
therefore from the first of (102) 
dx 
d. em 0; (105) 


and therefore the horizontal tension is constant throughout the 
curve: let it be equal to the weight of a string of length c, the 
thickness and density of which are the same as those of the 
string-curve: then integrating (105) we have 

dx 


To, = pocg. (106) 


Again, from the second of (102), 
owgds = (1 - eT) a.v a 


ds d 
ds o(1+epacg<)d. - (107) 


To integrate these, let = = tant; therefore from (107), 


ds = c(1+ epecg sec rt) d.tanr, (108) 
dz = dscost = c(cost+epwcg) d.tan rt, i . (109) 
dy = ds sint = c(sint+epecg tanr)d.tanr | ” 


and integrating 
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“&L£= c } log tan (7 +5) + epwcg tan rt, (110) 
ay c } sec r+ PE (tan De (111) 


the limits of integration being such that 7 = 0, y= ec, when 
7 =O; so that the axis of z is the directrix of the curve, and at 
a distance c below the lowest point of the curve; and the axis 
of y passes through the lowest point. Also from (108) and 
(106) we have, 

epacg 


i 
2 a EN aa 5) 


(tan r sec 7 + log (tan 7 + sec nyt pat Lie 


T = pocg Sec T. (113) 

If 7 is eliminated by means of (110) and (111), the resulting 
equation is that of the string-curve: the expression however is 
so complicated that it is not worth while to write it at length. 
But in the case wherein e is small, and the second and higher 
powers of it may be neglected without appreciable error, from 


(110) we have, oe ake 
sint = ———_; (114) 
ée +e x 
and therefore from (111) 
O42 4 rH, cpacg (f 6 fy 
=i ae + PE (e —e Be (115) 


which is the equation to the catenary of slight extensibility. 
Also to determine the increase of the length of the are, in this 
case we have from (101), 
; ds 
ds’ = ——— 
l+er 
ds (1— er); 


therefore from (118), and neglecting terms in (111) involving e, 


ds’ = ds—epwcg sec tds 
= ds—epwgy ds, 
ds — ds’ = epwgyds, 


s—-s = epog | yds. (116) 
Now if y is the distance from the directrix of the centre of 
gravity of the arc s, ; 
ys = | y ds ; 


s—s' = epogsy; 
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that is, the increase of the arc s due to the tension varies as the 
distance from the directrix of the centre of gravity of the arc. 


152.] Instead however of proceeding farther into the discus- 
sion of particular problems of elastic strings, elastic membranes, 
and springs, it is better to enter at once on the general investi- 
gation of the equations of equilibrium of elastic bodies: because 
these may be applied to the solution of particular cases, and 
because they, in an extended sense, will be required in a future 
part of our work. But to this end some of the more prominent 
physical properties of such bodies must be stated with greater 
precision than heretofore. 

A body consists of material molecules, the relative positions 
of which are assigned by the action of certain forces of which 
the molecules are the subjects: and a body is supposed to be 
rigid, either when the relative position of the molecules is not 
changed, or, if changed, when the displacements of them are 
infinitesimally small, and not taken account of, by the action 
of the other external forces. The internal forces which act on 
the molecules are of two kinds: firstly, there is an attractive 
force arising from the mutual action of the molecules, and which 
is commonly called the force of cohesion: and, secondly, a re- 
pulsive force depending on the heat of the body; and such that, 
when the heat of the body is increased, the repulsive force is 
also increased: when these two forces balance each other, the 
molecules of the body are at relative rest. The action of the 
former is the subject of inquiry in the following Articles. And 
I shall suppose no change of heat in the body to take place 
owing to a change of temperature in the surrounding medium ; 
and no increase of heat to be developed in the body itself by 
reason of the change of position of the constituent molecules: 
so that hereby our inquiry will be restricted to the change only 
of the molecular attractions or repulsions; to the change only, 
I say ; because the original molecular forces and the heat-forces 
are in equilibrium of themselves. This hypothesis is doubtless 
only partially verified in nature: for no change of position of 
the molecules—and it is such a change which an alteration of the 
molecular forces necessitates—can take place without velocity 
being communicated and absorbed, and perhaps transmuted 
into heat: this change however of the heat-forces must be 
neglected at present. 
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153.] Imagine a body to be under the action of no external 
pressure, and its molecules to be acted on by no external forces, 
so that the molecules are in a state of relative rest from the 
action of the molecular and the heat- forces: also imagine, by 
reason of some external force, the distance between two mole- 
cules, which are so near as to attract each other, to be altered ; 
then a new force will be brought into action, and this will be 
attractive or repulsive according as the original distance be- 
tween the molecules is increased or diminished. Suppose the 
original distance to be 7, and the increase or diminution of it, 
which I shall call the dilatation, to be dr: then the force thus 
‘brought into action is a function of the original distance r and 
also of dr. We know that this force is zero, when dr = 0, what- 
ever is the distance 7; and therefore dv must enter as a factor 
into its mathematical expression: and as dr is infinitesimal, we 
may reasonably suppose that it enters in the first degree, and 
that all higher powers of it must be neglected; also the force 
decreases rapidly as 7 increases, and vanishes when r becomes 
finite. The law of it therefore may be expressed by 

F(r) dr, (117) 
where F(r) is a function of 7 which vanishes when 7 is finite. Of 
the form or properties of F(7), we can say no more at present. 

The greatest value of r for which the molecular forces act on 
a given molecule is called the radius of the sphere of molecular 
actwity: so that the centre-molecule is acted on by all the 
molecules within the sphere of activity, and by none outside 
of it; the sphere therefore includes many molecules, and the 
radius of the sphere is infinitely greater than the distance be- 
tween any two adjacent molecules, whatever is the molecular 
constitution of the body. Now imagine Pp to be a molecule of 
an elastic body, and imagine the sphere of activity to be de- 
scribed about P as a centre: let any plane be drawn through p, 
whereby the sphere is divided into two hemispheres: and at Pp 
in the dividing plane let an infinitesimal surface-element w be 
taken, and imagine, on w as a base, a cylinder to be taken which 
is bounded by the surface of the sphere of activity : let us confine 
our attention to one of the hemispheres. When the molecules 
are displaced by the action of external forces, the small cylinder 
standing on @ is displaced, and a force acts on , which is pro- 
portional to w, and which may therefore be represented by ea, 
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where e is called the coefficient of elasticity, and eo is the elastic 
force exercised by the hemisphere on ; the line of action of 
this elastic force is, in general, inclined to the normal of the 
plane of w, and the force may be either attractive or repulsive 
along its line of action: if the line of action of ew is normal to 
w, the elastic force is an attraction or a repulsion according as 
it tends to draw w from, or to press it towards, the dividing plane 
of the sphere. If the line of action of the elastic force is parallel 
to the plane of o, it tends to make the cylinder slide on the di- 
viding plane, and it is then called the tangential elastic force. 

In a similar way if the cylinder raised on o is in the other 
hemisphere of the sphere of activity, the resultant of the forces 
which act on this cylinder is the elastic force e’#, which varies 
as w, and whose line of action may have any direction. If the 
plane is at rest, the elastic forces ew and e’@ which act on it 
are equal, and have the same line of action, and act in opposite 
directions. 

The elastic force ew, corresponding to w, will doubtless not 
be the same, throughout every body, as to intensity and line 
of action, even if » remains equal and moves parallel to itself; 
also at a point Pp, it will generally vary as the direction of is 
changed, that is, as the ‘position of the dividing plane of the 
sphere of activity is changed. In crystallised bodies, this 1s 
evidently the case: because such a body consists of molecules 
which have different attractive powers in different directions, 
and at their different faces, and admit of different compressions. 
And, similarly, if the texture of the body is fibrous, the elastic 
force in the direction of the fibre is doubtless different to that 
which is transverse to the fibre. Also in bodies of such textures 
the surface which limits the distance of molecular activity is 
generally not a sphere: a sphere however is sufficient for our 
definition of elastic force. Thus in the functional expression 
for the molecular force (117), F(r) will vary as the direction in 
which v is taken, and will therefore be a function of the direc- 
tion-angles which determine 7: and it will also generally change 
with the temperature, and as the temperature varies from one 
point to another, so will also F(r). 

Our problem is this: we shall consider a body of any mate- 
rial and form, the constituent molecules of which are subject to 
forces of the kind which we have stated. Other external forces 
act on it and produce displacements of the molecules, and hereby 
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bring elastic forces into action: the effects of these forces are 
to be determined. 


154.] Let w be an infinitesimal surface-element in the inte- 
rior of a solid and elastic body, and let the elastic force acting 
on it due to the action of given external forces be ew; suppose 
the direction-angles of the line of action of this elastic force to 
be a, 8, y: so that the components of it along three rectangular 
axes of coordinates are 

ewcosa, ewcosf, ewcosy; 


then, by the preceding Article, these quantities are functions 
of x, y, z, the coordinates of , and of the direction-angles of 
the normal of o. 

Let the solid body, the equilibrium of the elastic forces of 
which we are about to consider, be referred to a system of rect- 
angular axes: and let the coordinates to a certain volume-ele- 
ment of it be x, y, z: let p be the density of the volume-element : 
then the mass-element is pdx dydz: also let x, y,z be the com- 
ponents of the impressed external pressures acting on a mass- 
unit; then the components of the impressed pressures acting 
on the mass-element are 


pxdxdydz, pydxrdydz, pzudxdydz: (118) 


and as the elastic forces, which these bring into action, are in 
equilibrium with these pressures, they must satisfy the six equa- 
tions of equilibrium. Let us therefore investigate the elastic 
forces which are active on the mass-element,. 

Now dy dz is the area of that face of the element which is 
perpendicular to the axis of w: let the elastic coefficient cor- 
responding to it be e;, and let the direction-angles of the elastic 
force be a, 8,71, so that the components of the elastic force 
acting on the face dy dz are 


dy dze,cosa,, dydze,cosB;, dydze,cosy,; (119) 


hence also the components of the elastic force acting on the 
opposite face of the elementary parallelepipedon are 


da dx 
d.e, COS y1 
dx 
and these of course act in directions opposite to those of 

(119), and the differences are 


, dy de, cos eee dy dz Jer 00s fy + Ea, 


dy dz 21 cos y; + —— da 3 (120) 


— dx dy dz 
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d.e, COS a, 
ar 4 
similarly, if the subscripts 2 and 3 refer to the faces perpen- 
dicular to the axes of y and z, we have the components of the 
differences between the elastic forces on the opposite faces, 


— COS yj 


— dx dy dz — dx dy dz 


de, COs By 
SES ; (121) 


a. €s, COS ag , 2.€2 COS Bs , d.€3 COS Yo 
— dan ly by SEES 8, — tardy dy 8 OSB — de dy dz mb sch . (128) 


And these forces are in the aggregate to balance a im- 
pressed pressures given in (118), so that 


d.e,;cosa,  d.e,cosa,  d.e3 COS a3 at 
ce as) I a Po : 
d.e,coSB,  d.e,cosBz  d.e3cos B3 
fT ne At Se Ds ne = 0 >. 
Rene ay Pee gg HP (124) 
d.e;cosy,  d.€,coS yz  d.egcosy3 at 
es ada ae OD 


These equations however admit of simplification by reason of 
the equations of moments given in (95), Art. 57, which signify 
that the moment-axes of the couples turning the element about 
three axes parallel to the coordinate axes vanish. For suppose 
the three rotation-axes of these couples to pass through the 
centre of the element: then x, y, z act at the centre, and have 
no effects of rotation: similarly the lines of action of e, cos aj, 
€; COS Bz, €3 COS yz, and of their increments pass through the 
centre of the element, and have no effects of rotation. 

And as to the other faces ; for the moment-axis of the couple 
whose rotation-axis is perpendicular to the face dydz, we have- 
no moment of rotation for e; cos 8, and for e, cos y; and their 
increments, because their lines of action pass through the centre 
of the face; nor for e, cosazg and e3 cos ag and their increments, 
because their lines of action are parallel to the axis of 2: so 
that there remain only e; cos yz and e3cosf3 and their incre- 
ments ; and in respect of these we have 


dx dy dz de, COS da dy dz 
€2, COS Yo : + Ne COS yz + Re dy * 


dx dy dz d.es COS ) dx dy dz 
— €3 COS B33 : — }ea.08 fa + “25 at 5 ae 


Therefore, neglecting infinitesimals of the higher orders, 
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€ COS yz —€3 COS Bz = O: (125) 
for a similar reason 

€3 COS ag —€) COS y, = O, (126) 

€; COS Bj —@, COS ag = O; (127) 


therefore of the nine elastic forces contained in (124), only six 
are independent. 

Let the components of the elastic forces which are normal to 
the three sides of the parallelepipedon, respectively perpendi- 
cular to the axes of a, y, z, be Ni, No, N3; and let 

€2COS yz = €3 COS P3 = Ty 
€3COS 3 = €,COSy,; = Te f 
€, COS By = €2COS ag = T3 


(128) 


where T), Ts, Ts; are the tangential forces which tend to turn the 
element about axes through its centre severally parallel to the 
axes of 2, y, z: so that (124) become 


adn, dtz; dt, 
git dy 1 ae ne | 
fits gas OT atit, =0 $; (129) 


dx" dy + de 
dt, dt, 4xaNg 
aes dy. | Gaia cee 
which equations express the equilibrium of the elementary 
parallelepipedon. 


155.] Thus also will the sum of them express the equili- 
brium of any finite portion of a solid body, whatever is its 
position and its form, provided that it is decomposable into 
rectangular parallelepipeda, the forces of which are parallel to 
the coordinate planes. If however the bounding facets of the 
body are inclined to the coordinate planes, the residue of the 
body over and above these parallelepipeda will consist of tetra- 
hedra, the equilibrium of which under the action of forces 
acting on their surfaces requires further investigation. 

The tetrahedra, according to the mode of resolution explained 
above, will have three faces at right angles to each other: let 
the fourth face, or the base, be inclined to the coordinate planes 
at the angles whose direction-cosines are J, m,n: so that these 
are also the direction-cosines of angles which its normal makes 
with the coordinate axes. Let the area of this face be ow, and 
let the external forces acting on it be wx’,y’,wz’. Let the 
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elastic forces acting on the three facets which are perpendicular 
to each other be expressed by the same symbols as in the last 
Article: and the area of these three facets are wl, om, on: so 
that the equations of equilibrium are 
IN| -+mT3+n”T,—x’ = 0 
IT3+MNog+nT;—Y = O } 
lt, +m1,+2N3—zZ = O 


(130) 


the three equations of moment-axes have already been intro- 
duced into these equations by the same process as in the last 
Article. 


156.] For the equilibrium of a finite portion of an elastic 
solid, (129) and (130) must be satisfied throughout the body 
and its whole surface respectively. Let us therefore multiply 
the first of (129) by dxvdydz, and integrate throughout the 
body, so that we have 


iis oN daly dz +-| [O° * de dy ac +f <= dw dy de 
ifecieane = Ow Cloey 


In the first term of this expression, let the #-integration be 
performed ; whereby we have 


i. /[ [=] dy de: (132) 


[=] being the definite integral of n,, the limits of which are 


given by the bounding surface of the solid. Now if o; and a» 
are the areas of the facets of the small tetrahedra at these 
limits, and J, m, 1, J) mo m are the direction-cosines of the nor- 
mals of these facets, since dydz=lo, (132) is the difference 
between the values of N,w/ at these two limits; and which we 
may represent by =.N,o/, wherein the sign of summation ex- 
tends to the whole bounding surface of the body: and operating 
by a similar process on the second and third terms of (131) we 


Se een 0+] [[oxdedy dz — O20 eee 


and therefore substituting from (130) we have 


=.X'o +|[[oxdedy dz ==), 


and using the notation of Art. 134, Vol. II, and writing down 
the equations which follow from the second and third of (129), 
we have 
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[ [x2 avdy +] [pxax dy de aap 
/Q , ba 
[fx ae ay +|[[oxde dy az en i (134) 
,Q he , 
[fa deity +] ] [onde dy dz = 0 | 


which equations express the conditions that the sum of all the 
components of all the forces along the three coordinate axes 
are equal to zero. 

Again multiplying the second of (129) by z, and the third by 
y, and subtracting, we have 


d(zt3—YyT2) | d(ZN2—YT1) Mtge a 

dx % dy dz | 
the differentiations being partial. Now if we multiply this ex- 
pression by dx dy dz, and integrate once each of the triple inte- 
grals, and follow a process similar to that pursued above, we shall 


have ie (zy — yz) daxdy +{][e@x—y ant 
| [2x 2x) dvdy +f] ]o@n—v) = 0 Fs 086) 
(lps yx’ —ayydedy +] [|] pyx—av) = 0 


the last two following severally from the third and first, and from 
the first and second, of (129), Thus there are six equations of 
equilibrium of an elastic solid body acted on by any forces. 


+p(zy—yz) =0, (135) 


157.] The preceding investigation shews that the equations 
of equilibrium of an elemental parallelepipedon, combined with 
those for the equilibrium of an elemental tetrahedron are suffi- 
cient for the equilibrium of the whole elastic body: we return 
now to the consideration of the element, and to the calculation 
of the elastic forces which act on it; the circumstances of the 
elements in the interior of the body thus come under considera- 
tion, as well as the determination of certain properties of the 
six elastic forces which are symbolized by the n’s and the 1’s. 
Now the functions, which these symbols express, must satisfy 
the three equations (129), and also be subject to the conditions 
at the surface given by (180); but three partial differential 
equations of the first order will give us only three undetermined 
functions, and the three conditions at the surface can introduce 
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only relations which these must satisfy ; the six quantities, the 
n’s and the 1t’s, must depend therefore on three functions. 

Let the elastic body be referred to a system of rectangular 
axes: let (a, y, z) be the position of a molecule in it: let 
(z’, y’, 2) be the position of another molecule within the sphere 
of activity of the former: and let 

H=xL+h, Yk ¢= z+: (137) 
and let 7 be the distance between these two molecules: now by 
the action of external forces let the positions of these molecules 
be changed, so that (2, y,z) becomes (7+, y+n, 2+), and 
(z’, y', 7) becomes (a’+ ¢, y’ +7, 2'+¢’), and 7 becomes r+ dr: 
then, because £, 7, ¢ are functions of 2, y, z, and £, 7, ¢ are 
functions of a’, y’, 2’, that is, of r+h, y+hk, 2+, by (88), Art. 
~ 123, Vol. I, we have 


dx dy dz 
vm 94 (a) + Cag) 4+ (G2) (188) 
cm c+ (Dns (e+ (B)E 


also 


(r+dr) = (#4+ & —a#x—-€P ++ 7 —y—nPt+ H+ CF —2—0, 


= fn (Ea ee (Pt 


and since é, 7, ¢ are infinitesimals in reference to 2, y, z, neglect- 
ing infinitesimals of the higher orders, we have 


rar = 10() 4 (2) + 0() 


ent} (fm) (4h an ($f 0.89 


let a, B, y be the direction-angles of 7, so that 


h = rcosa, ke == 7, COS: Bb; i= rcosy; 


tem of (i )icort+ (3) corr (ff) om 
+-¢08 8 cosy} (51) — (5) + cos ycos a4 (5 + Cay 


4-08 a.cos 8) (5) + (Bt: (140) 


and this is the general value of the dilatation of the distance 
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between the molecules, which are originally at a distance r from . 
each other. 
If the two molecules are on the axis of 7, a=0, B=y=90°, 


and the dilatation = r i ) ; similarly the dilatation of two mole- 


cules at a distance r from each other on the axis of y is r (7) ¢ 


d d d 
and on the axis of z, (4); ; so that (ap Fae = are 
severally the dilatations of a line of an unit-length in the axes 
of xv, y, and z, and are called the linear dilatations. 

As these quantities lead to an expression which has been 
proved before, in Art. 200, Vol. II, by a different process, it is 
worth while to shew the identity of the results. 

Under the action of the external pressures, lines which were 
originally dz, dy, dz, become 


dv {14 (E)t, a hi+ (Fh de\1 + Gale (141) 


these are therefore the dilated values; and are in fact com- 
pressed values, if the dilatations are negative. 

Hence also an element which was originally of the volume 
dx dy dz, becomes of the volume 


de dy dz\1 + (H) tha +(B)fj14 (Fi 


and neglecting infinitesimals of the highest orders becomes 


de dy de} + (3) + (Ft) + (Sf. (142) 
And therefore the cubical dilatation of the volume-element is 
de dy az }($) 4: (FZ) fe (ee (143) 


158.] To return: in the expression for dr in (140), if the 
position of the molecule, which was originally (a, y, z), and is 
subsequently (w+ y+n, 2+¢), remains the same, and the 
other molecule changes within the sphere of activity, then 
a, 8, y vary, but the coefficients of the cosines involving the 
partial derived functions remain the same. Hereby we are 
able to determine the general form of the components of the 
elastic forces acting on any small area w; for suppose two 
molecules to be at a distance 7 from each other, and suppose 
this distance to be increased (or diminished) by dr: let the 
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mass of one molecule be m and of the other m’: and let the 
attractive or repulsive action due to the dilatation be symbolised 
as in Art. 153, then the attraction or repulsion of the two is (see 


Art.170, equation (1)) | y, (r) drs (144) 


and as the direction-angles of the line of action of this force are 
a, B,y, the components are easily found for this pair of particles : 
now if m is the type-particle of the small cylinder standing on 
w, and m’ is the type-particle of the sphere of activity, the 
aggregate of all the corresponding components will yield the 
components of the elastic forces ; and the results will evidently 
be of the form 


wi = a (Ze) +(e) + (Ze) 
+i} (T+ (Ft + i f(E) +(Blh + wh(E)+(ts a4 
ns = (Gs) +0 (Zt) + of (Z) 


+ oi 4(F) + (Ft + a4 (Fe) + (Ge) + #4 (Ge) + (GI 40 


and where i is to be replaced in each expression by 1, 2, and 3. 

Such are the forms of the general results for the particular 
kind of elastic matter which we suppose to be the subject of 
the forces, and these are arrived at without determining the 
particular form of F(7); each of the above contains six unde- 
termined quantities, which are constant in the case of a solid of 
constant density and constant elastic force, and are functions of 
x, y, 2 if the bodies are heterogeneous, and if they are crystals ; 
and therefore there are in the whole thirty-six such quantities, 
each of which involves a definite integral, and which depends 
on the arrangement and other circumstances of the molecules 
of the elastic body. 


159.] For the purpose of application let us consider the 
forms of (145) and (146) in the case of a solid, homogeneous 
and of uniform elasticity, and in which the quantities a, B, &c., 
are constant; and first let us investigate the elastic forces 
acting on that facet of the parallelepipedon which is perpendi- 
cular to the axis of x. N,, the normal component, evidently 
depends on §, the resolved part of the displacement along the 
axis of #, ina manner different to that in which it depends on 

Hh 2 
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7 and ¢; and by the principle of sufficient reason, it depends in 
the same manner on each of these last two; therefore in the 


; AEN’? 
expression for Nj, the coefficient a of (2) , is different to B the 


coefficient of (3) and of we and for a similar reason 


& + (3 will have a coefficient p distinct from £, which is 
Zz dy 

the common coefficient of the other two terms. Also in the 
expression for 7), the parts of it corresponding to € will be dif- 
ferent to those corresponding to 7 and ¢ which latter will be 
the same. Also on account of the uniform density and elasti- 
city of the body, the same results hold good of the other N’S, 
and of the other 1’s. And we may collect the results in the 
following scheme: 


(2) | (9) | (SE) (GE) + GE) GE) + (ZG) +) 
N,| A B B D E E 
No| B A B E D E 
Ng| B B A E E D 
T | A B B D 1 EB’ 
T,| 3B A’ B’ EB’ D BE’ 
T3| B B’ A’ E BE im 


wherein the several letters placed under the quantities in the 
upper row are the coefficients of the corresponding quantities in 
. the expressions for the n’s and the 1's. 
There are thus eight coefficients: an intelligible conception 
- of a body of constant density, and of an elasticity invariable in 
all directions, will enable us to reduce them to a smaller num- 
ber: for this purpose we assume the two following laws: 
Firstly ; imagine a solid body of the given molecular struc- 
ture to be acted on by a pressure in the direction of the axis 
of z, so that the molecular displacements are in accordance with 
the three following equations, 


= 0, 7 = 0, C= C2, (148) 
that is, the molecules suffer no displacements in lines parallel 
to the axes of # and y, and that parallel to the axis of z varies 


(147) 
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directly as the distance of the molecule from the plane of xy; 
this is therefore the case of a simple pulling force. Now for 
the purpose of determining the special forms of the above ex- 
pressions, let us take a small surface-element w perpendicular 
to the axis of w, raise on it a small cylinder, as in Art. 153, 
and investigate the elastic force acting on it. Now imagine, as 
in fig. 71, ep to be a molecule of the cylinder whose base is o, 
and q to be another molecule within the sphere of activity ; and 
let us suppose P to be on the axis of #: also imagine q’ to be 
another molecule at a distance from P equal to that of a, and at 
the same distance below the axis of x, and suppose all these to 
be in the displaced position of the body: then the actions on P 
of Q and q’ in directions of the axes of y and z neutralize each 
other ; and in the direction of the axis of x they act in the same 
direction ; and therefore the resultant of the action of the pair 
of molecules on P is normal to the base o of the cylinder: and 
as for all molecules in » there are pairs of molecules within the 
sphere of activity, so will the aggregate of all the resultants 
give a force perpendicular to the plane of w, and thus there will 
be no force in that plane. Hence 
2s \emcnid eee OD (149) 
Secondly ; imagine a solid of elastic matter, such as we have 
supposed, to be twisted about the axis of 7; and its nature to 
be such that no displacement of a particle takes place parallel 
to the axis of z, and that the displacements in directions parallel 
to the axes of w and y are proportional to (1) the distance of 
each particle from the plane of vy, (2) the distance of each par- 
ticle from the axis of z: then, if & is a constant, 
&€= —kyz, y= KnzZ, Reet), (150) 
Let us investigate the elastic forces acting on a cylinder 
perpendicular to, and raised on, a small plane area perpen- 
dicular to the axis of w. In fig. 72 let ep be a molecule within 
the cylinder; and let @ and q’ be two points equally distant 
from pa (which is parallel to the axis of x) and in the plane 
xz: also let q be the projection of two molecules, m and m, 
equally distant from the plane of wz, and on opposite sides of 
it: similarly let Q’ be the projection of two molecules m’ and 
m',, also at equal distances and on opposite sides of the plane 
of xz: and imagine all these to be in their several positions 
after the displacements have taken place, and the elastic forces 
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have been brought into action; and these positions are possible 
by reason of the hypothesis which we have made as to the 
homogeneity of the body. Now according to the laws of dis- 
placement expressed by (150), the displacements of m’, m’; are 
less, and the displacements of m, m, are greater, than the dis- 
placement of p: therefore the distances of m and m’; from P are 
increased by the torsion, while those of m, and m’ are diminished : 
also in the configuration of the system which we have imagined, 
the distances of the four molecules from P are all equal, and 
therefore the actions of them on P are also all equal; two how- 
ever are repulsive, and two are attractive: and thus the total 
resultant in the plane perpendicular to Pa is zero: and therefore 

Nj = 0, T3 = 0, T3 = 0. (151) 
In the plane however which is parallel to that of vy, the elastic 
force parallel to the axis of y does not vanish, that is, of the | 
three components of the elastic force on this plane ns = 0, 
T, = O, T, 1s finite; and thus the elastic force which the torsion 
brings into action is tangential to the circle which it causes any 
molecule to describe: and the same result of course holds good 
of all the constituent molecules of the body. 

It is also to be observed that as these results are true for the 
coordinate axes chosen arbitrarily, so are they also true of every 
system of axes. This may be proved by certain analytical trans- 
formations, which have been worked out by M. Lamé: but as 
they are only the mathematical interpretations of homogeneity 
and constant elasticity, it is unnecessary to introduce the in- 
vestigations. 


160.] Let us apply the results of the last Article to the sim- 
plification of the expressions in (147). From (148) 


a hee 
(B)=0, (2) =0, (B) =e, (B= an 


Ta 3B Ch els eal Ce 
and therefore by reason of (149), 
Ave Bs 0. (152) 
Again, from (150), and bearing in mind that y = 0, we have 
Ni = Ds Ne BKe, Ts = 1, = ERGs 
and therefore by virtue of (151), and of the paragraph follow- 


ing it, Den), Wie SE) ee (153) 
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Hence, if we replace as follows, 
Bi, PACA 2 ps (154) 


= (Flee) 55) 


where © is, by reason of equation (143), the dilatation of a cube 
whose volume is unity, we have from (147) 


m= A024 2u(S), N= A042u(T), ae? ge =) (156) 


ae vf (2) +() t ey v'} (E)+ is t, Ber »\ (a) (Bt. (157) 


If however the coordinate axes are changed from one rect- 
angular system to another, it will be found that the n’s and the 
T’s cannot continue of the same form as in (156) and (157), unless 
D’ = pw; so that we have ultimately 


m= 942u(S), v= Aa42u(T), Ns = Ao+2u(F Ns (158) 


bid d d d. d. 

m = 0} (7) + ak 15 = uw) (5) +(F)b w= 0} (Fe) tell an) t3 (159) 
wherein only two constants A and w are involved; and these 
depend on the law of the elastic action of the body. 

Let these expressions be substituted in the general equations 
(129), and let the simplification, given in (155), be intro- 
duced; then omitting the brackets indicative of partial differen- 
tiation, we have 


gay ae alee ae) 
esa + a + yee a Ag 
ay dy ay 
ae de at) 


and the molecular displacements are subject to the laws ex- 
pressed by these equations. 

These equations have the following remarkable property : take 
the x-differential of the first, the y-differential of the second, the 
z-differential of the third, and add; and differentiating twice 
(155), we have 

da. do cat 


dx dy dz 
a+2u) ITS ENED a+ a3 


da dy * at 0; (161) 
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and therefore, if the external forces are such that 


fe =f x = a =n), | (162) 
(22) (2) (2) _ 0, 


to the condition expressed in which equation the cubical dilata- 
tion is subject. 


161.] As to the coefficients A and py, they are quantities of 
the same nature as the n’s and the 1’s, that is, they are elastic 
forces, because they enter into the expressions (158) and 


(159) as coefficients of (S) &c. which are numbers; they may 


be expressed therefore as ordinary pressures: their values for a 
solid of uniform elasticity and density and of a given nature are 
to be determined by experiment, and in the following manner: 

Let the solid be subject to an uniform pressure Pp throughout 
its surface, so that its bounding form remains similar after the 
contraction or the dilatation. Suppose that the origin of coor- 
dinates remains fixed, so that 


f= Oe, Vie ay 1h eae, (164) 


where @ is a constant depending on the nature of the body; 
therefore from (158) and (159) 
Ni = Na = Ng = (SA+2) ¢, (165) 
% =T3, => T3 = 0. (166) 
And as the normal pressure is constant throughout, and there- 
fore at the surface it is equal to P, 
P= (8A+2y) a. 
Let a be the cubical compression or dilatation of the body 
due to an unit of pressure, so that by reason of (155) a = 3a, 
suo Be 
Re CNT 
and therefore, if a is found by experiment, this equation gives 
a relation between A and pz. 

Again, suppose a body to be cylindrical or prismatic, and its 
generators to be parallel to the axis of z: and also suppose the 
terminal surface at each end to be perpendicular to the axis 
of z, and each unit surface at each end to be subject to a force 
p; then the displacement of each molecule in the plane parallel 
to that of vy is uniform; and we have 


(167) 
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Savers Ayes ays C= ez; 
-. Ny = No = (€+2a)A+2pa, 
N3 = (€+2a)A+2p0e, 
T) = 2 = 7T3; = 0; 
but Nj; =Nz=0, since there is no lateral pressure on the sides 
of the solid; and n3= Pp. | 
(c+2a)A+2pa = 0, 
(c+ 2ayA4 Zee =P, 
ata P nN P ; 
7 pe BAR p’ © = Bu BA4 2p’ 


also Q sO See eae Pe 
Let e, as in Art. 149, be the dilatation of an unit-length of 
the prism, under the action of an unit force, and which is to be 
determined by experiment; and so that pe=c; 
Pater we 
“T n(BN+ 2p) * Cae 
which gives another relation between A and y: and from it and 
from (167) we have, 
3 1 2 
ota cers a eS mbs o gem ae 
I am unable to proceed further into the general theory of 
elasticity of bodies, and must refer the reader who desires more 
information to (1) a memoir of M. Poisson in the XXth Cahier 
of the Journal of the Polytechnic School, Paris, 1831: (2) the 
treatise on Elastic Bodies by M. Lamé, Paris, 1852: (3) a me- 
moir on Elasticity, &c. by Mr. J. Clerk Maxwell, in Vol. XX. of 
the Transactions of the Royal Society of Edinburgh, in which 
the results are tested by the phenomena of polarized Light : 
and (4) some memoirs by MM. Lamé and Clapeyron in Vol. VII. 
of Crelle’s Journal. It is desirable however to apply the prin- 
ciples on which the preceding investigations are founded to the 
solution of some particular problems. 


162.] And I will first consider the bending of an elastic 
lamina. 

Imagine a rectangular plate of an uniform elastic action and 
of constant density, of a finite length and breadth, a and 4; 
and of infinitesimal thickness 27, which however is such as to 
develope forces of elasticity when the lamina is bent in the 
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direction of its length by the action of certain external forces. 
Also imagine the plate to be resolved into a series of rods, all 
of which are parallel to the length a of the plate, and are of in- 
finitesimal depth dz; so that of each of these the thickness is 
27 and the length is a. When the flexure takes place each of 
these rods may undergo three different kinds of change: (1) the 
length may be contracted or increased ; (2) the absolute curva- 
ture may be altered; (3) one element of a rod may be twisted 
upon the consecutive element of the same rod: the first two 
effects I shall consider: the latter will not enter into the inves- 
tigation, as the material is supposed to be of a non-crystalline 
texture, and, as such, to be incapable of developing forces which 
would cause the twisting. 

Suppose the rectangular plate, fig. 73, to be that whose length 
is a and breadth is 4; and suppose it to be perpendicular to the 
plane of the paper, and in its original unbent form to pierce the 
plane of the paper along the axis of 2: also suppose it to be 
fixed throughout its breadth at the extremity passing through o, 
so that when the plate is bent, that end of it which is inter- 
sected by the plane of the paper at o may be unchanged as to 
position; and suppose the end of the plate at a to be stiff 
throughout its breadth, so that the plate may be bent by a 
single force applied at that extremity; and thus that its sur- 
faces, which were originally plane and parallel and at a distance 
27 apart, may be the two surfaces of a cylinder : and thus all the 
rods, into which we have imagined the plate to be divided, will 
be rods, equal and similarly bent, of the form delineated in the 
figure ; and where x and y are the pressures parallel to the axes, 
applied at the extremity a and causing the flexure of the plate. 

Let us consider the bent rod of infinitesimal depth dz, and 
whose under-surface in the figure is oaB; and let us assume 
that the molecules, which in the bent state are along the normal 
common to both surfaces, were originally in a line normal to 
the two “plane faces; so one mp’p’ is the common normal to 
the two curves op’ and Be”; let another consecutive normal be 
drawn to these curves, and let it meet the former normal in n, 
so that mis the centre of curvature. Again, let the rod be re- 
solved into other smaller rods or fibres, the depth of each of 
which is the same as that of the rod, and the sum of the several 
breadths of which is 27: then each of those contained within 
the space p’@’Q"P” is of course parallel to v’a’ and to p’@”; and 
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of these let us consider pq. m is the common centre of curva- 
ture of all: let p be the radius of curvature of that one which 
is equally distant from pP’ and P”, and which I shall call the 
mean fibre; and let o be the length of this mean fibre con- 
tained between p’P” and Q‘Q”, and let the angle at n=dy; so 


pe Hes ern (170) 
Let o be the length of pa, and let pq be at a distance u from 
the mean fibre, ert aNd (171) 


wu being positive or negative according as PQ is nearer to or 
farther from the convex side of the plate than the mean fibre. 

Now in the process of bending, the fibres on the side towards 
the convexity of the bent plate will undergo dilatation, and 
those towards the concavity will undergo contraction. For 
assuming the coefficients of dilatation (or contraction, as the 
case may be,) to be different for different fibres, if s is the ori- 
ginal length of the fibre contained between p’P”’ and Q’@”, we 
have by Hooke’s law, 


Gest teey ta 09 (le ), (172) 
and which correspond to dilatation or contraction according as 
é is positive or negative. Therefore from the last three equations 

TC & pte. 
l+e p : 
whence, as e, e’, and wu are infinitesimal, 


Pine ars (178) 
p 


Whence it appears that if the length of the mean fibre is not 
changed, that is, if e= 0, then e’ and wu have the same sign; and 
therefore the fibres undergo dilatation or contraction according 
as they are on the side towards p’q’ or PQ”; and in either case 


the change of length is proportional to the distance from the 
mean fibre. 


163.] And imagining the bent lamina to be in a rigid state 
under the action of the several forces, let us investigate the 
elastic forces which act on the part aq’Q” by means of the sec- 
tion Q’@q’. Now as any fibre pq has undergone expansion or 
contraction, so does it tend to contract or expand; let us sup- 
pose its force, referred to an unit of surface, to vary as the 
coefficient of elasticity ; so that the force acting on an unit of 

112 
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surface = ke’; and let us suppose the thickness of the plate to 
be, with the exception of a variation infinitesimal in comparison 
with the thickness, the same as before the flexure, so that its 
thickness is 27 and its depth is dz; then if vr = the whole force, 
and this acts in a line normal to @’aq’, 


pee [kédzdu: (174) 


and if we replace e’ by its value from (173), and integrate, 
r= 2kerdz. (175) 


Also let t be the moment of these elastic forces about an axis 
perpendicular to the plane of the paper and passing through 
the mean fibre; then 


rf = | keédzudu 


kde | (e+")udu 


sy eats (176) 
3p 
Hence it appears (1) that rT varies as the contraction or expan- 
sion of the mean fibre, and is independent of its curvature; 
(2) that L is independent of the extension, and varies directly 
as the curvature of the mean fibre: (3) that v varies directly as 
the thickness, and 1 varies as the cube of the thickness. 
Also when the length of the mean fibre is not changed by the 
bending, e = 0, r= 0, and t remains the same. 
And because similar results are true for each rod into which 
the plate is divided, so for a section parallel to the side whose 
length is 6 and through the whole breadth of the plate, 


I 


. = 2dker, (177) 
Q2kbrh 
L= a ote (178) 
and if » is the area of the section, » = 267; therefore 
Me dhen, (179) 
kwr? 
—— 3p ; (180) 


164.] The preceding investigations also enable us to find the 
equation to the curves which the fibres take. Since the force 


t (175) acts on the element P’@Q’P” at the side Q’@”, an equal 
and opposite force acts on the side p’p”, because there is equili- 
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brium and no other force acts. And as the same result is true 
for all the elements of the lamina, r is constant throughout, 
and is therefore equal to the parts of x and y which are normal 
to the end at a; e is also constant, and by virtue of equation 
(175) is proportional to this force, and is positive or negative 
according as the impressed forces act to dilate or contract the 
mean fibres. 

Let (2, yo) be the point a at which are applied forces x, y 
which cause the bending of the lamina: then these forces, to- 
gether with those applied on that section of the plate whose 
intersection with the plane of the paper is q@’@”, keep in equi- 
librium the part of the plate between a and Q’@ ” Now if (2, y) 
is the point Pp, x and y will also, neglecting infiniteetialel be 
the coordinates to the point of intersection of the mean fibre and 
q’Q”; and therefore, taking moments about that point, we have 


L+x(Yo—Y) —Y¥(@—2) = 0; (181) 
and substituting for u from (178), and replacing p by its equi- 
valent expression, we have for the differential equation of the 


curve, 


Qhbr? a dy? )# 
5 Get fx Hoa} f1 4 (HY = 05 82) 


the integral of which will contain two arbitrary constants: and 


these will be determined by the condition that ae = 0, when 


x =y =O, and by the length of the curve between the origin 
and (%, Yo) being given. 

If the lamina is not fixed at 0, a force equal and opposite to 
the resultant of x and y must be supplied at it. 


165.] Let us consider more at length two particular cases 
of (182) in which the forces act (1) wholly perpendicular to, 
(2) pee the plate in its origmal unbent state. In the first 


case x = Q; so that (182) becomes 
Qkhbrs dy dy? \? 
Ca — ¥ (#—#) (14 =) =—40)s (183) 
Qkbrs atte CY dy? \2 
Let pana C , 7) = (w—2) (14. a ae 


therefore integrating, see Vol. II, Ex.3, Art.373, and observing 


that at the inferior limit, 7 = 0, when at = 0, 
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dy _ pgs | 
2cch = (2ae—x") (14 55); (184) 
eee: 
ye (2xou—x) dx iy (185) 
{4:02 — (2x9 x” — 2x7)? }2 
eh 2c dx (186) 


ne {42 — (2. x9" —#?)?}2 
neither of which expressions can he integrated further. 
If however the elastic force of the lamina is very great com- 


pared with the deflecting force, a is very small, and neglecting 


the second and higher powers of it we have from (184) 
— Qedy = (2x x—x") da, 
6cy = 38x2°—2'; (187) 
X 3 
hence when 27 = %, Y = Y= = 
and therefore replacing ¢ by its equivalent, 
Yo = Rb 
that is, the distance through which the end of the lamina has 
been moved varies as the deflecting force, as the cube of the 
length (approximately), inversely as the breadth of the plate, 
and inversely as the cube of the thickness. 


166.] In the second case, suppose y = 0, and x to act, like a 
crushing pressure, towards 0: then if the lamina under the 
action of such a force is bent at all, its deflection from a straight 


line is very slight, and thus ze is very small: I shall neglect 


therefore the second and higher powers of it : also yp = 0, since 
the force x acts still along the axis of x: therefore (182) becomes 
2kbr d?y 


a ys ey: (188) 
3 
and if we put sii = C0"; (189) 
d2 
we have a oc y—— () ; 


and supposing the end of the plate to press against Z rough 
fixed plane at 0, but not to be fixed as heretofore, we have 


d 2 
Gat ya) = 0: 
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so that dy = ca, when y = 0, and where a is undetermined: 
dx 


and integrating again y = asinex, (190) 


because y= 0, when vx=0. The plate therefore takes a corru- 
gated form, the section of which, by a plane perpendicular to it, 
and parallel to its length, is the curve of sines. And from (189) 
a is the greatest amplitude of this curve, and therefore is very 
small in comparison of the length of the curve, because the de- 
flection of the plate from a plane is supposed to be very small. 
If a=0, the plate will continue plane, and its length will, 
by reason of Art. 149, be slightly diminished, and become 


aes e sn) . Ifais not equal to zero, the plate, which is as a 


rectangular piece of watch-spring, takes the corrugated form, 
and the number of undulations on the cylindrical surface will 
depend on c; let h be the distance oa, then since y = 0, when 
x =h,c and h must be related by the equation, 


ee? 
ihre 
where 2 is any whole number ; 
Times asin a; (191) 


/ : 
and therefore also y=0, when # = = , where n is any number 


from 0 up to 2, so that the curve cuts the axis of x mn z+1 
points, and therefore the surface has 2 elevations or depressions. 
Also if J is the length of the curve, 


aie j1+ fire =~ (cos Eo) ae; 


and omitting the fourth ie hii powers of a, we have 


Panay REAL 
_ 2h 3 
LON 192 
Tt 5 vie ( ) 


whereby a is given in terms of / and J. 


167.] The greatest value of the compressing force x which 
can be applied at the end of a spring, and not bend it, is called 
the vertical strength of the spring; in this case l=h, i=1: 
therefore from (189) Ikbr3c2 

Se ; 
3 

_ &hbPn? 

ayes 
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and using for / its approximate value a, 
as riod ae 
ee (193) 
so that, other incidents being the same, the vertical strength of 
the spring varies inversely as the square of the length. 

Hereby also are we enabled to calculate the greatest weight 
that a vertical pillar of a given form and height can bear with- 
out being bent by the weight. 

Suppose the pillar to be of a height / and its transverse sec- 
tion to be rectangular, the sides of the rectangle being a and 6; 
then the greatest weight which it will bear, without being bent 
perpendicularly to the side 4, is 


kn?ab? 

“27 ’ 
ait without being bent perpendicularly to the side a, the 
greatest weight is bet 

“12h ? 


and if the transverse section is a square, a=), and the strength 
of the beam perpendicularly to either of the sides is 
kat 
1272? 
and varies therefore as the fourth power of the side. 
Suppose a transverse section to be square and to be hollow, 
so that the side of the external square is a and of the internal 
square 0; then 


(194) 


k 7? (at — 64) 
12h 

Also let us investigate the vertical strength of beams, the 
transverse sections of which are of forms other than rectangles ; 
and let us assume, as the most probable hypothesis, that the 
mean fibre is that which passes through the centres of gravity 
of all similar transverse sections; then ~ must be calculated in 
each case, as in Art. 163, so that we may substitute in equation 
(181); and let ¢ and 7 be the coordinates to any element of the 
area of the transverse section; and let us consider the following 
examples. 


the vertical strength of the beam = 


Kix. 1. The section of the beam is a circle, of which the 
radius is a. 

Suppose the mean fibre of the cylindrical beam originally to 
be coincident with the axis of x; and ultimately, if bent, to be 
in the aes of wy, so that the bending takes place about an 
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axis perpendicular to the plane of vy: let ¢ be taken in, and 7 
perpendicular to, the plane of wy: then 


eer, = |“ 2Kar—ente eat, 


ek | “"(@— £3 (¢ + ‘) é df, 
cae p 
kras 
ope 
so that (181) becomes 
awka* d*y 7 ka 
A age t XY = 95 ek ass 


a comparison of this result with (194) shews, that if the areas 
of the transverse sections are equal in the two cases, the vertical 
strengths of the square and the circular beams are as 7: 3; 
there is therefore a small advantage in favour of the square 
beam. 


Ex. 2. Let the beam be circular and hollow: let a be the 
radius of the external, 6 the radius of the internal surface: 
then by the last result, if x is the vertical strength, 

<= 2h 
~ AR 

Ex. 3. Let the transverse section of the beam be an isosceles 
triangle, of which the base is a and the altitude c: then if the 
altitude lies in the plane of xy, and the base of the triangle 
becomes convex, 

mec. Se kIG OG 
ETRE sae EY: 

168.] To conclude this part of the subject, let us consider 
the deflexion which a given rectangular and prismatic beam 
undergoes, when it is fixed in a horizontal position by one end, 
and is bent by its own weight. 

Let a be the length of the beam, 6 its thickness, and 2r its 
depth; and let it be placed in a horizontal position, with the 
side 27 vertical: then as the deflexion is very small, we may, in 


(at— 654), 


equation (181), consider # =a, x = 0, and = to be very small, 


so that its second and higher powers may be neglected. Taking 
moments for the section qQ’Q”, in fig. 73, 


Qkbrs d2y 


3 dx?’ 
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and as the weight of that part of the beam which lies beyond q’Q” 
is in equilibrium with this force of elasticity, we have, if p= the 
density of the beam, g = the earth’s attraction, 


Qkbr® 
3 ie CAC a 20 
d 
rapemira riley! 


because dy = 0, when x = 0; therefore 


dx 
Pg aS sia aay 


4 Bird 1S 2 ee 
and therefore the whole deflexion at the extremity is 
3pga* 
Bkr2 ? 


that is, varies as the fourth power of the length of the beam, 
and inversely as the square of the depth of the beam. 

Such are the principles on which is founded the mathematical 
investigation of the strength of materials: for a more complete 
investigation I must refer the reader to treatises wherein the 
subject is specially discussed ; because the constants, which are 
left undetermined in the preceding expressions, are to be found 
by experiment; and particular and very delicate apparatus, the 
construction of which requires explanation, is needed for their 
determination. 
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CHAPTER VI. 
ON ATTRACTIONS. 


169.] In the following chapter, amongst many properties of 
matter which will be formally stated as axiomatic principles of 
the science of motion, will occur one which is called the law of 
Inertia, and which declares that matter has no power to change 
the state in which itself is; and experiment amply verifies it in 
the phenomena of nature: it is not however hence to be in- 
ferred that matter bas no power of acting on, or of influencing, 
other matter: on the contrary, matter does act on other matter 
in the way of either attraction or repulsion, and according to 
certain laws: and this action is not impeded by the presence 
or the intervention of other matter; every particle of matter 
attracts or repels every other particle in the same way as if the 
two existed alone. As evidence of this active power of matter, 
Nature presents to us many phenomena. ‘There is, in the first 
place, that universal law of gravitation, by reason of which every 
material particle of the celestial system exercises on every other 
particle a force which varies as the product of the masses of the 
particles, and mversely as the square of the distance between 
them ; and which acts along the line joining the two particles, 
and tends to draw them nearer together. So again in the ex- 
planation of magnetic and electrical phsznomena, there are 
doubtless two states in which particles active with the influence 
may be: and the attraction or repulsion which mutually acts 
between them varies as the product of the intensities of the two 
particles, and inversely as the square of the distance between 
them; and the force is attractive or repulsive according as the 
particles are in opposite or in the same magnetic states ; and 
the line of action is that which joins the two particles. There 
are also other phenomena where the attraction varies inversely 
as the square_of the distance, but where the line of action is 
not that which joins the two particles. These and similar cases 
require investigation, and for this reason: when two single 

Kk 2 
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material particles attract or repel each other, it 1s easy to con- 
ceive the force which mutually acts from one to the other; we 
can easily imagine the tendency of the one to move towards or 
from the other in the straight line which joins the two. But 
when one material particle is attracted simultaneously by many 
others, aggregated into a finite body of a given form and den- 
sity, the determination of the intensity and of the line of action 
of the resultant force requires investigation; and perhaps also 
the density of the attracting body may vary, in which case the 
difficulty is increased. The following inquiry will be for the 
most part confined to the cases where the law of attraction is 
that of the product of the two attracting particles, and of the 
inverse square of the distance between them, because this is the 
law of gravitation, and generally rules in cosmical phenomena: 
but it will also embrace other laws; so that by operating 
with general laws we may determine the results which they 
necessitate, and by a comparison of these with the works of 
nature, may obtain a knowledge of the special laws which rule 
therein. 

And the investigation is of great importance in its application 
to natural phenomena: the determination of the form of the 
earth and of the heavenly bodies depends on it. It underlies 
the theories of Electricity, Magnetism, and, in many cases, of 
Heat. Into these special studies I have not entered: but I 
believe that the general theorems which are investigated in the 
following Articles are sufficient for a full comprehension of 
those subjects. 


170.] As to the attraction varying as the product of the 
masses of the attracting and the attracted particles: let there 
be two particles m and m’ at a distance r apart; and let the law 
of attraction which is'a function of the distance between them 
be f(r); so that the attraction of an unit-particle in the position 
of m' on an unit-particle in the position of m is f(r): now m’ 
contains m’ unit-particles ; and each one of these attracts the 
unit-particle in the position of m with a force f(r); therefore 
the whole force of m’ on the unit-particle in the position of m is 
mif(r): but m also contains m unit-particles, and each of these is 
attracted with equal force by m’; therefore the whole attractive 
(or repulsive) force of m’ on m is 


mm f(r). (1) 
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If the attraction varies inversely as the square of the distance, 
then 


the attractive force = ee : (2) 
‘i 


and in all cases which we shall investigate, the line of action of 
the force lies along 7. 

Suppose now m to be the mass of an attracted particle, and 
dv to be a volume-element of the attracting body, and p to be 
the density of dv, and 7 the distance between m and dv, then 
the attraction of dv on m is 


mp av f(r) ; (3) 
and the attraction of the whole body on m will be found by 
means of the Integral Calculus. 

The course of our enquiry will be—(1) to solve certain parti- 
cular problems of attractions of rods, plates, shells, and solids 
on given particles: and (2) to investigate some general proper- 
ties of a function (the potential of attraction), and to shew that 
the complete solution of the problem depends on this function, 
by means of differentiation only. And let it be observed that 
whenever the law of attraction is not expressly stated, it is 
assumed to be that of gravitation. 


171.] The attraction of a straight rod or wire of uniform 
thickness and density on an external particle. Fig. 74. 

Let o be the attracted particle whose mass is m, and let aB 
be the attracting bar: of which let the density be p, and let the 
area of a transverse section be »; from o draw oc perpendicular 
toaB; let ca=a,cB=6: oc=c. Let Pq bea volume-element 
of the bar, cp=y, Pa@=dy: therefore the mass-element at 
P= pwdy; and let the attractions be calculated along, and per- 
pendicular to, oc; let the attraction of the bar on o along oc 
and towards c = x, and let the attraction at right angles to oc 
and towards a=y. Then 
mo pdy | 
Ly ? 
therefore the attraction of P on o in the direction oc 


the attraction of P on o along op = 


mo pdy 


COS POC, 


mwpcdy 
(2442)? 
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The attraction of p on o at right angles to oc 


= oe sin POC, 
ce+y? 
_ mopydy | 
(P+) 
ua ea ake 
=H) (c? + y”)? 
_ mop [ y iH 
c (c2 + y?)2 ies, 
mor a b 
= —__—, + ——_—_, 
C (224 a2) (c2 + 5%)? 
mop (CA CB 
= et feta 
c OA OB 
= at {sin AOC+sin BOC} ; (4) 
Ade silat th 
/—b (c? + y?)? 
1 1 
ee DS eta te ore eee 
(6? + c?)? age 
1 1 


If a= 4, so that c is the middle point of the bar, y = 0, and 


x= oP sin Aoc; that is, the attraction of the bar acts only 


in a direction at right angles to its length. 


172.] By the following geometrical construction we obtain a 
remarkable equivalent for the attraction of a rod on a particle 
outside of it, as in the last Article. 

From centre o, fig..75, and radius oc, describe an arc of a 
circle meeting 04, 0B, oP, 0g in the points a, b, p,q; and sup- 
pose a bar of the same material, density, and thickness as 4B to 
be bent into an arc of a circle, and to coincide with the are ab; 
then the attraction of this bent bar on o is the same as that of 
the straight bar aB. 

From o as a centre, and with the radius op, describe a small 
arc PR; then 

PQ  PRSECQPR- OP 
— = ——— = — sec Poe, 
op 


PY PY 


Op?’ 
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ls lk ae 
OPE min ops 
Now the attraction of pe on o in the direction op =" a — : 


and therefore is equal to apt 1; that is, is the same as that of 


the element pq of the circular arc: and as a similar result is 
true for all the elements of the circular arc, so the total attrac- 
tion of the bar 4B on o is the same as that of the circular bar 
ab. If the angle aos is bisected by the line op, the line of 
action of the whole attraction of the bar ad manifestly is ov: 
op is therefore also the line of action of the whole attraction of 
the bar AB on o. 

Hence it follows that if o is capable of moving towards aB, 
as each element of its path bisects the angle aos, so will the 
path be an hyperbola of which a and B are the two foci, and the 
particle will ultimately meet the bar at a point, the difference 
between whose distances from 4 and B is equal tooa—os. Thus 
if o is a particle of iron filings and aB is a magnetized bar, the 
path which o will take in moving towards aB is an hyperbola. 

Hence also if three bars of the same thickness and density, 
and attracting with a force varying inversely as the square of 
the distance, are arranged as a triangle, a particle placed in the 
centre of the circle inscribed in the triangle is equally attracted 
in all directions. 

The preceding process is also applicable when the density of 
the attracting bar is variable. 

Also let the following results be proved : 

(1) The attraction of a bar of uniform thickness and density, 
when the attraction varies directly as the distance, on a particle 
in contact with it at distances a and b respectively from the 


ends of the bar is 
mpw 


(a? — 6?) ; 


and therefore if the attracted particle is placed at the end of 
a bar whose length is a, so that b=0, 
mpoa 

wae 
and is the same as if the whole bar were condensed into its 
centre of gravity at the middle point of a. 

(2) The attraction of a bar of uniform thickness and iene 


the attraction = 
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on a particle in the same straight line with it, and at distances 
a and 6 severally from the ends of the bar, is 
a—b 

ab 

(3) The attraction of two straight bars, each of which is of 
uniform thickness and density, on each other, in the same straight 
line, of the lengths a and 4, and at a distance ¢ apart, is 
(a+c) (d+) | 
c(a+b+e) * 
and this is of course the force which is required to keep the 
bars asunder. 

Since the result involves the anharmonic ratio of the four 
points which are the ends of the bars, it follows that if aB 
and cp are the bars, and if through any point v lines vA, vB, 
vc, vp are drawn of any length, and any line a’3’c’D’ is drawn 
cutting them, the mutual attraction of a’B’ and c’D’ is the same 
as that of aB and cp. 

(4) Two straight bars of lengths 2a and 20 and of constant 
thickness and density, and each particle of which attracts with 
a force varying inversely as the square of the distance, are 
placed parallel to each other at a distance ¢c apart, and so that 
the line joining their middle points is perpendicular to each of 
them: it is required to shew that the force necessary to keep 
them apart is 


2 pp aw , 1 
fe f{ fc? +(b+aP}* + {2+ (b—a)?}4 }. 


173.] The attraction of a bent rod of uniform thickness and 
density on a given particle. 

Let us first investigate the attraction of a bar bent into the 
form of a circular arc on a particle at the centre. 

Let p = the density, » = the area of a transverse section of 
the bar: a= the radius of the circle, 2a = the angle subtended 
at the centre by the bar; fig. 76. Now it is manifest that the 
resultant attraction acts along the line oc bisecting the sub- 
tended angle, for the resultant attraction which is perpendicular 
to that line vanishes. Let poc=06, aoc=soc=a: then 


mp 


pp ww log 


the attraction of the bar in the direction oc 
= ied | es 6 dé 
a Joo 
2mop sina 
a 


, (6) 
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and therefore varies directly as the sine of half the subtended 
angle and inversely as the radius of the arc. 
Hence the whole attraction of the bar as, in Art. 171, on o, 
and along the line op, see fig. 75, is 
2mop . AOB 
sin ——— 
Oc 2 
Hereby we are enabled to solve the following problems : 


Ex. 1. Three bars, each of which is of uniform density and 
thickness, form a triangle; find the position of a particle placed 
within the triangle which is equally attracted in all directions. 

Let the densities of the bars be respectively p, o, r, and let 
the transverse sections of all three be the same; let the perpen- 
diculars from the attracted particle on the sides be p,qg,7; and 
let the sides subtend at the attracted particle angles 2a, 28, 2y; 
then the particle is kept at rest by the three forces 

2mopsna 2mwoocsnB 2mersiny 
3 ? , 3 
the angles between the lines of action of which are B+y, y+a, 
a+; or 180°—a, 180°— 8, 180°—y, because a+ 8+y = 180°; 
and therefore by the triangle of forces, Art. 19, the forces are 
proportional to the sines of these angles; therefore 
p o T 


Ee TRA 
And if p=c=7, p=qg=r", and the attracted particle is at the 
centre of the circle inscribed in the triangle. 

Ex. 2. Two bars ca and cs of the same constant thickness 
and density meet at right-angles and attract a particle placed 
at the foot of the perpendicular from c on aB; it is required to 
find the magnitude and the line of action of the whole attraction. 

Let ca=a, cn=), a*?+b*=c?; and let p be the position of 
the attracted particle. Then the attraction of ca on P in the 
2M pc? 

a b? 
the attraction of cB on P in the line bisecting the angle src is 
2mopc* , 

ba? 
dicular to each other, 


line bisecting the angle arc is sin 45°; and, similarly, 


n 45°; and as these two lines of action are perpen- 


2? mapc3 ; 

a? D2 ? 
and the line of action of it is inclined at 45° to each of the lines 
cA and cB. 
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the resultant attraction = 
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From (6) it appears, that the attraction of a circular rod on a 
particle at its centre is the greatest when a = 90°, that is, when 
the arc is a semicircle; and if a= 180°, that is, if the circle is 
complete, the attraction vanishes. | 

Suppose however the ring to be complete, and the attracted 
particle to be in the. plane of the ring, and at a small distance 
x from the centre; it is required to find the force acting on the 
particle. 

Let p be the density, and » the area of a transverse section 
of the ring: a =the radius, fig. 77, co = x, which is very small, 
and such that we shall neglect the third and higher powers of 
it; PcA= 06, acp = dO; m =the mass of 0, om =a cos 0—2, 
op? = a?—2axcosd+a%. It is manifest that the ring attracts 
o along the line coa alone; and 


the attraction 


7 do 
=_ am/ oe cos POM 
0 OP 


hi (a cos 0—2x) dé 
22) COT PTE O3 i aremererenranar ween r= 
0 (a2—2ax cos 0+ x?)2 


2mpe [* 2xrcos0 22\—# 
=—, | *(a.cos 8—a)(1— = — + 7) dé 
7 9 
= vida Ja cos 94+ = Sot a+ cos +15 cos30 dd 
a? 2 3a 
T™mpo 
= @2 av, 


and therefore the attraction varies directly as the distance of 
the particle from the centre of the ring. 


174.] To find the attraction of a circular ring of uniform 
thickness and density on a particle (m) at a given distance from 
its plane, and in the line perpendicular to the plane and passing 
through the centre of the ring. 

Let a be the radius, p the density, » the area of a transverse 
section of the ring, ¢ the distance of the attracted particle from 
the plane of the ring; see fig. 78; suppose the plane of the ring 
to be perpendicular to that of the paper; let Pp be an element 
of it, and let the line pc drawn from P to c, the centre of the 
ring, make an angle @ with the plane of the paper; then the 
mass of the element at P= pwadd; and the attraction of P on 
o along the line oc 

_ mpwade 


= + COS FOC; 
e247 f 
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mpwac 
(c? +a?)2 

Hereby we can determine the attraction of a hollow cylin- 
drical tube on a particle at a given point in its axis. 

Let + = the radius of the interior surface of the tube, 7 = the 
thickness, p = the density ; and let the distances of the attracted 
particle (m) from the ends of the axis of the tube be a and 4; 
and let the tube be resolved into a series of rings of infinitesimal 
depth by means of planes perpendicular to the axis of the tube: 
then if w is the distance from m of any ring whose thickness is dz, 


the attraction of the whole tube 
= 27MpTr | pee aS 
—b (72 + x?) 2 


ee ysl 
(eter eats 


therefore the attraction of the ring = 


RTMpTr 


175.] The attraction of a thin circular plate on a particle 
(m) in the line passing through the centre of the plate and per- 
pendicular to it. 

Let the attracted particle and the centre of the plate be in 
the plane of the paper, fig. 79; and let the plane of the plate be 
perpendicular to it. Let p=the density, r= the thickness of 
the plate: a=the radius, and oc=c, the distance of the at- 
tracted particle from the plate. Resolve the plate into concen- 
tric circular rings, of which let the radius of that containing the 
element Pp be 7, and the depth be dr; then if ace=0, pca= do, 


the mass of the element at Pp = prrdrdé; 


therefore the attraction of the plate on o in the direction oc 


reff Oe r dé dr 
= MTC 
(c? + 72)8 


l r=, 
o 2nmpre| — =| 
(c? +77)? 1r=0 
Cc 
— 27m rj1-—“_}. (7) 
‘ (a? +c”)? 


The attraction of the plate in a direction at right-angles to oc 
is evidently zero. 


Since in (7) oe = cos aoc, it follows that the attraction 
L1lg 
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of all circular plates of the same thickness and density on a 
particle in the line passing through their centres and perpen- 
dicular to their planes is the same, if their diameters subtend 
the same angle at the attracted particle. Hence if a right cone 
is divided into a series of circular plates, all of which are of the 
same thickness, by means of planes perpendicular to the axis 
of the cone, the attraction of each of these on a particle at the 
vertex is the same. 
In (7) if the radius of the plate is infinite, that is, ifa=o, 
the attraction = 2ampr, 


which is independent of the distance of the attracted particle 
from the attracting plate: therefore the attraction of a plate of 
infinite extent on a particle outside of it is the same, whatever 
is the distance from the plate at which the particle is placed. 

Hence for particles near to the surface of the earth, the earth's 
attraction is constant; because the earth may be conceived to 
be divided into a series of thin plates by planes perpendicular. 
to the vertical line passing through the attracted particle, the 
radius of each of which is very large in comparison of the dis- 
tance of the particle. 

If the law of attraction varies as the mth power of the dis- 
tance, the attraction of the circular plate on a particle outside 
of it in the line passing through its centre, and perpendicular 
to its plane, 


PT OTS noe co eNO 
= SS (tay sent hs (8) 
which is the same as (7), if n= —2. 


176.] To determine the attraction of a solid of revolution on 
a particle in its axis. 

Let the solid, fig. 80, be resolved into circular slices of infi- 
nitesimal thickness by means of planes perpendicular to the 
axis of revolution. Let o be the attracted particle, of which the 
mass is m; and let y = f(x) be the equation to the generating 
curve of the bounding surface of the solid. 

Let om=a, MP=y, OA=a, OB =34; and let the thickness of 
the circular slice pmr’ be dx; then by (7), 


the attraction on o of the differential circular slice 


= 2nmp \1— dx ; (9) 


a 
(2? + y?)* 
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therefore the attraction of the solid on m 
= 2amp{ $1——* haw; (10) 
va (+ y?)* 
y having been replaced by its equivalent value in terms of 2 
from the equation to the generating curve. 
Similarly may the whole attraction be found from (8), when 
the attraction varies as the nth power of the distance. 


Ex. 1. To find the attraction of a right cone of uniform den- 
sity (p) on a particle at its vertex. 

Let the vertical angle = a; so that-the equation to the gene- 
rating line is y = xtana; 


and let a be the altitude of the cone: then from (10), 
the attraction = 27mp f (1 — cos a} dx 
0 


= 27mp(l1—cosa) a. 
If the attraction varies as the nth power of the distance, the 
attraction of the cone on a particle at its vertex is 
27m p 
(7 +1) (~+8) 

Ex. 2. The attraction of a circular cylinder of length a and 
radius c, whose density is constant, on a particle in the centre 
of its circular end, is, if the attraction varies as the nth power 
of the distance, 

om mp 2 2 oS n+3 n+3 
Geli) { (a +c*) * —an**—e iz 

Ex. 3. To find the attraction of a sphere of uniform density 
on a particle external to it. 

Let a =the radius, p= the density of the sphere; m= the 
mass of the attracted particle; ¢ = the distance of the particle 
from the centre of the sphere, so that the equation to the 
generating circle of the sphere, is 

y?+(@—c)* = a’. 
The attraction of the sphere on m 


ins Lv 
= 2amp \1- hae 
c—a (@—c?4+2cx)? 


{ (sec ao =m 1} qrts, 


A 3 
z rm Ce 
LN ad (12) 


C2 
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if m= the mass of the sphere: but as ¢ is the distance of the 
attracted particle from the centre of the sphere, this result ex- 
presses the attraction on each other of two particles m and 
m at the distance c apart: therefore the attraction of a sphere 
on a particle external to it is the same as if the mass of the 
sphere were condensed into its centre. 

This result is physically of great importance ; because in the 
investigation of the circumstances of a particle moving under 
the attraction of a sphere, every particle of which attracts it 
with a force varying inversely as the square of the distance, the 
attracting sphere may be supposed to be condensed into its 
centre; and the problem becomes reduced to that of the mutual 
attraction of two particles. 

Also if two spheres attract each other, the action is the same 
as that of two particles whose masses are equal to those of the 
spheres, and placed at the centres of the spheres: and there- 
fore the force which acts mutually on them is equal to the pro- 
duct of their masses divided by the square of the distance 
between their centres. 


Ex. 4. To find the attraction of a homogeneous sphere on a 
particle on its surface. 


In this case, y? = 2axr—x'; therefore 
j 2a x \2 
the attraction = 2ampf 1 _ (—) dx 
= 2amp “a 
_ 4ampa_ 
= a3 


and therefore the attraction varies directly as the radius of the 
sphere. 


Ex. 5. To find the attraction of a sphere of constant density 
on a particle within it. | 
If c is the distance of the particle from the centre of the 
sphere, and a is the radius of the sphere, the attraction of the 
larger segment of the sphere whose base is the plane through 
the attracted particle and perpendicular to the line joining it 
and the centre is 
ae {a + 3 —(a?—c%)®} ; 


and the attraction of the lesser segment is 
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27m 3 
eae {a3—c8—(a?—c?)3}, 
and the attraction of the whole sphere, being the excess of the 
former of these over the latter, is 

Anm 

33 

and varies therefore as the distance of the attracted particle 
from the centre of the sphere. But by the last example this 
would be the case if the particle were on the surface of a sphere 
whose radius isc; therefore the spherical shell, of the thickness 
a—c, exerts no attraction on the particle. 


Ex. 6. By similar processes let it be proved that the attrac- 
tion of an oblate spheroid on a particle (m) at its pole is 


4apmb (l—e)? . 
4 ee i e}, 


where 6 and e are respectively the semi minor axis and the 
eccentricity of the generating ellipse. And that the attraction 
of a prolate spheroid on a particle (m) at its pole is 
4npma(1—e?)( 1 l+te 
e? \ 5g lee pee — ts 
where a and e are respectively the semi major axis and the 
eccentricity of the generating ellipse. 


177.] The Calculus of Variations enables us to solve the fol- 
lowing problem. 

To determine the form of the bounding surface of revolution 
of a homogeneous mass of given volume, so that the attraction 
of it on a particle in its axis may be a maximum. 

Let u be the attraction, and let zc*® be the volume of the 
given mass, which is to be contained between x, and a; and 
tons, if Yo 2 + 7/?, 


: @ 
u = amp] $1—2) de, (13) 
0 r 
it 
ole [yan (14) 
0 
wee x 1 AGE RY 
m= 0 = | (i— =) aw }— [ 1 °F dy dx cE. vy devoy b (15) 
sl 
ic ==0 = [200 | -| {2y dybx—2y dex dy} ; (16) 
0 0 


therefore, if k? is an arbitrary constant, 
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Lv - 3 | 
ee mie F3 Se Deen (a 


TER ne (k8— 2°). (17) 
Hence it appears that the curve, which by its revolution about 
the axis of w generates the solid, cuts the axis of x at the origin, 
and also when v=; thus 27 =0, 7;=h, and the integrated 
part of (15) shews that it cuts it in both pots at right angles. 
Also substituting from (17) in (14) we have 


ids, “ 
oa f (7 k® — x) dx 
0 


B= ze 3: 
substituting from which in (17), the equation to the curve is 


completely determined. And the attraction of it on (m) 
k v2 
= 2nmp| 1-3 der 
/0 kk? 


4; 
5 Tmpk 


ae (8) ampe = A, (Say). 


Now the attraction of a sphere whose mass is zpc* on a particle 
(m) at its surface is 
(;) TMpC = Ag (Say); oe - “= ee : 
Every particle on the surface of the solid of given mass and of 
greatest attraction attracts (m) with equal force in the direction 
of the axis; for if 7 is the distance of any particle on the sur- 
face from (m), and if 6 is the angle between r and the axis, from 
the preceding equations we have, 
cosé—s I 
pe eae fc 
which is constant, and therefore is the same for all particles 
on the surface. 


178.] To find the attraction of a spherical shell of infini- 
tesimal thickness, and of constant density on an external par- 
ticle, when the law of attraction is represented by f (distance). 

Let the centre of the shell be the origin; and let the shell 
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be referred to that system of polar coordinates in space, which 
is explained in Art. 146, Vol. IT, and let the attracted particle be 
on the axis of z at a distance c from the centre of the shell; let 
y = the radius, dr = the thickness, p = the density of the spheri- 
cal shell: so that 


the mass-element of the shell = p7*sin 0Odrdéd¢: 


let w= the distance of this mass-element from the attracted 
particle (m); then the attraction of the mass-element on the 
attracted particle along the line joining (m) and the centre of 
the shell is 
ee ill 
pmr? sin 6(c—rcos 6) f(u) drdodd : 


7 (18) 
and therefore the attraction of the shell on (m) 
= pmredr || SpA (coor 0088) AA teaa 
0 Jo u 
= 2npmrtdr| ig eee) do. (19) 


But since uw = r—2recosd+c’; 
udu = rcesiné dd, 
and 2c(c—rcosé) = wWt+c—r?, 
and when 6=7, u=c+r, when 0=0, u=c—r; therefore 
substituting in (19), the attraction of the shell on (m) 
mrdr [&t™ 
= seer {" (u2 + c?—7?) f(u) du. (20) 
(1) Let the law of attraction be that of the inverse square of 
the distance, 


fu) =<; 
the attraction = pit a [1 Te sora Oe 
C marr he 
eae gear (21) 
and the mass of the shell = 4pr?dr = M (say), 


the attraction of the shell = — ; 
and is therefore the same as if the mass of the shell were con- 
densed into its centre. 
(2) Let the attraction vary directly as the distance: then 
f(u) = 4, and 
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: 3 gl? 2 c+r 
the attraction of the shell = mpm dr E ili | 


c 8 / cK 2 ae 
= 4npmrdre (22) 
= MMC; 


and therefore the attraction is the same as if the mass of the 
shell were condensed into its centre. 

Similarly may the attraction be determined for any other 
law of attraction. 


179.] Hereby the attraction of a sphere on an external particle 
can be determined by considering it as resolved into a series of 
concentric spherical shells of infinitesimal thickness. 

(1) Let the sphere be homogeneous, and let a be its radius : 
then if the law of attraction is that of the inverse square of the 
distance, from (21), 


4, a 
the attraction on (m) = _ | r dr 
0 


_ Arpma 

ey tes | 
and is the same as if the sphere were condensed into its centre: 
and if the particle (m) is on the surface, c = a, and 


(23) 


Anpm 
Boag 
and varies directly as the radius of the sphere. 

Let the law of attraction be that of the direct distance: then 
from (22), 


the attraction on (m) = 4apmc | yr dr 
0 


(24) 


the attraction = 


Anpmecas 
ig IG ag. 3 
and therefore is the same as if the sphere were condensed into 
its centre. 

(2) Let us assume the density of a particle of the sphere to vary 
as some power of the distance of the particle from the centre: so 
that the sphere is composed of a series of homogeneous concen- 
tric shells, the density of which is different for different shells. 

Thus suppose the density to vary inversely as the distance 
from the centre, and the law of attraction to be that of the 
inverse square of the distance; then by reason of (21), since 


(25) 


Cai 
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Amp ¢ 
the attraction on (m) = a | r dr 
0 


2rpmka* 
oe : 
And if the attraction varies directly as the distance, 


(26) 


the attraction on (m) = 2apmcka?. 


In each of the cases, (21) and (22), as the attraction of the shell 
on (m)is the same as if the shell were condensed into its centre, 
so will the attraction of the whole full sphere be the same as if 
it were condensed into its centre. 

Now in celestial mechanics this fact is of great importance: 
for the planetary bodies are nearly spherical, and the density of 
each of them is variable; and they are probably composed of 
concentric shells, each of which is of uniform density, and the 
density of which decreases as we pass from the centre to the 
surface. Thus by this property we can avoid the difficulty of 
investigating the attracting properties of them as solid bodies, 
and we can treat them as single attracting material particles. 

From the preceding results also it follows that supposing the 
earth to be nearly a sphere, the attraction of it on particles ex- 
ternal to it varies as the square of their distance from the centre 
of the earth. Thus if g and g’ are the attractions of the earth 
on the same particle respectively at the mean surface which cor- 
responds to the radius 7, and on the top of a mountain whose 
height is h, then g +h? 


/ 


g ie 

180.] And the preceding results suggest another important 
question: Are there any other laws of attraction, besides those 
of the inverse square of the distance, and of the direct distance, 
for which the attraction of a spherical shell on a particle with- 
out it is the same as if the shell were condensed into its centre ? 

If p=the density of the shell, and ¢ is the distance of its 
centre from (m), the attraction of the shell, condensed into its 
centre, is 4apmr’drf(c); and as this is equal to its attraction in 
its actual form, we have from (20) 


c+r 
Anpmrdrf(c) = ees he (u2+ c2—7?) f(u) du, (27) 


c c—-r 
where the form of fis to be determined. Omitting common 
factors, and integrating by parts the right-hand member of (27), 
Mm 2 
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4re2fic) = | (w+ c?—r2) [few du} 2 fu | Aaydu} du. (28) 


Let [feo du = d(u), and let /ud(u)du = W(u); (29) 
pu) = fu), y'(u) = udu); (30) 
and therefore from (28), 
4refic) =|W+e—r) 6-24) | 
= Se aban —2c(e—r) o(e—r) —2W(e+7r) +2p(e—7) 
fy Be ieee 


Cc 


Qrf(c) = ee de (31) 
which is a functional aceon to be satisfied by the form of f. 


Now expanding by Taylor’s series, we have 


d 
arflc) = Fe TAWOT+W'Ozegt 62) 


and as no relation exists between 7 and c, the coefficients of the 
several powers of 7 must vanish separately ; therefore 


_ 4 ¥(e). 
F(c) ae de Cc 5) (33) 
0o= 2 ua as! ; and so on; (34) 


but from (30), W'(c) = cd(c); therefore from (33), 
d 
Oy ae 


= f(¢), 
which is only an identity. Also since from (80) 


yi(c) = cdc), 


y'(c) = $(c)+e¢'(c) 

= o(c)+cf(c), from (30) ; 
wc) = $'(c)+f(e) +ef'(e) 

= 2f(e)+cf'(c); 


therefore from (34), if 34 is an arbitrary constant, 
2f(c)+ef'(c) = 3c, 
2cf(c)+e2f"(c) = Bac’; 
C7y(c) — seh, 
where B is another arbitrary constant: therefore 


fe) = act 3 (35) 
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and this value of f(c) also makes to vanish the coefficients of all 
the other powers of 7 in (32): it is therefore the complete solu- 
tion of the equation (31). 

Thus the only laws which satisfy the requirements of the 
problem are (1) that-of the inverse square of the distance, when 
A=0O and B is finite; (2) that of the direct distance, when 8 = 0 
and a is finite; and (3) that of these laws in combination, 
when a and B are both finite. 

These are of course the only laws of attraction for which a 
sphere can attract an external particle with the same force as if 
it is condensed into its centre; because the sphere may be re- 
solved into a series of concentric homogeneous shells, each of 
which will attract with the same force as if it is condensed into 
its centre. 

Hence also two homogeneous shells external to each other 
will attract each other with the same force as if each is con- 
densed into its centre. 


181.] To investigate the attraction of a homogeneous spheri- 
cal shell of infinitesimal thickness on a particle (m) placed within 
it, when the law of attraction is represented by f (distance). 

Let all the quantities and symbols be the same as in Art.178: 
in this case however c is less than r, and the limits of integra- 
tion in the expression corresponding to (20) are r+ c¢ and r—c; 
so that the attraction of the shell on (m) 

ampmr da 


a aC + ¢%—r?) f(u) du. (36) 


(1) Let the law of attraction be that of the inverse square of 


i ] 
the distance; so that f(w) =o 


the attraction = 


apmr dr Pee es 
RS oN ag 
c u 


t—¢ 


apmrdr 
= nie 3, {2ce—2c} 


eat) (37) 
therefore the attraction of the shell on an interior particle is 
zero, and the particle is equally attracted in all directions. 

The geometrical proof of this proposition is so simple that it 
is desirable to insert it. In fig. 81, let the centre of the shell 
and the attracted particle be in the plane of the paper, and let 
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the circular ring arBP’ be the section of the shell by the same 
plane. At o, the place of (m), let solid angles be formed, which 
occupy all space about it: and let each be considered with 
reference to an equal opposite and vertical one; let w be the 
area of a spherical surface, described from o at the radius = 
unity, which is intercepted by one of these solid angles: then 
the area of the spherical surface intercepted at the distance r 
is 72m: thus a mass-element of Ppqga at the distance 7 from o 
=pr?wdr; and as the attraction of this on m | 


m 
= pa preodr = mpodr, 


so will the attraction of all the mass at ppga be mpoxpp: 
similarly, the attraction at P’p'¢’Q’ is mpwxrp': but by the 
geometry of the circle pp=p’p’; therefore the attractions of 
these masses are equal: and acting on o in opposite directions, 
they neutralize each other. And because the same result is 
true of every pair of such opposite small masses into which the 
whole shell may be divided, the attraction exercised by it on 
the particle (m) at o is zero. 

The shell has been considered to be of finite thickness, but it 
is obvious that the same result is true for a shell of infinitesimal 
thickness. 

Hence it follows that the attraction of a full homogeneous 
sphere on a particle within it varies as the distance of the par- 
ticle from the centre: for if a concentric spherical surface is 
described passing through the attracted particle, the shell lying 
outside of that sphere has no attraction on the particle; and it 
. is attracted only by the mass lying within that sphere; and that 
varies directly as its radius: see equation (24). 

If the sphere is composed of a series of concentric homo- 
geneous shells, the density of which however varies, then the 
attraction of all those lying outside of the concentric sphere 
passing through the attracted particle is zero: and as the at- 
traction of each of the others is the same as if it were condensed 
into its centre, so if c=the distance of (m) from the centre 
and m = the mass of all those shells lying nearer than (m) to 


the centre, 
mM 


G2? 


the attraction of the sphere on (m) = 


and if the matter of m is homogeneous, so that m varies as c?, 
the attraction varies directly as the distance from the centre. 


182. | ATTRACTION OF SPHERICAL SHELLS. 271 


(2) Let the attraction vary directly as the distance; then 


and (36) gives 
fone az aren dn Fuk 5) (eset aba te 
attraction = oe TA lag. as | 
= 4npmr dre, 


and which is the same as if the shell were condensed into its 
centre. 


182.] The result in (37) leads us to inquire whether there 
are any other laws besides that of the inverse square of the dis- 
tance, for which the attraction of a homogeneous spherical shell 
on a particle within it is zero. 

In this case from (386), 


0 = | (epee r9} fw du 
= [ (wt e2—r9) [Fw au] af tu ‘F(u) du} du ; 


now making the substitutions of (29), we have 
0=[w+e—r) p@m—2y@] 
0 = c(r+c)d(r+e)+e(r—c) o(r—c)—W(r+eoe)t+y(r—c) 
CA Nss el AGE 
fede ' c : 
d / tr G 
ie Ge VO+y Oa + ole 
and integrating, : 
VOW 53 +... = a. constant = 4; (38) 


and as no relation exists between 7 and c, 
Wr) = A, (39) 
VW’ (r) = 0, and so on. 


And since from (30), W’(7) = r¢(r), 


res) = ffar = 4; 
ia, JO) = — 5; 


therefore the law of the inverse square of the distance is the 
only one for which the attraction of a homogeneous spherical 
shell on an internal particle is zero. 
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183.] Before I proceed to other parts of the subject, there 
are two observations to be made. 


(1) In the preceding investigations, whenever the law of at- 
traction has been, as to distance, that of the distance directly, 
the attraction of the body on the attracted particle has been 
the same as if the body were condensed into its centre of gravity. 
Now this property admits of generalization, so that in all cases, 
whatever is the form of the attracting body, the total attraction 
of it on a material particle is the same as if the body were con- 
densed into its centre of gravity. 

Let the centre of gravity be taken as the origin; (a, A, y) the 
position of (m) the attracted particle; (wv, y, z) a point of the 
attracting body, at which let the element dx dy dz of its volume 
abut: let p be the density, and 7 = the distance between (m) 
and dx dy dz: then if x, y, z are the resolved attractions along 
the three coordinate axes, 


<i m| {| prdvdy dz? —* 
m| [[o(a—a) dx dy dz 
m| [[o(G—y) dedy dz 


m| [[ocy—2) dedy de; 


but because the origin is the centre of gravity, 


[[fowaeayas ~ {{[oycedyde — {{{ocaena 


and if m = the mass of the attracting body, 


M = || [ode ayaz; 


x=mMmMa, Y=MmMB, 4=MMy; 


| 


i 
I 


Z 


and these are the resolved parts of the attraction of m, which is 
at the origin, on m placed at the point (a, 8, y); and therefore 
the proposition is proved. 


(2) Some remarkable results arise, when a spherical shell or 
a sphere attracts a material particle, if the law of attraction is 
that of the inverse square of the distance; (1) the attraction 
of a spherical shell or of a sphere on an external particle is the 
same as if they were respectively condensed into their centres; 
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and (2) the attraction of a spherical shell on an internal par- 
ticle is zero. Also we shall hereafter shew that, Kepler’s laws 
being assumed to be true, the same law of attraction holds good 
in the motion of the celestial bodies ; and also in electrical and 
magnetic phznomena, results can be explained and accounted 
for by the same law. Now is there for this law any @ priori 
probability? Can we assign any reasons why the attraction 
should vary directly as the product of the attracting masses, 
and inversely as the square of the distance? Suppose m to be 
the mass of an attracting particle, the influence of the attrac- 
tion of which on other matter radiates from it in all directions ; 
and which is such that none of its intensity is lost by the pro- 
cess of propagation; let m be the vertex of a cone, whose ver- 
tical angle is (say) 2a; and let us consider the parts of spherical 
surfaces which are described from (m) as a centre with different 
radii, and are intercepted by the cone. The areas of these 
spherical segments vary as the squares of their radii, and the 
same amount of attracting influence is spread over each one; 
therefore the intensity of the amount of attraction on an unit 
surface varies inversely as the area of the spherical surface in- 
tercepted by the cone; and therefore varies inversely as the 
square of the distance of the unit surface from the centre of the 
cone, that is, from the position of m; and as the same result is 
true for each unit which is at the same distance from m, there- 
fore, if there are m’ units, and 7 is the distance, 


lA 


min 


the attraction = —,; 
Yr 


and thus, on the hypothesis that none of the attracting influence 
is lost by means of or during the propagation, the law of attrac- 
tion is that of the inverse square of the distance. 


184.] The attraction of a homogeneous ellipsoid. 


Let the attracted particle (m) be at the origin, and let the 
coordinate axes be parallel to the principal axes of the ellipsoid, 
the centre of the ellipsoid being at (a, 8, y), so that the equation 
to its surface is 

ais ee wea b\ 2 ny \2 
(v7—a) (y &) x8 (ey) 1; (40) 


me tt 


and let us refer it to the system of polar coordinates explained 
in Art. 146, Vol. II; so that, if 
PRICE, VOL. III. Nn 
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(a gs sin oy (conn : 


a b Cc 
Bee is B ee YK ye? Lm ; (Al) 
a ‘ C 
a2 B? ae wi 
mien dc? wip ae 
(40) becomes aAr?—2Br+c = 0; (42) 


and if vr, and 7, are the roots of this equation, 7 being the 
greater, and 72 the less, 
2 2 — (p2— acy? 
patter! ,, 2-0) 
If p is the density of the ellipsoid, 
its mass-element = pr? sin 6 drdéd®¢; 
and as the direction-cosines of 7 are sin 6 cos ¢, sin @ sing, and 
cos 6, so the resolved attractions on (m) of the mass-element are 
mp (sin 6)? cos ¢ drdddd, mp(sin 0) sin ¢ drdédd®, 
mp sin 6 cos 6 drdéd¢ ; 
the integrals of which for limits assigned by the geometrical 
conditions of the problem are the resolved parts of the total 
attraction. 
Let x, y,z be the resolved parts of the attraction, and let us 
first consider the attracted particle to be within the ellipsoid ; 
so that the limits of the Sah GAG are 7; and —7,; then 


x = Hh ie me (sin 6)? cos ¢ drdédd, (44) 
Y= ! ai is mp (sin 6)? sin ¢ drdédd, (45) 
Z =f ff ‘mp sin 6 cos 6 drdé dd. (46) 


—12 
Of these three I shall consider the last, because it is the most 
simple ; and results which are derived from it may be extended 
to the other two by an exchange of letters only. 
Performing the r-integration, and replacing 7) and 7; by their 
values in (43), 5 
Z =/"f mp sin 0 cos 0 ~~ dé d¢. (47) 
Now gd - 
sindcos@B _ sin6 cos 6(b?c?a sin 6cos¢ + ca? sin 6 sin ¢ + 25% cos 6) 
A Me (dc sin 6 cos f)? + (ca sin 6 sin f)?+ (ab cos 6)? , 
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and observing that the denominator is a rational function of 
sin 6 and (cos 6)?, and that the first two of the three terms con- 
tained in the numerator are rational functions of the same 
quantities, and also observing that the limits of the 6-integra- 
tion are w and 0, by virtue of the theorem in (15), Article 82, 
Vol. II, the integrals of the quantities corresponding to these 
two terms vanish, and we have 


wT [1 7 2 
tap 2mparbiy| | sin 6 (cos 0)? dd db (48) 


(6c sin cos ¢)* + (ca sin sind)? + (ab cosd 
and performing first the ¢-integration, we have 
7 1 2 
= Coriggp py ee URN Ma 
“o {c?(sin 6)? + a? (cos 0)?}2 {c? (sin 6)? + 6? (cos 6)?} 2 
and therefore by virtue of Theorem VII, Art. 82, Vol. IT, 

T ° 2 
ee ee 
0 {c?(sin 0)? + a? (cos @)?}2 { c? (sin 0)? + 5? (cos 6)?} 2 

Let cosdé=?f, .°. sinddd0= —dt; and since f=0, when 
é= 5° and ¢=1, when 6=0, we have, substituting in (49), 
t? dt 


1 
;= 4nmpaby| i ——.._ (50) 
0 {24 (a2—c?) 2} 4 {02 + (b2?—c?) 02} 4 
Similarly, 
1 2 
je 4nmpbeaf a a = mC } 
0 {a? + (6?—a?) t?}2 fa? + (c?—a?) {?\2 
te 2 
Saat Se Se 
0 (P4(C—) PP P+ (@—P) PHS 


which definite integrals represent the resolved attractions of 
a homogeneous ellipsoid on an internal particle. 

Now these three expressions involve elliptic integrals which 
cannot be expressed in circular or logarithmic functions. The 
problem however is reduced to simple quadrature; and the 
required integration involves the summation of the attractions 
of a series of conical shells, whose common vertex is the at- 
tracted point, and the thickness of which increases directly 
as the distance from the vertex, because the r- and the ¢-inte- 
grations have been taken between limits which give a double 
conical shell; and therefore the element-function in (51) &c. is 
the attraction of such a double shell. 

t, it will be observed, is the cosine of the semi-vertical angle 

Nn 2 


(49 


) 
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of the cone: the axis of the cone being that principal axis of 
the ellipsoid parallel to which the attraction is resolved. 

Jacobi has put the three preceding expressions for x, y, 2 under 
an elegant form by means of the following substitution : 


2 d 
teat plas ee : Se gt baad 
uya 2(a?-+u) 
2 BS p2\ $20 oe 9 U+ 6? 
a* + (6°—a*) t? = mL: 
| u+c? 
2 a eo patios 
a+ (cia?) = a; 
and when ¢=0, w=; when f=], u=O: therefore 
™ du 
x= 2nmpabca Se 
0 (w+ a?) {(u+a*) (u+ 6?) (u+c?)}2 
ch ES du 
2 Jo (w+ a?) {(u-+ a2) (u-+ 6?) (w+ e)}* 


if m =the mass of the ellipsoid. Similarly, 


es eet du 
2 Jo (wtb) {(wta%) (w+ 8%) (w+ 0%)}> 
yas & aes du 
2 Jo (ute?) {(u+a*) (w+ 6?) (u+c?)}2 


185.] It is to be observed that the values of x, y, z in (51) &c. 
are not changed, if the quantities a, 0, c.are replaced by ka, kd, 
kc, where k is any number: the attractions therefore are not 
changed by the addition or subtraction of a shell contained 
between two ellipsoidal surfaces concentric and similar, provided 
that the attracted particle is within the interior. Hence we 
infer that a homogeneous shell contained between two similar 
and concentric ellipsoids attracts a particle within it equally in 
all directions. This theorem is generally known by the name 
of Newton’s theorem on attractions, and is proved synthetically 
in the Principia. To it also the geometrical method of Art. 
181 is immediately applicable. 

In fig. 82 let o be the attracted particle, and let the shell, of 
which the section through o and the centre by the plane of the 
paper is drawn in the figure be contained between two similar 
ellipsoidal surfaces concentric and similarly placed, and let us 
suppose the shell to be homogeneous. Consider o to be the 
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vertex of solid angles which fill up the space around it ; and to 
each one of these angles let the opposite and vertical angle be 
drawn as in the figure: let gropr’a’ be one of the lines of such 
angles made by the paper. Now of similar and similarly situated 
ellipsoids it is a property that pa = PQ’; let w be the area of a 
spherical surface, described about o as a centre, with unity as 
the radius, which the cone intercepts: so that the volume, of 
which pegp is the section made by the paper, consists of ele- 
ments, each of which is equal to wr?dr, and the attraction of 
each of which on (m) placed at o is 

mp 


me ordr = mpodr; 

and of which the sum is mpw x Pq; similarly the attraction of 
P'Q’'g'p’, is mp x P’Q’, which is equal to the preceding; therefore 
the two attractions acting in opposite directions neutralize each 
other: and as the same result holds true for all the solid angles 
at o, so the resultant attraction of the shell on o vanishes. 

As this proposition is independent of the thickness of the 
shell, it is also true for a shell of infinitesimal thickness ; and 
therefore is true also for a shell of any thickness, composed of 
homogeneous concentric, similar, and similarly-placed shells, the 
density of each of which varies according to any given law. 

Hence also it appears that if, as in fig. 83, (m) is without the 
shell, and from o a cone, intercepting a spherical area (w) with 
a radius unity, is drawn, the attraction of the intercepted part 
of the shell at p is equal to that at @; and as the same result is 
true for all similar cones, it follows that if o is considered to be 
a pole with reference to the exterior ellipsoid, the polar plane 
will divide the shell into two parts, the attractions of which on 
(m) at the pole are equal. 


186.] In the cases however of the bounding surfaces being 
surfaces of revolution, x,y,z in Art.184 can be integrated again. 
(1) Let the spheroid be oblate; that is, let a=6; and let e 
be the eccentricity of the generating ellipse of the spheroid, so 


that 


Pfs BTM 6 85/) t? dt 
a Jo {1 —e2t?}* 


w 


9 Wee 7) ) es ; : 
— ee o) fsin-le—e(1 — e?)?} ; (53) 
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similarly y= ligt sia {sin- 1le—e(1—e?)>}, (54) 
dt 
% = aap pecan ea eep 
= eWaBY. 41 = tan-1 2 
e? ae c 
Ee 
= per fy sine (55) 
e e 


Hence it appears that the attraction depends solely on the 
eccentricity of the bounding spheroid, and is independent of its 
magnitude. 

Thus if through the attracted particle a spheroidal surface is 
drawn similar to the given one, it will attract (m) with the same 
force as the given spheroid, and as any other similar concentric 
spheroid which includes (m) within its mass. Hence a spheroidal 
shell, the surfaces of which are similar and concentric, attracts 
a particle within it equally in all directions. 

(2) Let the ellipsoid be a prolate spheroid: and let b=c; 
also let the eccentricity of the generating ellipse be e, so that 

2b =a e7, Sr 278 


then we have 
SAU t7 dt 
0 


x a? 1—e??? 
Anmpa(1— e? 
a meee AS log =—1f, (56) 
ibs ame as (1 —e2)2 en 
ie pe Te 1 5 a (57) 
_ &ampy (y (1—e?)2 I+e 
2 = ee 5 log yt. (58) 


As these expressions involve the eccentricity only, it follows 
that a spheroidal shell the bounding surfaces of which are 
similar and concentric prolate spheroids, attracts a particle 
within it equally in all directions. 
(3) Let the bounding surface be a sphere: a=b=c; 

es sane Hae ae ne a (59) 
where a, 8, y are the coordinates of the attracted particle from 
the centre of the sphere as origin. 


187.] Returning now to the expressions (44) (45) and (46) 
with the object of applying them to the case of the ellipsoid attract- 
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ing an external particle, the limits of the 7-integration will ber; - 
and 72, so that 


= hatueal ‘mp sin 0 cos 0dr dé dh 
“ 0 Jr 
w fw Yipee z 
=/"/ aot gare) SLC 
0 YO A 


but as this expression involves a radical quantity, it cannot be 
integrated further. We are therefore obliged to have recourse 
to a different method of investigation; and for which we are 
indebted to Mr. Ivory. 

Let the centre of the ellipsoid be the origin, and (a, f, y) the 
position of (m) the attracted particle. Let a, 6,c be the semi- 
axes of the ellipsoid, of which the equation is 


Wie y" 22 

aa Oe FES a Se 1; (60) 
and let us consider first x, which is the resolved attraction 
along the axis of 7; now 


a pm(a—x) dx dy dz (61) 
{(a—a)?+ (B—y)* + (y—2)}2’ 


and performing in order the 2-, y-, z-integrations, we have for 
the whole ellipsoid, 


; eG z Ae y ie 
if = yi AS he ; (62) 
rae (c2—22)2, (63) 
x = pm “p i (a—x) dx dy dz (64) 
prs Sur tiers? oA yey 2 
Let the variables be changed by the following substitutions: 
v= as, y = by; bs ett 
+P +O? = 1: 
let = = (l—1?—-¢2)?, H = (1—()*; (65) 


so that (64) becomes 
(a—a€) dé dnd¢ 
= b $$$ 
J tas ies ab?+ (B—bn)+ (y—e0*}3 
pmbc{ | [ {(a—ag?+(8—On)? + (y—cO)°}-#] dnd: 


let (a—az)?+(8—bn)?+(y—efP =r? iz 
(a+az)?+(B—bn)?+ (y—c¢)? = 192 r) 


(66) 
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x= = pmbe| f(s — — — ) dn dé. (67) 


Suppose now that there is a eG ellipsoid of the same 
density as the former, of which the semi-axes are qj, 6;,¢, and 
which attracts a particle (m) placed at (a1, 81,yi); then if R; and 
Ry are the quantities analogous to e ihe 7; in (67), 


x= pmbef f (———) drat; (68) 


and let the second ellipsoid be such, that rn; = 7), and Rg =7%, 
so that the definite integrals in (67) and (68) may be equal; 
then we have * b 

ae (69) 
also because 7; = Ri, and 72 = Rg, we have, replacing & by its value, 
a+ P+y4+a—aa{l —72— C2}? 

—2b8n—2cy6— (aD) 9° (@—e8) 
= a°+ B+ yi? + a? —2a, a, {1 —7P—}* 

—2b; Bi n—2 ey y1 (— (a2 — b;”) 1? — (a2—;") (7; 

and a similar equation, because rz; = R2: therefore equating 
coefficients, 


4+ P+y4+a? = a?+RP?+y?+a,’, (70) 
aa = a0, 68 = b,Bi, Cy =e (71) 
—b? = a—b,’, “e—c = ar—cy, (72) 
ay? —a* = b*—6? = c2—c? = w (say). (73) 


From (72) it appears that the two ellipsoids are concentric and 
confocal, that is, their principal sections are confocal. 
Also from (71) 


91 Sn Se Pt Pee ae 

ye he NI Oe rele Roe (74) 
from which substituting for a, 8.y, in (70), and observing that 
all the terms are multiplied by equal factors, see equation 


(73), we have a —p? 2 
Y 
2 2 2 

d .*. by (74) ee 1; (76) 


whence it appears that the second ellipsoid passes through the 
point which is attracted by the first, and that the second 
attracted point lies on the surface of the first. 
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Now to determine the values of a, d1, ¢1, a1, 81, y1; from (73) 
(74) and (75) we have 
ae Ie ~ 
Beat % Blo! OF ia 
which is a cubic equation in w, and has one positive real root: 
because when it is expanded, the last term is 


ene 8 8 2, 
a 


which is negative: and therefore if » =o, the result is positive, 
and if » = 0, the result is negative: there is therefore one posi- 
tive real root; and the other two roots of the equation are 
negative*, and give negative values to (say) 5,2 and c,?; and 
therefore refer to two other surfaces of the second order which 
pass through the attracted particle, and are confocal with the 
ellipsoid, and which are therefore hyperboloids of one and of 
two sheets respectively: let us-in this case take the real positive 
root: and we have 


C= a @, 6? = 5 +0, ce? = ce2+oa 

p ines = b2,3? : c2y2 (78) 
a So ae os SS SSS 

Peet Gree ia” 2 Cees Lee er ang 


The attraction of the second ellipsoid on (m) at (aj, Bi; y1), 
which is an internal point, may be found as in Art.184; and 
thus xX), V1, Z,; may be expressed as in (50), (51), (52); and we 


have 
ees at pete Z Se (79) 
a, b;, c; being given by (78) : so that from (51) we have 
sa: BACHE | dt : (80) 
(+0)? 40 fa@+0+ (P—a@)?}3 {a +04 (c2—a2) 2}" 


and also similar values for y and z. 

If the ellipsoid becomes a figure of revolution, we can by this 
process find the attraction of it on an external particle: thus 
for example let us take the oblate spheroid: here a= 0; and if 

at—c? = (a2+0)e? = (c?+o)e, 
M3 va Nad t? dt 
0 


(@ +0)? Jo (1— e242) 
= Picts: {sin-le’ — e'(1— e?)?} ; 
@ )? 


* See a Memoir by Plana, On the Attraction of a homogeneous Ellipsoid, 
Crelle’s Journal, Vol. XX. page 189. 
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4nmpa?cB 


(a? 4+ w)?e's 


similarly y {fsin-1é— e(1— e'2)2} 


Anmp acy fe" 
(c240)%e”3 
and where is the positive root of the quadratic equation 
a2 + 2 y? 
a+o T c2+@ 


— tan-'e"}, 


A 


The point (a, 81, y1) on the first ellipsoid is called the point 
corresponding to (a, 8, y) on the second ellipsoid: the definition 
of correspondence being that given in equations (74), which 
assign the ratio of the several coordinates to be the same as 
that of semi-axes of the ellipsoids which are parallel to them : 
thus if (7, y, z) (6,7, ¢) are points on two ellipsoids whose semi- 
axes are severally a, b,c, a, 8, y, the points are corresponding, 
when . “fi 
SMe eb h 8S dG fod, 
and therefore we may enuntiate the theorem contained in (79), 
and which is known by the name of Ivory’s theorem, in the 
following form : 

The attractions with which two confocal homogeneous ellipsoids 
attract, parallel to each axis, equal particles placed at corre- 
sponding points on their surfaces, are as the products of the axes 
perpendicular to each component. 

This theorem has also been extended by Poisson to the case 
in which the law of attraction is any function of the distance. 


188.] Hence also may we derive the following theorem which 
was stated first by Maclaurin, but in only a particular form. 

Two confocal homogeneous ellipsoids attract an external par- 
ticle along the same line of action, and with forces proportional 
to their masses. 

Let x,y,z be the components of the attraction of the ellipsoid 
(a, b,c) on the particle (m) placed at (a, 8, y); and let x’, y',7 
be the components of the confocal ellipsoid (aj, 4,, ¢,) passing 
through (a, 8, y) on the corresponding point on the first ellipsoid : 
and let also x”, y”’, 2” be the components of the attraction of 
the second ellipsoid on the point (a, 8, y) on its surface. Then 
by (79), : 


x be Y ca Z ab 


x" Ge. b,0,7 Y’ CQ)’ 7 ae ay by? 


~ 
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But by reason of (51), 


” t? dt 
ewes Nrng ape mew” GEE AE 
0 {ay + (b; —a,")t bef ay + (C7 — a, 74 3 
arg cee ae t? dt 
ay 0 { ay? + (b;2—a,?) 12}? { ay? + (e2— ay?) 22}? 
x eG Kin £2 MM YNC 
x" we? y’ bas Baa ee cn 


the last two being inferred by reason of the symmetry of the 


formule ; NS Ae = z 
a = =a = T- (32) 
x Qy by Ci Y Z 


Let there be another homogeneous confocal ellipsoid of the 
same density, and of which the semi-axes are a’, J’, c’; and let 
X1, Y,, Z; be the components of its attraction on the particle (m) 
placed at (a, 8, y) without it; then 


Xj aoe Yj Zy 
Sd | aon ap oe IL (83) 
x ab,c, ¥ Z 
< Y Z abe 
oe eae 9 (84) 
X1 Yy Zy a b'c 


which proves the theorem. 


189.] I propose now to investigate certain properties of a 
general function from which by differentiation the components 
of attraction of a finite body on a given particle may be deter- 
mined. ; 

Let, as before, x, y, z be the components of attraction ; (a, 8, y) 
the position of (m) the attracted particle, (x, y, 2) the place of a 
particle of the attracting mass, of which dz dy dz is the volume, 
and p is the density; and let the attraction vary directly as the 
product of the masses, and inversely as the square of the distance ; 


ee Ii pm(a—a)dudydz 
{(a—a)? + (B—y)?+ (y—2}4 


| 
€. pm (8—y) de dy dz ie 
: = fff {(a—a) + (B—y)? + (y—2)}4 : ie 


3 =/// pm(y—z) dx dy dz 
{(a—a)? + (B—y)? + (y—2)"}? J 
and where the attractions tend to draw (m) towards the origin : 
002 
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and the triple integrals extend to the whole mass of the attract- 
ing body. 

Now suppose v to be the function which expresses the sum 
of every mass-element of the attracting body divided by its dis- 
tance from the attracted particle, so that 


v= fff. p dx dy dz 8 (86) 
{(a—2)P +(B—y)? + (y—2)* 
VN ee. pe p(a—2x) dx dy dz 
bes (Za) Ii (eo G—yet GO 
._ x=-—m e2): (88) 
prt Be dv dv 
similarly ¥ = —m ear ZL = — m7) (89) 


and thus v has this remarkable property: the three partial 
derived functions of it with reference to the three coordinates 
of the attracted particle, when multiphed by (m), are the com- 
ponents along the coordinate axes of the attraction of the whole 
body on (m). 

v has been named by Gauss the Potential of the Mass to which 
it refers: evidently if it can be found, the whole attraction may 
be easily found by means of its components, which are the de- 
rived functions of v. The potential, as it is here defined, is used 
in a restricted sense as applicable to the law of gravitation only : 
to other laws of attraction there are their own potentials, and 
it may generally be defined as that function, the partial derived 
functions of which with respect to the three coordinates of the 
attracted particle are the components of the whole attraction. 
In polar coordinates the potential for the law of gravitation, if 
the attracted particle is at the origin, is 


Vv = | [[orsimodraadg. (90) 


Also if R = the whole force of attraction, 
dv\* sdv\*_ sdv* 
R2 =< me} (2) + ey + a) t (91) 


_ 190.] Suppose the point (a, 8, y) to be on a curve of which 
ds is a length-element, so that the direction-cosines of ds are 


PEG eaten MET 
ds’ ds? ds’ 
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then the resolved part of x along ds 
da a ay 


Fe me A(S2) da 4: (Fs) a8 + (7 7) 


(92) 


dv . 
so that —m — is the resolved part of the total attraction along 


ds 
the line ds. 
Suppose the line s at the point (a, 8, y) to be such that the 
attraction of the body is wholly perpendicular to it; then 
dv ; 
ta 
“uv == & constant ; (94) 


(93) 


and as v is a function of (a, 6, y), this equation is that to a sur- 
face, to which at every point the line of action of the resultant 
attraction is perpendicular. Such a surface is called a surface 
of equilibrium (surface de niveau), and at every point of it a par- 
ticle under the attraction of the attracting mass will remain at 
rest. ‘The lines perpendicular to such a surface, being those 
along the tangents to which at each point of them the resultant 
attraction acts, are called lines of force. Of these we have had 
an instance in Art. 172: hyperbole are the lines of force of a 
straight bar: and spheroids are the surfaces of equilibrium. 
We shall hereafter see that of an ellipsoid attracting an external 
particle the confocal ellipsoid passing through the particle is 
the surface of equilibrium. For the same surface of equilibrium 
the constant in the right-hand member of (94) is the same; it 
changes however as we pass from one such surface to another. 
If 6 is the angle between ds and the resultant attraction, by 
(9); R cos Odds = —mdv, 
“i [x cos dds = m(vo—Vi)3 
0 


where vo and vy, are the values of v for the limiting points of s; 
and therefore if s is a closed line, and if the integration is ex- 
tended through the whole line, 


[cos ads = 0. 
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191.] For a simple application of this theory of the potential, 
let us consider a sphere consisting of homogeneous concentric 
shells, the density of each of which varies as some function of the 
distance from the centre, and let the attracted particle (m) be on 
the axis of z at a distance y from its centre. Let the radius of 
the sphere be a,.and let the density of a shell, the internal 
radius of which is 7, be expressed by f(r); then 


als rv? f(r) sin 6 dp dé dr 
0 “0 “0 z 


(y?—2yrcos 0+ 7?)2 


r? f(r) sin 0 d6 dr __ 
= 2 95 
0 licen (y? —2yrcos6+72)2 P) 


Vv 


Here we have two cases, according as the attracted particle is 
external or internal; for an external particle y is greater than 7, 
so that (y?—2yr+r")? = y—7, 


An [% 
| r2 f(r) da 


M 


woth 
if m is the mass of the sphere: taking the y-differential of 
which, we have, by reason of equation (92), the attraction along 
the axis of z: and thus 


Vy 


dv Mm 
7) (96) 


and which therefore varies inversely as the square of the dis- 
tance. 

For an internal particle, the integral (95) must be divided 
into two parts, the former of which will correspond to the shell 
on the interior surface of which the attracted particle is, and 
the latter to the sphere on the surface of which the attracted 
particle is: so that 


3 ff eios r2 f(r) sin 6 d0dr__ nif foe v2 f(r) sin 0 d0 dr _ 
0 (y? Oey REO 040 (y? —2yrcos 0+72)4 


p= —m(2 


Vv 


anf" r f(r) dr + ==" rafiry ar: 


therefore, by reason of the Theorems contained in (10) and 
(11), Art. 178, Vol. IT, 


(7) = 


ah x7 f(r) dre 
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: a) 4, 
Bo (7) = |" v2 f(r) ar ; (97) 


and because 4:7 [ "r? S(r) dr is the mass of the sphere whose 
/0 : 


radius is y, it follows that the shell lying outside of that sphere 
exercises no effect on the attracted particle. 

For another application of the theory of the potential, let us 
investigate the components of attraction of a body of finite dimen- 
sions on a particle at a very great distance. 

Let the centre of gravity of the attracting body be the origin ; 
and (a, 8, y) the place of the attracted particle ; then if w= the 
distance between the attracted particle (m), and (a, y, z) the 
place of an element of the attracting body, 


u* = (a—2)? + (B—y)? + (y—z)? 
(+P +y')—2aa+Pyt+yz) +a +y? +2 
= —2(av+Byt+yz)+a7+y? +23, 
if c is the distance of m from the origin. Therefore expanding 


11 ar+Byt+yz 3(ar+ By4+ yz)?— (224 424 2%) 
ee ee ag 


e = (ese 


Oe fo 2) pa 
= fff § + BEA? Pi) eg saa +...bdedy de. 


Of the terms in this series, the second disappears, because the 
origin is the centre of gravity: and the last may be omitted, 
because c is assumed to be very much greater than any value of 


x, y, or z: therefore aI) eee bee dy We 


+... (98) 


“5 (99) 
inate 
if m = the mass of the attracting body. 
| dv mM a 4 
Beata) apy 
dv mM B 
¥= —m(|—-) =: ——— |; 100 
baa) fa24 B2+y2}2 P ( ) 
his —m (2) eit 2 
= dy “a {a+ B2+y2}2 4 
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and therefore if x is the resultant of x, y, z, 

| mM _ mM 

a? + B? +? vay Cc? 3 

and is therefore the same as if the whole attracting mass were 
condensed into a particle at its centre of gravity. 


Re 


192.] I also propose to investigate the attraction of an el- 
lipsoidal shell on a particle (m) external to it, by means of the 
potential, and according to the method which has been pursued 
by M.Chasles*. With this object let us first compare with 
each other the attractions of two concentric and confocal el- 
lipsoidal shells of the same density on an external particle. 

Let there be two ellipsoidal surfaces which are concentric, 
and the principal sections of which are confocal; and which we 
will call a’ and a: on a, the interior, let two points Pp, @ be taken, 
and on a’, the exterior, two corresponding points P’, q’; then 
fot 21 Ole 

Let x, y, z refer to the interior ellipsoid, of which let the sem1- 
axes be a, b,c; and let similar letters with an accent refer to 
the exterior. Let @ be (£7, ¢), a’ be (€', 7, ¢'); 


nv” | ks 2 - &2 (3 oy 
ba eth hi. 
Satis ey Va ad 
+55 += aos a Wt = 5 
Also by reason of the pomts being corresponding, see equations 
GRE CME Mi REE a ey 
fg ne pe eee — 
Ee 3 ee Cae 
aw? 5 ie b’’ rey 4 (102) 
also as the principal sections are confocal, 
a%*—aq? = §'2—$? = ¢2—¢?; (103) 
(Payr—(ray? = (a — f)?—(#—£')? + 
a’ 2 2 
as (2—¢) (rs) 42g 
19 a & ; y? : 2 ¢2 
= @?—a)(] 2) 4 2-09 (4-4) +20 (SS) 


* See Liouville’s Journal, Tome V, 1840, and Comptes Rendus, Tome VI, 
p. 902, 1838. 
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/ , , : 3 22 2 2 2 
(p’a)?—(Pq’)? = (a a) } +045-5-5-$1 
aan (a'2— a?) {1—1l} 
= (; 
PQ = PQ. (104) 
Again, by means of the relations (101), 
dedydz _ dx dy dz 
abe a ab’ c 


; (105) 


where (wv, y, z), (2, y’, 2’) are two points on the surfaces of the 
interior and the exterior ellipsoids respectively. 

Suppose now that there are two ellipsoidal surfaces a and B, 
concentric, similar, and similarly situated, and that their equa- 
tions are 


ee y2 — Z 
tat = (107) 


and suppose that to every point in the shell contained between 
them the corresponding point is taken: then the locus of all these 
corresponding points will be another shell contained between 
two concentric, similar, and similarly situated ellipsoids, which 
we will call a’ and 3’, the ratio of whose homologous axes will 
be 2:1; and the exterior and interior of which will be con- 
focal and concentric respectively with the exterior and interior 
surfaces of the former shell: and because (105) is true for each 
of the corresponding points, so will the volumes of the shells be 
in the ratio of abc to a U'c’. 

Let da, da’ be the thicknesses of the shells at the extremities 
of the axes a and a’; then if a and da’ refer to the exterior sur- 
faces and na, na’ to the interior, 


da=a—na, da=a—nda; 


Abra 12s, (108) 
a a 
similarly, oe = 3 : 2 os a , (109) 


193.] Let (§ n, ©, (£,7', ¢’) be two fixed corresponding points 
q and q’ on the exterior bounding surfaces a and a’ of the two 
ellipsoidal shells; and let there be two other corresponding 
points p and P’, (xv, y, 2) and (2’,y’, 2’); and at these let the 
PRICE, VOL, III. Pp 
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volume-elements dx dy dz, da‘ dy'dz abut; then by reason of 
(104) and (105), 
dedydz _ abe du'dydz' | 


— 10 
PQ’ ab’ P’Q 3 (1 ) 


and summing these expressions so as to include the two shells, 


[ieee WF aE baa (111) 


that is, the potential of the inner shell on the particle q’ exte- 
rior to it has to the potential of the exterior shell on the par- 
ticle @ interior to it the_ratio of the volumes of the shells. 

By reason of (92), the component of the attraction in any 
direction may be obtained by taking the partial-derived function 
of the potential with respect to that direction. Now since 


fff meiaeas der ay dz! 


is the potential of the exterior eh on the particle q placed 
within it, that potential is constant, see also (147) Art. 198, 
because the attraction of such a shell on a particle within it is 
zero, see Art. 185, and therefore its derived functions vanish. 
As the right-hand member of (111) is constant, so is also the left- 
hand member; and as the same result is true for all positions of 
the point Q’ on the exterior ellipsoid 4’, so the potential of the 
interior ellipsoidal shell is constant for all points on the exte- 
rior surface of a’. a’ therefore is, by reason of equation (94), the 
equilibrium surface of the ellipsoidal shell: therefore 

The equilibrium-surface of an infinitesimally-thin ellipsoidal 
shell attracting an external particle is a confocal and concentric 
ellipsoid passing through the attracted particle. 

This result is of great importance: for since the exterior el- 
lipsoid is the equilibrium-surface, it follows that the line of 
action of the resultant attraction of the infinitesimally-thin 
ellipsoidal shell is normal to it. 

This line is also the principal mterior axis of the cone whose 
vertex is, at the attracted particle, and which circumscribes the 
ellipsoid. For if we employ Lamé’s system of elliptical coor- 
dinates, and place the attracted particle at the common point 
of intersection of three concentric and confocal surfaces of the 
second order, their lines of intersection are the principal axes 
of the cone; and it is the normal to the ellipsoid along which 
the attraction acts. r 
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_ Suppose also that there is another infinitesimally-thin ellipsoid- 
al shell of the same density lying within the preceding shell 4’, 
and that its principal semi-axes are aj, 5), ¢;; then if Py (#4, y1, 21) 
and Q; (1,71, @) correspond respectively to (#’, y’, 2’) and (£, 7’, €), 
we have analogously to (111) 


(i ees mes Ht ff Oe da’ us dz’ : (112) 
PQ ad bc PQ) 


and because Q; and q lie within the exterior ellipsoid, and the 
attraction of the ellipsoidal shell on each of them is zero, there- 
fore their potentials are equal, or 


pee ans dz’ =| {fe : 7 (113) 


therefore from (111) and (112), 


(ieee abe fees, (114) 
PQ a,b,c, P1Q 


and therefore the potentials of two infinitesimally-thin confocal 
and concentric ellipsoidal shells of the same density on an ex- 
ternal particle are to each other as the volumes or as the masses 
of the shells. 
Let the potentials of these two shells be v and v,; and let 
the shells be of the same density; then 
oer ean 1470) 
abe a@bic,’ 


(115) 


and since the attraction of a mass on (m) im any direction s is 
dv 
ds 5 

adv abe dv. 

Cais a,b,c, ds’ 
and hence it follows that 

If two ellipsoidal shells, infinitesimally thin, of the same den- 

sity, concentric and confocal, attract an external particle (m), 
the components of the attractions in any direction have the 
ratio of the masses of the shells: and therefore also the shells 
attract the particle in the same direction. 


— Hh 


194..] The attraction of an ellipsoidal shell on an external 
particle is still required. The line of action of the resultant at- 
traction has been found above; and in (111) the potential of an 
infinitesimally-thin shell on a particle is given in terms of the 
potential of a concentric and confocal infinitesimally-thin shell, 


Pp2 
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on the exterior surface of which the attracted particle les: our 
object therefore will be to investigate this latter attraction; and 
we shall shew that the attraction of an homogeneous and infi- 
nitesimally-thin shell, whose bounding surfaces are similar el- 
lipsoids, on a particle (m) at the exterior surface is equal to 
4pm, where 7 is the thickness of the shell. at the attracted 
point. 

Let o be the position of (m) on the exterior surface of the 
shell, a section of which by a plane through the normal oe and 
the centre c is delineated in fig. 84: then the line of action 
of the resultant attraction of the shell is the lme oc. Leta 
series of very small solid angles originate at o: and let that one 
of which the section is opp’g’a intercept an area of a spherical 
surface described from o as a centre with the radius = unity: 
so that the area intercepted at a distance 7 = w7r?: now the 
volume of each of the mass-elements of the shell thus inter- 
cepted and at a distance 7 from 0 = pwr*dr; and therefore its 
attraction on (m) = mpwdr; and therefore the attraction of org 
on m= mpw x oP; and the attraction of pp’g’g ono=mpoxpp: 
but by reason of the similarity of the surfaces op = pp’: there- 
fore the attraction on (m) of the part of the shell intercepted by 
the cone (w) in the direction op, 

= 2mpox oP; 
and therefore the attraction in the direction oc 

= 2mpw OP COS POG 

= 2mpoon 

= 2mpor, 
if r is the normal thickness of the shell. And since the surface 
of a hemisphere of radius = unity is 27, therefore the attraction 
of the whole shell=4ampzr. This theorem was discovered by 
Laplace. ; 

For 7 we may substitute an equivalent expression. From c 
the centre of ellipsoid let the perpendicular cy =p be drawn 
to the tangent plane at o: then 


on 
— = cos coG 
om 
CY 
Bao 
om 
cect lihaader (116) 
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But by reason of the similarity of the bounding surfaces, if 
a = the greatest semi-axis of the exterior surface, and if da is 
the thickness of the shell at its extremity, 


om da db ee de 


cami a th Tone o! ee 
the last two terms following from the symmetry. 
Therefore the attraction of the shell, in the direction of the 


normal oa, rie 
2s ane da. (118) 
Now if the equation to the exterior surface is 


xv ae 2 


1 v2 2 2 
then, pear + i ie? (119) 
and the direction-cosines of the normal are 
; pe Py pe. (120) 


az 5) 62 ? Cc , 
therefore, if x’, y’, z’ are the components of the attraction of the 


shell on m, placed at the point (wv, y, z), along the three coor- 


dinate axes 
; Aes Anmpp*x da 


a 
, Anmpp?ydb - 
Y= ee e- (121) 
,  Anmpp zdc | 
z= —__—_—_ 
a 


Suppose now that there is a homogeneous infinitesimally thin 
shell, the bounding surfaces of which are two similar ellipsoids, 
the equation to the exterior one being 

ae Dee oe 

Pe sitsad teu 
and the corresponding semi-axes of the interior one being a—da, 
b—db, c—dc: and suppose that this shell attracts a particle 
(m) at the point (a, 8, y): then if mis considered to be placed 
on the exterior surface of a homogeneous infinitesimally thin 
shell contained between two bounding ellipsoids which are 
respectively concentric and confocal with those of the former 
shell, and if a, 4, c, are the semi-axes of the exterior one, and 
a,—da,, b,—dby; c;—de, of the interior ; then by reason of the 
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last Article, if x, y, z are the components of the attraction of 
the former shell on (m), 
abe 4nampp? ada 


ay b; Ci ay? 
d 
But by (108) ee = =; 
1 


and a, 0), c, are given by (78), where @ is a root of (77), and 


' we have 1 ae By? 


Fx bc An pm py" wih fe 
| 


ca Anpmp? 
ate etry db.B r (123) 
ab Anpmp? 
Pe dc.y J 

The physical application of these results of the attraction of 
a thin ellipsoidal shell on an external particle is so elegant that 
I cannot refrain from inserting it. Let a conducting body 
whose bounding surface is of the form of the ellipsoid with 
three unequal axes be charged with electricity; then by the 
nature of electricity equilibrium is established in the interior 
of the body, and the excess of the fluid (if it is a fluid) lies on 
the surface of the body, and there forms a shell of infinitesimal, 
but variable, thickness, and which is in equilibrium under the 
pressure of the surrounding air, and its contact with the body. 
Thus we have an ellipsoidal shell of infinitesimal thickness, all 
the molecules of which have a force of attraction or repulsion, 
which varies inversely as the square of the distance, on a par- 
ticle external to it, and which exhibits experimentally the fol- 
lowing phznomena : 

(1) The two surfaces which bound the shell of fluid are simi- 
lar ellipsoids. 

(2) The resultant of the attraction of the electrical fluid on 
the surface on a particle within the shell is zero. 

(3) The repulsive action of electrical fluid on each nactleae of 
air which is in contact with it on the surface is along the normal 
to the. external surface. 

These laws of the distribution of electricity are the results 
partly of observation and partly of calculation, and we are able 


, = 
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to deduce the following additional ones from our preceding 
investigations. 

(4) The line of action of the whole attraction of the shell on 
an external particle m is the normal to the ellipsoid which 
passes through the particle, and whose principal sections are 
confocal with those of the ellipsoid which is the internal surface 
of the shell. | 

(5) All ellipsoids, whose principal sections are confocal with 
those of the internal surface of the shell are equilibrium-surfaces. 

(6) The force-line of any particle towards the shell under the 
action of its attraction is the line of intersection of the two hyper- 
boloids, respectively of one and of two sheets, passing through 
the particle, and which are confocal with the given ellipsoid. 

(7) If the attracted particle is in the plane of one of the prin- 
cipal sections of the electrised ellipsoid, the force-line is the 
hyperbola which is confocal with that principal section. 


195.] From the expressions (123), we can deduce the compo- 
nents of the attraction of an ellipsoid resolved into homogeneous 
and similar shells. Let us investigate the #-component: and 
let b,c, a, 6), 1, p, be expressed in terms of a alone, for this 
may be effected by means of the conditions of Art.187. And 
let a, B, c be the semi-axes of the bounding ellipsoid: so that 
the #-component of the attraction of the ellipsoid on (m) will 
depend on the a-integral of the first of (123) after the substi- 
tutions, between the limits a and 0. 

Since the whole ellipsoid is resolved into shells, the bounding 
surfaces of which are similar to that of the whole ellipsoid, we 
have a tu 2 (24) 
1 EAs ate 
and let 4,,B,,C, be the semi-axes of the ellipsoid, passing through 
(m), concentric and confocal with the given ellipsoid; so that 


Ay? — A? = B)?— B2 — Cy? —c* = @;5 (125) 
2 B? 2 
and pelted Fae holt 1s 126 
an Ra ale oo 8 1, (126) 
a B? y 
——— = |, 12 
- A? -L@® rs B2+@ it c2+@ \ . 
Also we have a—a@? = 62—8 = c/—c?; (128) 


2 2 2 
eit+gat Gal. (129) 
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Let he : ce MO a (180) 
therefore from (124) and (128), 
a2 
by yaa’ Oh ABRs 


az 
Cc? = 7) {a?v-2—(a?—c?)} : 


therefore (129) becomes 
az y2 De y az 


at T3558) | ado 2G” oe 
whereby a is expressed in terms of v. Also 
1 a2 2 2 
De yt E. +4; 
ral ay b Cy 
a‘ a?vy* B ~ 
Ap. re =f {a;2v-2 — (a2 — B?) }2 a {apo —_(@—o)} ; (182) 


Now differentiating (131), and observing the value of p; in 


(182), we have re 
pda = ge dv ; 
therefore from (128), 
_ 4mpmaaBe v" dv 


MTT Tse. UU! 
(a2+0)? {424+ 0+ (B?—A?)v?}? {a2 + w + (cC2—a?) o>}? 

which is the #-component of the attraction of an infinitesimally 
thin ellipsoidal shell on a particle (m) external to it. The y- and 
the z-components are of the same form and symmetrical. 

The integral of the right-hand member of (1383) between the 
right limits will give the #-component of the attraction on (m) 
of the full ellipsoid ; and observing that a=a in (130), when 
v = 1, the limits of v are 1 and 0; so that if x is the #-compo- 
nent of the attraction of the ellipsoid, 


fo sue Ty v dv . (134) 
(240)? Jo {4240+ (Ba?) 07} {a2 +o + (C2 —a2) v2}2” 
where @ is the positive real root of (127). Similar and symme- 
trical values are of course true for the other two components. 
This result is, it will be observed, the same as that deduced by 
means of Ivory’s theorem: see equation (80). 


196.] In the case of the ellipsoid being composed of a series 
of infinitesimally thin shells contained between two similar 
ellipsoids, each of which is homogeneous, but of which the 
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density varies in passing from one to another, let us suppose 


the density to be a function of F 3 Viz., 
a 
eee (*) 


a2 82 y? 2 
ro (sa re Ay? — (a2—B?) v2 rt fanmail) : 
which must be substituted for p under the sign of integration 
in (134): and similar are the expressions for y and z. 


lI 


If the density of each shell varies directly as -, a hypothesis 


which is made by many investigators of the figure of the earth, 
the integral admits of integration in finite terms. 

In these and similar investigations accomplished mathemati- 
cians have almost revelled ; and nothing short of absolute want 
of space hinders me from inserting processes which have been 
applied by them to the solution of the attraction of an ellipsoid 
on an external particle: I can only refer the reader to 

(1) Theoria Attractionis Corporum Spheroidicorum Elliptico- 
rum Homogeneorum, methodo nova tractata; Auctore Carolo 
Friderico Gauss. Read to the Royal Society of Gottingen in 
the year 1813, and published in Vol. II. of the Transactions of 
the Society. 

(2) Mémoire sur |’ Attraction des Ellipsoides, par M. Chasles, 
and contained in Vol. IX. of the “ Mémoires présentés par divers 
savants étrangéres & |’Académie des Sciences,” Paris, 1846, p. 
629. This memoir contains a complete historical account of 
the problem, and of the several advances made by different 
mathématicians, and gives a synthetical solution of it. 

(3) Nouvelle solution du probléme de l’Attraction &c., par 
M. Chasles. Liouville’s Journal, Vol. V, 1840, and Comptes 
rendus, Vol. VI, p. 902, 1838. It is from these papers, with 
some modifications, that the preceding solution of the attraction 
of an ellipsoidal shell has been in a great measure extracted. 

(4) Mémoire sur Attraction d’un Ellipsoide, par M. Poisson, 
Mémoires de Académie Royale des Sciences de Paris, Tome 
XIII, p.497. An abstract of this memoir is appended to Vol. II. 
of “Systeme du Monde, par M. De Pontécoulant,” Paris, 1829. 

(5) A memoir by C.F.Gauss in the “ Resultate aus den Beo- 
bachtungen des magnetischen Vereins im Jahre 18389,” Leipsic 
1840, on attractive forces varying inversely as the square of the 
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distance. A translation of this memoir is inserted in Taylor’s 
Translations of Foreign Scientific Memoirs, Vol. ITI, p.153, 1843. 

(6) Some papers by M. Liouville, and contained in his Jour- 
nal, wherein he applies Lamé’s method of elliptical coordinates. 


197.] It remains for us to investigate another general pro- 
perty of the potential, which has been largely applied by La- 
place and others in the discovery of the attraction of spheroids 
of small eccentricity on external and internal particles. Let 
the positions of the attracted and attracting particles be re- 
spectively (a, 8, y) and (a, y, 2); ; and let wu = the distance be- 
tween them: then 


(a—x)?+(B—y)?+ly—-2" = w; (185) 


a4 bia Bi Ph pesca eh 

a 

(4) = aac Bic Bel aah pdedy dz | 

similarly m =| Hh | ee ” — <b pde dy dz | ; (187) 
"= fff} 2) — lp de dy de 


therefore Ma nee 
(Ss) + (Ge) + (Ga) =0 138) 


this equation was first discovered by Laplace: it is only true 
however so long as the attracted particle is not a particle of the 
attracting mass: because if the particle is in the attracting 
mass, at that particular point «=O, and v in (136) is infinite, 
and x, y,z assume indeterminate forms. To determine the value 
of (138) in this case, let us suppose a small sphere inclosing the 
attracted particle to be taken out of the attracting mass, and 
the radius of it to be so small, that the density may within the 
sphere be considered constant: let vu be the potential of this 
small sphere, and v’ the potential of the whole excess of the 
attracting mass over the sphere: then by reason of (188), 


(Se) + (Ger) + (FE) = 0. 


And for the small sphere, let x’, y’, z’ be the components of its 


bo 
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attraction on the particle placed at (a, 8, y) which is within it: 
then by (59), if pis the uniform density of the sphere, 


eg es) _ 4apa : (2) eo Aap” 
pans Vi eha!) bain Bh? ATEN GS Bi 
similarly (Te) =— sian (=) aceite a 


d?u d?u d?u 
(<3) By aes) + (zal “ay AT. 
And thus if the attracted particle is a part of the attracting 
mass, since V=U+U, 
d?v dv dv 
(5) + (ar) + (a) re aes Ce) 
This Theorem was discovered by M. Poisson. 

As the equivalents of the expressions (1388) and (1389) are 
often more convenient when expressed in terms of polar coordi- 
nates, let us investigate the transformation. Let the positions 
of the attracting and the attracted particles respectively be 
(7, 0, ¢') (r, 8,6): and let ¢’ and ¢ be the curtate radii vectores : 
then, see Vol. II, Art. 146, 


lien ee ea 

C= 7’ sin é, ¢= rsind (140) 
c= CCos > \ a = (cosd 

y = (sing B = ¢sing 


Up ees ld / td Ud 
® v=|// | pa sin 0’ dr’ do’ dp Peal) 
{7227 (sin Osin 6'cos (p— ¢’) + cos 6 cos 6’) + 7°27}? 
and by Ex. 2, Art. 938, Vol. I, 
d*v d?v d?v 
cs) i eh 1 Ges) 


Bae 8928) yg omnes dey De 

dr? r \dr Tr?’ dq? vr? sin 0 \d0 7 (sin 0)? \dq¢? 
= 0, or = —47p, (142) 
according as the attracted particle is not or is part of the 
attracting mass. 


198.] For a very simple example of this last formula, and 
for the purpose of indicating its use in the inquiry, let us apply 
it toa sphere. The object, be it observed, is to determine the 
potential, viz., v; and when it is impossible or difficult to do so 
directly, we attempt it indirectly; by the discovery, that is, of 

aq 2 
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a function which will satisfy either of the equations (138) or 
(139), and (142) The last is known by the name of “The 
Differential Equation of Laplace’s coefficients,” being so called 
from the application which Laplace has made of it in the Mé- 
eanique Céleste, Tome II. The general integral of it has not 
yet been found. 

Suppose the sphere, to which we are applying (142), to be 
composed of a series of concentric homogeneous shells, the 
density of each of which varies continuously as some function 
of the radius of its bounding surface: so that p=/f(7’); let the 
origin be at the centre of the sphere: and let 7 be the distance 
of the attracted particle from the centre: then v is manifestly 
a function of 7 only, and is independent of @ and ¢: so that. 
(142) becomes 

2 
be ee = OS por Mes Aarp; (143) 
according as m is without, or is a part of, the attracting sphere. 

(1) Let m be without the sphere, 


d?yo 2dv | of 
de bare 
» av 
Uh an = -—C; (144) 
where c 1s an arbitrary constant. 
— \ see’: (145) 


To determine c: if m is placed at a great distance, the attrac- 
tion is the same as if the sphere were condensed into its centre: 


in which case it would be 
Min 


v2 


3 
e 


dv . a ee: 
and since — m “- is the attraction of the sphere in the direction 


of 7, therefore iY 
Also when r = co, the potential = 0, and therefore c’ = 0: so 
that a 

v= Pi (146) 

(2) If the attracted particle is within a shell: then, because 
the attraction vanishes when the particle is at the centre, 

ay 

dr 

therefore from (144), c = 0; therefore 


= 0, when r = 0; 
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pe Vit= 2 Cet (147) 


for a similar reason will the potential have a constant value for 
all points within a shell whose bounding surfaces are similar 
and concentric ellipsoids: see Art. 193. 

(3) Let m be a particle of the attracting shell; so that 
(143) becoming 


ay 2 av 
yo + ar +4rp = 0, 
dv 
we have 1 Faw 4]? pdr = (0: (148) 


and let the radius of the interior surface of the shell be 79, and 
that of the exterior surface 7,: then since for all values of r 
between 7, and 7 the attraction of the shells is zero, we may 
take the limits of the v-integration to be r and 7. 


Now 47 | ‘7? pdr is the mass of the shell of which the exte- 


Zo 
rior radius is 7 and the interior is 7); let this mass be m,; and 
thus (148) becomes 


dv 
dv M 


and therefore the attraction is the same as if mM, were condensed 


; 4, 
into its centre. Also from (149), since mj ==7pr, if the 


3 
sphere is homogeneous and full, 
Gee neuter 3 Tl (i Kakek. oe 
eas oe 2 od as AS 
2 
But from (146), v,; = al 
27 pr? 


V = 2apre— (150) 


These results are evidently in accordance with those of the 
preceding Articles. 


And here we bring to an end our Treatise on Statics; and 
the inquiry into the laws and circumstances of equilibrium of 
particles and bodies under the action of impressed pressures : 
and we shall resume the course of the treatise as it was originally 
laid down, and subsequently broken off at Art. 11; and shall 
proceed with a regular statement of the principles of the science 
of motion. 


ANALYTICAL MECHANICS. 


PART «il: 


DYNAMICS; THE MOTION OF MATERIAL 
PARTICLES. 


CHAPTER VII. 
MOTION, ITS AFFECTIONS, ITS LAWS, AND ITS EQUATIONS. 


199.] On resuming the course of our treatise of the science 
of motion which was interrupted at the end of Article 10, it is 
convenient to make some preliminary observations. 

- Mechanics is the science which treats of material particles 
and bodies, at rest and in motion; that part of it which relates 
to bodies at rest, that is, under the action of many forces in 
equilibrium, is called Statics, and has been discussed in the pre- 
ceding part: and that part of it which relates to motion is 
called Dynamics, and will be developed in the following parts 
of the work: the passage from the latter to the former, and the 
process by which the principles of the latter include those of 
the former, as the general science includes its particular subor- 
dinate, will be investigated at the end of the present volume. 

Dynamics, as it is intended to unfold the subject in the fol- 
lowing pages, will be presented to the student in a twofold 
aspect: primarily and chiefly it will be considered as a positive 
and exact science, such as I have attempted to sketch it in the 
first chapter; and of that nature of which the pure sciences of 
number and geometrical space are supposed to be. Motion is 
the fundamental idea of it; that, viz., out of which spring 
all the truths of the science, and from axiomatic statements of 
which they are deductively inferred. Dynamics, as such, is a 
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science of speculation and thought; doubtless in the construc- 
tion of it experience may have suggested much, but the so called 
necessity of its principles is derived from another source. 
Secondarily it is my purpose to shew that the science is useful 
to explain phenomena of the world external to us: hence arises 
the necessity of proving that the axioms and the first statements 
of the pure science are true in the subject-matter of cosmical 
observation, and that the laws of natural phznomena are in- 
cluded within the range of the pure science. Now for this end 
large experience, in the way of observation and experiment, is 
frequently required. The operations of nature are complex, and 
it is only with deep searching that they allow themselves to be 
so far unravelled as to exhibit the laws they are subject to. In 
this respect then it is necessary to apply a limit to our inquiry ; 
and I propose only to shew, and that concisely, that the axioms 
of the pure science, or the laws of motion, are true in cosmical 
matter; so that, thus far at least, it is likely that we are on the 
right road of natural philosophy. And it will also be desirable, 
here and there, to point out certain salient laws, such as the 
law of gravitation and Kepler’s laws of planetary motion, that 
our attention may be directed to them rather than to others. 
As in the last Chapter it was beside our object to enter on the 
applications of attractions to the figures of the earth and the 
planets, to the theory of heat, and to magnetism and electricity, 
because such applications can be made only on certain hypo- 
theses, and with the developement of functions in series involv- 
ing infinitesimal terms, the knowledge of which belongs to 
the special subject: so in the following treatise I shall not enter 
on the planetary or lunar theories, on the phenomena of pre- 
cession of the equinoxes and the nutation of the earth’s axis, 
because such subjects require special knowledge, and belong to 
physical astronomy ; neither shall I carry on the investigation 
into the theory of light: but the general equations of dynamics 
will be investigated in all their breadth, and will be brought 
down to that stage where these special sciences commence ; and 
will not, except in very simple instances, be applied to cases or 
under circumstances wherein such special knowledge is required. 
Thus our science is a principal and normal one; normal, I say, 
because it is that to the rules of which each special subordinate 
science conforms: and the greater or less that conformity is, 
the more or less complete is that special science; and principal, 
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because the laws of dynamics are those which the special science 
takes and applies, each in its form and degree; and they are so 
large, that many forms of them are included which observation 
has not yet shewn to exist in the material universe. The applied 
part also serves a moral purpose, insomuch that it enables man 
to fathom the depths of the laws of Cosmos, to express them in 
a concise form, and thus to study the works of God. It is for 
these reasons that the science of motion is the most perfect of 
the physical sciences. . 

Although philosophically perhaps it might be more correct 
separately to investigate these two branches of the subject, yet, 
as the treatise is didactic, it is more convenient to consider 
parts of one or the other, as they arise in the course of it. 

The nature of the symbols which will be employed requires a 
remark ; we shall have to speak of time, space, velocity, matter ; 
these are heterogeneous quantities, and cannot be operated on 
so as to multiply time into space or mass into velocity; this is 
self-evident. But these quantities will be represented by sym- 
bols such as ¢, dt, s, ds, v, dv, m, dm; and these are numbers, 
and not the concrete things. Thus ¢ expresses the ¢ times an 
unit of time is taken; dv the dv times an unit of velocity is 
taken; and the numbers, of course, can be multiplied together, 
and the resultant of the operation is number of that kind which 
the symbols express before the operation. The unit of con- 
cretion however, which is to be introduced after the operation, 
may be different to that previous to the operation: see Art. 109. 
The concrete units are of course arbitrary, but remain unaltered 
during the whole of an operation. Sometimes a second, some- 
times a year is taken as the unit of time; it varies according to 
the problem; and the circumstances of it will generally guide 
us to a judicious choice. 

200.] Motion is the fundamental idea of mechanics; motion, 
that is, either real or virtual, either in act or in power; and 
therefore the science is more correctly termed the science of 
motion. Motion need not be defined : it is too general to be capa- 
ble of useful expression by means of a more general term; it is 
a quality or a state: one result of it is change of position of the 
thing moving: I say, thing moving; for a necessary element in 
an adequate conception of motion as the fundamental idea of 
mechanics is that something moves: motion must exist in, and 
be of, something; and that something, in which it is and of 
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which it is, is called matter. Motion, as it is scientifically 
treated of, must be clothed, and matter is that wherein it is 
clothed; motion therefore is a state of matter. Now when we 
speak of matter as the subject of the science, the term is not 
limited to the matter of the members of the solar system only ; 
to that which has sensible properties, and which gravitates ; but 
it embraces every thing that moves or is capable of motion; 
the particles of air of course are included; and they gravitate, 
and they are the subject matter by the vibrations of which 
sound is propagated; the particles of light which the emission- 
theory of light assumes, and the ethereal molecules of the un- 
dulatory theory, are also included. Matter is treated as the 
subject of motion; and when it is spoken of, it is supposed to 
have one essential property, and that is mobility. 

Matter also admits of divisibility without limit: a very large 
quantity of it may have motion, or a very small, nay an infi- 
nitesimal, particle; such as is analogous to a geometrical point : 
and its other properties, mobility and such like, are independent 
of the quantity of it. This remark is important; because it will 
shortly be convenient to divide the subject, according as we 
consider the motion of a finite quantity of matter, which 1s sup- 
posed to consist of an infinite number of particles, and which is 
called a material body: or according as we consider that of an 
infinitesimal quantity, and which is called a material particle. 
The quantity of matter which a body or a particle contains is 
called its mass. | 

201.] Of matter, having the property of mobility, there are 
two other affections, which, by reason of their abstract nature, 
need not be defined: viz. time and space: it is sufficient for us 
to be able to form a notion of them, and to enuntiate of them 
such properties as are required for the science of motion. 
Space and time, like matter, are continuous and divisible; and 
these affections are without limit. Space may be very large, 
nay, infinite; we cannot fix the boundaries of that space in 
which the heavenly bodies are; and it may be very small, such 
as that occupied by a chemical atom or a material particle. 
Time also admits of degrees as to quantity ; it may be an in- 
stant; such an infinitesimal, that the aggregate of an infinity 
will make only finite time: or it may reach through the present 
moment from ages bygone to ages to come. Motion, matter, 
time and space, stand to each other in the following relations. 
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Matter exists in space and time; all matter, even the minutest 
particle, occupies space. No two particles of matter and also 
no two bodies can occupy the same space at the same time; 
this property of matter is called its impenetrability. The same 
matter cannot be in two different places at the same time: 
hence a particle of matter or a body cannot pass from one posi- 
tion to another without lapse of time: time is consumed in the 
passage; and therefore a change of place requires time. And 
as a longer or a shorter time may be spent in the passage, so 
do we conceive of the rate or speed at which a particle or a body 
moves, And hence arises the quality of matter which is called 
velocity ; velocity being the degree of swiftness or slowness with 
which matter moves. From these relations arises the necessity 
of measuring space and time, and of determining equal spaces 
and equal times. As material bodies exist in space, they have 
volume and form; volume depending on the quantity of space 
which they occupy, and form on the bounding terms of that 
space; but the knowledge of equal spaces must be found in an 
adequate knowledge of space. The method of measuring volume 
is founded on the geometrical principle of superposition, and 
two volumes are equal which occupy the same or equal spaces. 
The notion of equal times and also the measure of equal times 
arises out of the idea of time, and an idea of time is not ade- 
quate unless it has these notions; it is true that the passage of 
time is marked by events which take place in it; and equal 
times are marked by the regular recurrence of the same event, » 
that is, by uniform motion; but equal times * are in themselves 
altogether independent of any particular kind of motion; they 
exist before it and they enable us to apprehend and to measure 
such a motion: equal times therefore must be deduced from 
the notion of time. 


202.] The most simple motion which a material particle can 
have, is that in which it describes equal linear spaces in equal 
times ; the motion of it is then said to be uniform, and the velo-— 


* M. Poisson, ‘Traité de Mécanique, 24¢ Ed. Tome I, p. 205, writes: “ La 
notion des temps égaux, et la mesure du temps ne sont fondées nécessaire- 
ment sur aucune loi particuliére de mouvement, et l’on peut, en conséquence, 
les supposer dans la définition du mouvement uniforme et de toute autre sorte 
de mouvemens.”’ Dr. Whewell, in his Treatise on Mechanics, Ed.5, Art. 102, 
says: “Those intervals of time, in which there is no discoverable reason why 
they should be unequal, are supposed equal.”’ 
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city to be constant; these two expressions in fact being equiva- 
Tent ; and when equal spaces are not described in equal times, 
the velocity is said to be variable. Such a velocity may vary 
continuously or discontinuously ; but it will be necessary for us: 
to consider only a continuously-varying velocity ; because a dis- 
continuous variation will be a succession of constant velocities, 
changing abruptly, and, as it were, by impulses. 

In the case of constant velocity, equal linear spaces are de- 
scribed in equal times; now although the velocity of a moving 
material particle is a quality or state of the particle itself and 
resides in it, and is that by which it differs from a particle at 
rest, and although no account more exact can be given of it, 
yet the velocity can be measured; and the measure is taken to 
be the number of units of linear space passed through in an unit 
of time. Suppose therefore a material particle to describe uni- 
formly v units of space (observing that linear space is meant) in 
one unit of time, v is the measure of the velocity: and if s 
represents the space passed through by the particle in ¢ units 
of time, then, bearing in mind the last clause in Art. 199, 


wea eur, (1) 
and a 7 (2) 


Thus velocity is linear space, and is the linear space described 
in one unit of time. 

If the velocity continuously changes, equal spaces are not 
described by the particle in equal times, and the velocity be- 
comes a function of the time. Let the time be resolved into 
infinitesimal elements, and, to fix our thoughts, let us suppose 
the particle to be moving along a straight path: and let us 
suppose it at the end of the time ¢ to be at a distance s from 
an origin fixed on the line, and to be at that time moving with 
a velocity v: that is, if the particle were to move for one unit 
of time with the velocity which it has at s, it would describe v 
units of space in that unit of time; and suppose ds to be the 
space described in dt, the next element of ¢; then, if v is the 
velocity at the beginning, and v+ dv is the velocity at the end, 
of dt, the mean velocity with which ds has been described may 
be expressed by v+0dv, where 6 is a proper fraction, and is 
positive or negative according as the velocity is increasing or 
decreasing: therefore by reason of (1), 

ds = (v+ 6 dv) dt; 
RYr2 
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and neglecting the infinitesimal of the second order, as by the 
principles of infinitesimal calculus we are obliged to do, we have 


ds = vdt; (3) 
that is, ds units of space are described in dt units of time by 
the particle moving with the velocity v at the beginning of dt; 


and therefore dividing through by dt, we have equal to the 


space described in one unit of time; and this is velocity; and 
thus we have iy) 


a — es (4) 


In the cases therefore, both of constant and of varying velocity, 
velocity is the space described in an unit of time, and is, by 
reason of (2) and (4), the ratio of the space described to the 
time during which it is described; and is in the latter case the 
ratio of two infinitesimals. 

It will be observed that 0 bas disappeared: now as it 1s upon 
the sign of 6 that an increasing or decreasing velocity depends, 
so are the results (3) and (4) true in both cases. 


203.] We have been speaking of varying velocity of a moving 
particle, with reference to that circumstance alone, and not with 
reference to any cause of it ** ; an important question now arises ; 
according to the conception of matter, as the subject of motion, 
bas it any power of changing its state; has it when at rest a 
power of putting itself into motion? has it when in motion a 
power of itself either of increasing or of diminishing its velocity ? 
An adequate conception of matter involves a negative reply to 
these questions. Matter is inert ; it has no power of acting on 
itself. or of changing its own state. If it is at rest, it will re- 
main at rest: if it is moving with a given velocity along a recti- 
lineal path, it will continue to move with that velocity along 
that path: there is no more reason why it should change its 
course towards one side of that line than towards the other: 
this is equivalent to saying that lapse of time does not affect 


* A distinction has been made, first, I think, by M. Ampére, between the 
results of motion, as they arise from the simple consideration of motion 
itself, or from the consideration of motion as the effect of certain acting 
causes. The former subject has been called Cinematics, and to the latter the 
term Mechanics has been applied. Our investigations thus far have been 


cinematical. The generation of curves by mechanical appliances belongs 
to cinematics. 
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matter’s state as to rest or motion, And not only does matter 
remain as it is, unless acted on by some source of velocity ex- 
ternal to itself, but it also passively submits to external influ- 
ence: whatever effect is communicated to it, that is also de- 
veloped in it. Now I am not saying that matter does not act 
on other matter, for the matter of Cosmos does so act: thus 
leaden balls attract each other: particles of air repel each other: 
but it does not change its own state. Whenever therefore—and 
this is most important—matter’s state is changed either from 
rest to motion, or vice versa, or when its velocity is increased 
or diminished, that change is due to some adequate cause, 
and velocity is communicated to it from some source external 
to itself. This source is called Force ; and force is either 
accelerating or retarding according as the velocity of matter is, 
by its action, increased or diminished: a more exact definition 
will be given hereafter when we inquire into the correct mea- 
sure of force by means of the effect which it produces. From 
the principle of inertia will be inferred the first equations, or 
propositions, of the science. The principle when stated in the 
following form is commonly called the first Law of Motion : 

Matter at rest remains at rest, and matter in motion continues 
to move in the same line and direction, and with unvaried velocity, 
unless acted on by some force external to itself. 

This principle of imertia is axiomatic, and is the first axiom 
in the construction of the science ; it rules that when a change 
of state takes place in matter, that change is due to the action 
of some cause external to the matter. 

204,] And before we proceed further, it is desirable briefly 
to inquire how far these properties of matter are true in that of 
the earth and of the several bodies of the Solar System. 

As to Mobility; the fact is shewn by daily observation: 
bodies falling towards the earth, particles of matter constantly 
moving in the air and as seen in a sunbeam, the waters of 
the sea never at rest, the motion of the moon and of the planets, 
the motion of particles of air in the wind, all bear evidence to 
this property: nothing is seen quiescent, every thing is in 
motion. 

As to Inertia: terrestrial matter seldom changes its state 
without our being able to assign the cause; and hence we 
inductively infer, that the cause could always be assigned, if 
our knowledge of the moving matter and its circumstances was 


310 ‘LAW OF INERTIA VERIFIED BY EXPERIENCE. [204. 


perfect. Consider a particle of iron, placed on a smooth table ; 
relatively to the table it is at rest: but let a magnet be placed 
so that the particle of iron is within its influence; the particle 
will begin immediately to move towards it; and the longer the 
space is through which the particle moves, the greater will be 
its velocity ; thus the magnet is the cause of the motion of the 
particle at first, and also of its subsequently increasing velocity. 
Now let another magnet be introduced of the same power as the 
former, and acting along the same line of action, and in an opposite 
direction, so that the action of the former magnet on the parti- 
cle of iron is neutralized: then it is found that the iron-particle 
will continue to move with the velocity which it has at the time 
when the neutralizing magnet is introduced: that is, the velo- 
city which it has at that instant is a quality residing in it, and 
which it has of itself no power to annihilate: its velocity will, 
it is true, during the subsequent motion become less and less ; 
yet it appears that such a loss of velocity is caused by the fric- 
tion against the table, the resistance of the air, and so on: for 
if these impediments are diminished, the particle continues to 
move with a velocity less rapidly decreasing: and hence we 
infer that if they are entirely removed, there will be no diminu- 
tion of the iron’s velocity. 

So again if a ball is projected along a level surface, such as a 
bowlinggreen, the rougher the surface is the more impediment 
does it offer to the ball’s motion, and the sooner is the ball 
reduced to rest: but if the surface is smooth, as a pavement, or 
‘smoother still, as a plate of glass, or as ice, the longer will the 
ball continue to move; eventually, however, it will be reduced to 
rest, because it 1s impossible to remove all the impediments 
which are continually acting on it as retarding forces, and are 
thereby withdrawing velocity from it. 

Again, if a suspended pendulum oscillates, the time ere its 
motion ceases will be longer if it vibrates on a knife-edge than 
if it is suspended by a spring, because the resistance of the 
former is less than that of the latter; and if it oscillates in the 
exhausted receiver of an air-pump, the time ere its motion 
ceases will be longer than if the oscillations take place in air. 
From experiments such as these, it is inductively inferred, that 
if all the hinderances are removed, and if the moving matter does 
not receive velocity from any other source, it has in itself no 
power either to increase or to diminish its own velocity. 
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The uniform periods of the planets, and the never-varying 
length of the mean sidereal day, in a similar manner shew that 
the same law is true in the matter of which the bodies of the 
solar system consist. 

The principle of inertia was first recognised by Galileo: me- 
chanicians had before his time failed in a correct exposition of 
the principles of mechanics. 

205.] Matter therefore can neither generate velocity for itself 
out of its own resources, neither can it absorb into itself velo- 
city which it has, or velocity which is communicated to it: it is 
alike “natural” to it to be at rest and in motion; whenever 
therefore its state changes, some source external to itself is the 
origin of the change ; if the velocity is increased, some velocity 
has been communicated to it; if it is diminished, velocity has 
been abstracted from it: whatever causes a change of velocity 
is called Force, and the word Force will be henceforth used in 
Dynamics in this meaning only. 

And here a distinction must be made, which will necessitate 
a division of the subject. If matter is in motion, and one or 
more forces are also acting on it at the same time, their lines 
of action may be either that along which the body moves, or 
inclined at a certain angle to that line; in the latter case the 
matter will be deflected from its rectilinear path, and its path 
may henceforth not be straight ; these circumstances of motion 
will be investigated in Chap. IX. In the former case the mov- 
ing matter will be accelerated or retarded in its own line of 
motion. For suppose a material particle to be moving with a 
constant velocity v, and two forces f and f to act on it, the 
effects of which are severally to produce velocities uw and w in 
one unit of time; and suppose each of these forces to act for ¢ 
units of time: then the velocity of the particle at the end of ¢ 
units of time’ will be v+ wt+w't, since by the law of inertia, and 
by its consequence, that matter is passively receptive of velocity 
._from an external source, the velocities arising from many forces 
acting simultaneously along the same line of action are simply 
additive. If one of the forces, say f’, act in a direction contrary 
to that of the particle’s motion, it will abstract velocity, and the 
velocity of the particle will, at the end of ¢ units of time, be 
ut+ft—ft. 

Hence if two forces are capable of communicating equal ve- 
locities to the same body in equal infinitesimal elements of time, 
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the two forces are said to be equal, and are such, that when 
applied to the same body in opposite directions along the same 
line of action, they neutralize each other, and do not change 
the body’s state. This is the definition of equal forces. Simi- 
larly, forces which in equal infinitesimal elements of time will 
produce in a given body, twice, thrice, &c. the velocity which 
another force will, are estimated as double, triple, &c. of this 
latter force. 


206.] When a force acts on matter, and communicates velo- 
city to it, the communication may take place in two ways: in 
equal successive elements of time, either equal or unequal velo- 
cities may be communicated: in the former case, the force is 
called constant: in the latter, variable, and the law according 
to which the velocity is communicated is called the law of force. 
Let us consider the effect of these forces, as they are exhibited 
in the altered velocity of the moving matter. The velocity 
which a force transfers to a body is called the impressed velocity : 
and the velocity which is developed in the moving body is called 
the expressed velocity ; in the case of a single material particle 
they are equal: but, for reasons which will be explained here- 
after, they are generally unequal in the case of a particle which 
is a component element of a moving body: when they are equal, 
it is to be observed that they are the same thing under different 
aspects. 

Now, to fix our thoughts, let us suppose a material particle to 
receive velocity: then a constant force being such that equal 
velocities are communicated in equal times, let f represent the 
velocity communicated in one unit of time; (the velocity being 
represented by units of space described in one unit of time, and 
force being therefore also represented by units of space:) and 
let us suppose the force to act for ¢ units of time; then f¢ is 
the velocity which will be communicated in the time. Suppose 
v to represent the velocity which the moving particle has 
acquired in the time ¢ during which the force has been in action 
on it; that is, let v be the expressed velocity of the particle ; 
then if all the velocity which has been impressed by the force 
is also expressed in the moving particle, 


v= ft. (5) 
Also if a particle is moving with a velocity w before the force f 
acts, and if the force acts for ¢ units of time along the line of 
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motion, and in the direction in which the particle moves, then 
the velocity at the end of the time ¢ is 
u-+ft. 
And if the force acts in a direction contrary to that in which 
the particle is moving, the velocity at the end of the time ¢ is 
u—ft. 

A variable force is that by which unequal velocities are com- 
municated in equal successive times; in this case, the time 
must be resolved into its infinitesimal elements, and the incre- 
ments of the velocity are to be considered as they are impressed 
by the force, and expressed in the moving particle. Suppose 
the force to be such that at the time ¢, a velocity f would be 
impressed by it in one unit of time, if the force were constant 
during that unit: and to be such that at the time ¢+ dt, a velo- 
city f+ df would (under the same supposition) be impressed by 
it in one unit of time; let v be the velocity of the particle at 
the time ¢, and v+ dv at the time ¢+ dé; then, if 6 is a proper 
fraction, f+ 6df will express the mean value of the velocity com- 
municated during the time d¢; the term mean value implying 
that, if f+ 0dfis uniformly impressed during the time dé, the 
velocity dv will be impressed on the moving particle. Hence, 


by reason of (5), pieces a oe (6) 
and therefore neglecting dfx dt which is an infinitesimal of the 
second order, dor Be fats (7) 


that is, the velocity in dt units of time is increased by fd¢; and 
is therefore increased by fin one unit of time; f therefore or 


= is the velocity expressed in one unit of time; and therefore 


the unit of force is that which impresses an unit of velocity on 
the moving particle in an unit of time. 

Hence then we have a measure of force; viz. the velocity 
which the force will impress on matter in one unit of time ; 
and as in the case of a single material particle the expressed 
velocity is equal to the impressed, we may take the expressed 
velocity to be a correct and adequate measure of the force ; 
and thus although f may be called a force, yet it is really the 
increment of velocity in one unit of time, and thus is only the 
measure of the force. And it is also to be borne in mind, that 
the force is assumed to act invariably, that is, velocity is supposed 
to be uniformly communicated by it during that unit of time. 

PRICE, VOL. Il. Ss 
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From the preceding equations we have the following results: 
ds. 
dt ’ 
po _ a ds 

is ae meine ts 
_ &sdi—a tds | 
" dt? : 


(8) 


and therefore if s is equicrescent, 


bate ¥ 
and if ¢ is equicrescent, Was 


= aa 
We shall suppose ¢ to be an equicrescent-variable throughout 
the whole treatise, unless it is stated expressly that it is not so. 

207. J Understanding then by force its measure or its effect, 
which is expressed velocity-increment, there are three different 
expressions for it: these require explanation. 

Let a particle be moving, and let it describe the space s in 
the time ¢: 

(1) Let us suppose the space and the time to be resolved into 
corresponding infinitesimal increments, so that neither all the 
dt’s nor all the ds’s are equal: in which case neither ¢ nor s is 
equicrescent ; and thus (8) correctly represents the expressed 
velocity-increment due to one unit of time: but the expression 
is unnecessarily complicated. and is therefore of little practical 
use. 

(2) Let the time be resolved into equal elements, that is, let ¢ 
be equicrescent : then d?¢ = 0, and (10) expresses the expressed 
velocity-increment. Now if the velocity is constant, all the 
corresponding elements of space will be equal: that is, all the 
ds’s will be equal and d*s =O: there will, in this case, be no 
velocity-increment, and therefore no force is acting. If the 
velocity is not constant, the ds’s corresponding to equal di?’s 
will not be equal; there will be an excess of one ds over the 
preceding or succeeding ds, and thus there will be a d?s: as dt 
is constant, let us assume it to be the unit of time: then ds is 
the velocity ; and d*s is the velocity-increment; and therefore 
measures the accelerating force. It is also to be observed, that 
if the velocity-increment is eonstant, the accelerating force is 
also constant ; d’s is constant, and therefore d°’s =0: but if on 


(10) 
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the other hand the accelerating force is variable, the velocity- 
increment is also variable, and the d?s’s vary, and d°s is not 
equal to zero: similarly we might proceed, and shew under 
what circumstances d*s would be constant, and therefore 
dis = (0. 

(3) Let the space be the equicrescent variable; in which 
case, if the velocity is constant, the di’s corresponding to the 
ds’s are equal, and d7t=0; but if the velocity is not constant, 
equal d?’s do not correspond to equal ds’s, and therefore d?¢ 
will not be equal to zero: in this case (9) is the expression for 
the velocity-increment ; f being affected with a negative sign 
because the velocity-increment becomes greater, as the time to 
which it is due becomes less ; in this case therefore the d?’s, to 
which equal successive ds’s are due, are decreasing, and there- 
fore d*t is negative. 

208.] Force, therefore, such as we have considered it, im- 
presses finite velocity in a finite time; and the effects of it have 
been resolved into elements corresponding to infinitesimal ele- 
ments of time. Thus if a force acts for a finite time, and if the 
law of the force is given, the total velocity impressed by it dur- 
ing the whole time may be found by integration, and the whole 
velocity will be the measure of the force’s action. A force of 
this kind is commonly called a finite accelerating (or retarding) 
force. But suppose a force to act, and to communicate a very 
great velocity in a very short time, (such as the explosive force 
of gunpowder, which will impress a very great velocity on a 
cannon ball im the very short time during which the ball is 
passing along the bore of the gun,) then doubtless if the law of 
the communication of the velocity is known, the whole velocity 
may be found as in the former case, and will be the measure of 
the action of the force ; but if the law of the force is not known, 
and the force acts for a short time and then ceases, the whole 
velocity which is impressed by it may be taken as the measure 
of its action. A force of this kind is called an Impulsive or In- 
stantaneous Force. This force does not, it is to be observed, 
differ in kind from finite accelerating force ; the communication 
and the developement is just as gradual in one case as in the 
other; the difference consists in the mode of measurement of 
its effect : mn the former case the law of force is given; and the 
total action of the force is determined by integration: in the 
latter case, whether the law of force is known or not, the action 

SS 2 
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of the force is measured by the whole velocity which has been 
communicated by it. 

209.] Hitherto motion and velocity have been considered 
independently of the quantity of matter of which they are. 
Velocity and its properties have been discussed as existing in a 
mass, and, to fix our thoughts, we have assumed in some cases 
that a material particle has been moving; but it has been un- 
necessary to introduce any reference to the quantity of matter, 
because the velocity of a material particle and of a mass of 
large dimensions may be the same: and inertia as a property 
of matter does not require any conditions as to the quantity of 
matter: it is true equally of a particle and of a large body. 
But now it is necessary to consider quantity of matter or 
mass : because the equations of motion of moving matter, from 
which all the theorems of dynamics will be deduced, are formed 
by comparing the velocity impressed with the velocity expressed ; 
and therefore a question arises, whether two bodies having 
equal velocities impressed on them will move with equal veloci- 
ties, whatever are their masses? No doubt, by the principle of 
sufficient reason, if their masses are equal, the expressed veloci- 
ties will also be equal: but what will be their expressed velo- 
cities, if the masses are unequal? Hence arises the necessity 
of defining equality of mass; and we must be on our guard 
against an argument in a circle: equal masses must not be 
defined to be those on which equal forces act and impress equal 
velocities, when equal forces are defined to be those which im- 
press equal velocities on equal masses. Suppose two masses 
to have the form of spheres, and to be moving with their centres 
along a straight line, and in opposite directions, then if they 
impinge on each other, and if each is by the collision brought 
to rest, these masses are said to be equal: so that equal masses 
are defined in the following terms: “Two masses are equal 
which moving with equal velocities along the same straight line, 
in opposite directions, and impinging on each other, are reduced 
to rest by the collision.” 

When many masses have by this process been determined to 
be equal to each other, we may collect two or more into one 
mass, and thus obtain masses which shall be any multiple of a 
given mass: and by a reverse process we may obtain masses 
which are submultiples of another mass; and thus we may 
obtain masses which bear any ratio to each other. Thus if m 
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equal masses are collected into one mass, and m’ into another, 
the ratio of these collected masses will be to each other as m 
to m’. 

As matter which occupies finite space is called a finite body, 
so matter which occupies an infinitesimal space-element is called 
a material particle. Thus a finite body consists of many mate- 
rial particles. The motion of a material particle is of a kind 
more simple than that of a body, and for this reason: if a body 
moves, its particles may all of them describe equal and parallel 
paths, in which case the body is said to have only motion of 
translation ; or the particles of the body may revolve one about 
another, without the relative positions of them being changed, 
in which case the body has the motion of rotation: a full dis- 
cussion of these circumstances will be the subject of Part III of 
the Treatise: for the present we shall consider the motion of 
material particles only: and as each one occupies space equal to 
an infinitesimal geometrical point, the motion of rotation may 
be neglected, and we shall consider motion of translation only. 

Experience teaches us, in the case of terrestrial matter, that 
if two particles are at rest, and if it is required to make them 
move with equal velocities, a much greater force must act on 
one than on the other; and the reason assigned is, that one has 
much greater force of inertia than the other. Now this is an 
inaccurate mode of expression. Jnertia* has no force: it neither 
destroys nor generates velocity; motion and rest are equally 
natural to matter. The true reason is, one mass is greater than 
another, and therefore has a greater quantity of matter for 
velocity to be communicated to. 


210.] Let two material particles be in motion; of which I will 
suppose one to be the unit-mass, for the unit is arbitrary, and 
the other to contain m unit-masses; and let them move with 
equal constant velocities v: if the m unit-masses of the larger 
mass are separate, each would move with the same velocity », 
and therefore the sum of all the particles moving separately 


* Many writers on mechanics use the expression “force of inertia;” and 
d?s San whe 
lately df has been called “force of inertia;’’ the expression is surely inac- 


curate and unphilosophical, if the words are used in the senses which I have 
assigned to them: and I cannot but refer to M. Poisson, who is no mean 
authority on such questions, for a corroboration of the view of the subject 
here taken. Traité de Mécanique, 24¢ Edition, Tome I, Art. 120. 
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would be mv; and by the principle of inertia the sum of the 
velocities is not changed when all the particles are collected 
into one common mass, and therefore the quantity of velocity 
which is expressed in the moving mass m is mv: that is, is in 
quantity m times the velocity of the unit-mass. Although 
therefore the velocity of both the masses is the same as to in- 
tensity, yet in quantity or amount of velocity, that of the mass m 
is m times that of the unit-mass. 

If therefore the particle m is originally at rest, mv is the 
quantity of velocity which is expressed in it: and by the law of 
inertia this must have been impressed on it: these two quan- 
tities are therefore equal, and we have 


impressed quantity of velocity = expressed quantity of velocity 

= Mv. (11) 
As we shall frequently speak of this “ quantity of velocity,” it 
is convenient to assign to it a distinctive name: it is, as ex- 
plained above, the product of the numbers expressing the mass 
and the velocity, and has been ordinarily called momentum or 
quantity of motion; although the term is somewhat inaccurate, 
yet, to avoid the inconvenience of new nomenclature, I shall 
use it, and shall signify by it the quantity of velocity which 
exists in moving matter: and shall henceforth signify by the 
‘term “velocity,” velocity as to intensity. The increments of 
these will be called respectively the momentum-increment and 
the velocity-increment ; and of these, when expressed, the ma- 


fe ae 
thematical equivalents will be mos 7 an nd ae , see equation 


(10), if ¢ is the equicrescent variable. And thus (11) becomes 


impressed momentum = expressed momentum 
—=9 0702), (12) 
Hence if a particle of m unit-masses moves with a velocity v, its 
momentum is mv; and if all the momentum is transferred to 
another particle m’, the velocity v’ of this latter particle will be 


such that Las ge (13) 


Thus if a particle (as a small ball) of mass = 3, moves uniformly 
with a velocity = 4, its momentum = 12; and if it impinges 
directly on another particle of mass = 2, ane by means of the 
impact is reduced to rest, the whole of the momentum will be 
transferred, and the latter particle will move with a velocity =6: 
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6 therefore will be the expressed velocity, and 12 will be the 
expressed momentum of this latter particle. 

Hence also momentum is the measure of the pressure of per- 
cussion of a moving mass. 

So if two particles, moving along the same line and in oppo- 
site directions with velocities which are inversely proportional 
to the masses, impinge directly on each other, they will be re- 
duced to rest by the collision. 

Again, if a cannon ball of mass = 10 is fired from a gun, 
and emerges from the bore with a velocity = 250, the momen- 
tum of the ball is 2500, and this will be the measure of the ex- 
plosive force of the gunpowder. 

Hence also it appears that whenever momentum is impressed 
on a mass by means of matter acting upon it, it is withdrawn 
from some other source, or an equivalent momentum is simul- 
taneously produced in an opposite direction. Hence also we 
infer that the whole amount of momentum is always the same. 
Momentum cannot be created: it can only be transferred. It 
may perhaps be thought that momentum can be generated by 
muscular action, say, that a stone may be thrown, and thus 
receive momentum, by the muscular action of the arm: we 
must not however be deceived by appearances: let a person 
stand in a frame suspended as the scale of a balance, and which 
is capable of moving freely: if he impresses momentum on any 
body, as, for instance, if he throws a stone, it will be found that 
he moves in a direction directly opposite: and the product of 
his mass and the velocity with which he moves in the scale will 
be equal and opposite to that which he has given to the stone: 
the apparent creation then of momentum in one direction is ac- 
companied by the creation of an equal quantity in the opposite 
direction. A similar effect takes place when momentum is im- 
parted to a mass by means of a pressure against the earth. 

The distinction which is drawn between velocity as to inten- 
sity and velocity as to quantity, or momentum, may be illus- 
trated by the following analogies. Suppose two masses of the 
same substance, one of which is ten times as large as the other, 
to be in the same state of temperature, and suppose both to be 
heated so as to be of the same higher temperature: then to these 
masses heat has been transferred from some external source; and 
to the larger mass ten times as much as that to the smaller one; ' 
and thus, although both are of the same heat as to intensity, 
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yet the quantity of transferred heat in one is ten times as great 
as that in the other. A thermometer measures temperature, 
that is, heat as to intensity ; in the same manner does the space 
described in one unit of time measure velocity as to intensity. 
Again, suppose a certain quantity of light from a given source 
to be received by a table or a given area; the smaller the area 
is, if it receives the whole light, so much more intense will the 
illumination be. But if a given area is illuminated equally 
throughout its surface, the greater the surface is, the greater 
also will be the quantity of light received by it. Thus light 
does as to intensity vary inversely as the area over which it is 
spread: but the quantity of light received by a surface illumi- 
nated equally throughout varies directly as the surface. 


211.] These questions must also be investigated with refer- 
ence to a continuously increasing or decreasing velocity: let 
the mass of the moving particle be m; and let the expressed 

pans he a? ; 
velocity-increment of it in one unit of time be oe then its 
29 


d re 
expressed momentum-increment = m FTE and this quantity is 


equal to the impressed momentum-increment: therefore 
impressed momentum-increment = expressed momentum-increment 
d*s 
= m—. 14 
The source of the impressed momentum-increment is called 
moving force; and as by (14) the impressed momentum-incre- 
ment is equal to the expressed momentum-increment, that is, to 


2 
m 7a» we may take this latter to be the measure of the moving 


force: and as the accelerating force is measured by the ex- 


2 


pressed velocity-increment meee it follows that the measure of 


the accelerating force is the same as that of the moving force 
acting on an unit-mass. Hence also the unit moving force is 
that which impresses an unit of velocity on an unit of mass in 
an unit of time. Equation (14) is called an equation of motion. 
Let us exemplify this result: suppose a particle m to be fall- 
ing towards the earth: it is found by experiment that the earth’s 
attraction is an uniformly accelerating force, (see also Art. 226), 
which impresses on the falling particle a velocity-increment of 
32 feet (approximately) in one second of time; let a second 
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therefore be the time-unit, and let us represent the number 
32 by g (= gravity): then mg is the impressed momentum- 


increment, and moe is the expressed momentum-increment : 
therefore, by reason of (14), 
mg = m (15) 
ads 
heat STE We 


The illustration may be more correctly represented when we 
take account of the mass of the earth. For since the attraction 
between the earth and the particle is mutual, the particle at- 
tracts the earth while the earth attracts the particle: if there- 
fore m and m are the masses of the particle and of the earth 
respectively, the velocity-increments of the particle and earth in 
an infinitesimal element of time are inversely as the masses. 

Similar too is the mutual attraction of the earth and moon: 
the expressed velocity-increments with which they move towards 
each other are inversely as their masses. Hence it follows that 
their centre of gravity would remain at rest, if the earth and 
moon .had no other motion than that which is due to their mu- 
tual attraction: but owing to the action of the sun, and the 
motion of each in space, the centre of gravity describes an ellipse 
with the sun in one of the foci. 

Hence then it follows that (1) moving forces do not impress 
equal velocities on different masses, unless they are proportional 
to the masses; (2) the velocities expressed in equal masses are 
proportional to the moving forces; (3) the velocities expressed 
‘im unequal masses by equal moving forces are inversely propor- 
tional to the masses. Hence also we infer that when a moving 
force impresses velocity on a mass, the velocity expressed varies 
directly as the moving force and inversely as the mass. This 
last proposition has been commonly called the third Law of 
Motion, and is enuntiated in a form such as, 

When moving force produces velocity in a given mass, the velo- 
city produced is inversely proportional to the mass. 

Sir Isaac Newton calls the following proposition the third 
law of motion: “ Action and reaction are equal and opposite.” 
This however is no more than a statement in plain language of 
(12) and (14); and it is necessary to explain the meaning of the 
terms action and reaction, and how they are measured. 
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And here we have come to the second axiomatic principle 
which is necessary to the construction of our science: when the 
state of matter, as to motion, changes, a measure of the change 
is hereby given: the product of the mass and of the velocity 
which is expressed in a given time is the measure of the force 
which has caused the change, and is by the first principle, that 
viz. of inertia, see Art. 203, equal to the impressed momentum. 
From this equation all the results of dynamics will be deduced. 

212.] The truth of the preceding theorems connecting moy- 
ing force, mass, and expressed velocity, in the case of terrestrial 
matter is proved by Attwood’s machine, for a full description 
of which I must refer the reader to Attwood’s original. treatise 
on rectilineal motion, and to other treatises on experimental 
mechanics, but of which a concise account is given in Section 3 
of the succeeding Chapter. It is shewn by numerous experi- 
ments made with it that the expressed velocity-increment in a 
second of time varies directly as the moving force and inversely 
as the whole mass moved; and therefore the product of the 
mass and the velocity-increment varies as the moving force, and 
may be taken to be a correct measure of it. The same theorem 
is also proved by the following experiment: it has been shewn 
in the preceding Chapter that the earth’s attraction on bodies 
near to its surface is constant ; and it will be shewn in Section 3 
of the following Chapter that, when bodies move under the ac- 
tion of the constant accelerating force of gravity, the expressed 
velocities, due to given vertical distances through which the 
force acts, vary as the square roots of those distances. Suppose 
two spherical balls m and m’ to be suspended from two points 
m the same horizontal line, and by strings of lengths such that 
the balls when at rest may just touch, and also have their 
centres in the same horizontal plane: let these balls be moved 
in circular arcs; then the velocities acquired by them as they 
fall from rest to the lowest point vary as the square roots of the 
versed-sines of the arcs through which they descend; and as 
the versed-sine varies as the square of the corresponding chord, 
so the velocities acquired in the descent vary as the chords. If 
therefore the two balls are raised through arcs, the chords of 
which are inversely as the masses of the balls, the velocities at 
the lowest points will also be inversely as the masses; and it is 
found by experiment that balls which have fallen through arcs, 
the chords of which are inversely as their masses, and which 
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impinge on each other at the lowest point, are by the collision 
brought to rest: and therefore the momenta of them must have 
been equal, and thus being in opposite directions along the 
same line of action have neutralized each other. This then is 
an experimental proof that the momentum is equal to the pro- 
duct of the mass and of the velocity. It is also found that, if 
the arc through which one of the balls moves is greater than 
that determined above, when the balls come into contact, they 
are not reduced to rest, but move in the direction of the motion 
of that which has fallen through the proportionally greater arc. 

It is also found by experiment that if two balls of unequal 
masses are placed in contact, and have a spring so arranged 
that when the spring is set free it exerts an equal action against 
both of them, the velocities which are expressed in them are 
respectively inversely as their masses. 

213.] When the matter on which moving force acts rests on 
a surface, the normal to which is along the line of action of the 
moving force, the effect is not velocity but pressure: for the in- 
finitesimal element of velocity, which the moving force would 
impress in an infinitesimal element of time, is destroyed by the 
resistance of the surface. But if the surface were removed it 
would be expressed in the moving matter, and the elements of 
velocity being added to each other, a finite velocity would be 
expressed. When therefore a moving force impresses velocity, 
and the velocity is expressed, the elements of it are added to 
each other, and the resultant is the whole expressed velocity : 
but when the elements of velocity are destroyed as soon as they 
are communicated, the result is pressure. Hence it follows that 
two pressures are to each other as the product of their masses 
and the infinitesimal elements of velocity which would be ex- 
pressed in them in an infinitesimal element of time if they were 
free. At this point therefore statics becomes a branch of dy- 
namics, and on this principle, which is called the Principle of 
Virtual Velocities, the theorems of the latter science are applied 
to those of the former. 

We are hereby supplied with a method, which is in practice 
most convenient, for determining the mass of terrestrial matter. 
Observation shews that at the same place all bodies, whatever 
are their substances, acquire the same velocity in falling in 
vacuo in the same time. The earth’s attraction therefore is an 
accelerating force which acts independently of the particular 

Tt 2 
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kind and quantity of the matter which moves, and is therefore 
the same for all matter. Consequently the pressures of bodies 
under the attraction of the earth vary as their masses: these 
pressures are the weights of the bodies, and therefore the weights 
at the same place vary as the masses of the bodies; and as the 
balance affords an easy mode of comparing weights, we can 
hereby deduce the relative proportions of the masses. 

It may probably be thought that this method of determining 
mass is more simple than that explained in Art. 209; and prac- 
tically for the matter of the earth it is: but there are objections 
to it, so far as the principles of the pure science of motion are 
concerned: (1) it experimentally assumes the relation between 
mass, moving force or its measure momentum-increment, and 
accelerating force or its measure velocity-increment; and this 
it is adduced to prove: (2) only terrestrial matter can be com- 
pared by it, whereas the principles of the science of motion 
should be laid in breadth sufficient to include matter of all 
kinds: (8) M. Poisson writes in the Traité de Mécanique, 
Art. 62, Ed. 24e: “‘Toutefois, on doit avoir un idée préalable de 
Pégalité et du rapport des masses, indépendamment de la pe- 
santeur, qui n’est qu’une propriété sécondaire des corps, puis- 
qu’elle deviendrait tout-a-fait insensible, sans que les masses 
eussent changé, en les transportant 4 une distance suffisam- 
ment grande de la terre.” Thus M. Poisson thinks that such a 
mode of determining mass would not be sufficiently general for 
even terrestrial matter. 
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CHAPTER VIII. 


THE RECTILINEAR MOTION OF PARTICLES. 


Section 1.—Direct impact and collision. 


214.] We proceed now to the application of the principles 
and equations which have been investigated in the preceding 
Chapter: and we shall begin with the most simple case, that 
of the direct impact and collision of two material particles. To 
fix our thoughts, however, I shall consider these particles to be 
spherical homogeneous balls of finite dimensions, which move 
so that all the particles describe equal and parallel paths, and 
the balls have therefore no motion of rotation; the velocities 
also of the balls will be supposed to be uniform both before and 
after collision, and the paths along which they move are sup- 
posed to be rectilineal; also the line of action of the mutual 
pressure of the balls during the collision is supposed to pass 
through their centres ; and if this line is that in which the balls 
are moving the impact is said to be direct; but if either of the 
balls moves in a line not coincident with this line of action the 
impact is called oblique. We shall now investigate the former 
case: the latter will be considered in Section 1, Chap. X. 

Let the masses of the two balls or material particles be m 
and m’; and, to fix our thoughts, let us suppose them to be 
moving with uniform velocities in the same direction along the 
straight line oa, fig. 85, say, from left to right: let v and wv’ be 
their respective velocities, and let us suppose v to be greater 
than v’, so that m overtakes and impinges on m': the momenta 
of the two balls are respectively mv and m'v’. 

Now no matter is perfectly rigid ; all is more or less extensi- 
ble, compressible, and also elastic ; see Arts. 148, 152, 153, and 
the account of elasticity there given. Thus when m impinges 
on m’, a compression of the particles of the two balls at, and 
about, the point of contact takes place: a change of form of 
the balls thus takes place, and the molecules of them move one 
relatively to another : velocity therefore has been impressed on 
them. The disturbance of the relative positions of the elements 
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of the bodies also brings elastic forces of restitution into action: 
for the effects of the impact are supposed not to be such that 
the balls are broken or crushed by them: and the greater the 
disturbance of the particles is, the greater is this elastic force : 
now although according to the configuration of the balls which 
we have imagined, the velocity of m is greater than that of m’, 
yet during the collision momentum is being withdrawn from m 
and is transferred (1) to m’ through the means of all its particles, 
whereby the velocity of m is increased ; and (2) to the particles 
which are disturbed in and about the point of contact: the 
measure of this latter transferred momentum is the elastic force; 
this transference of momentum continues until m and m’ move 
with the same velocity ; which circumstance eventually occurs : 
for so long as the velocity of m is greater than that of m’, the 
change of the forms of the balls is increased, whereby the 
elastic force is also increased ; and as this is in a greater pro- 
portion than the compressing force, the two balls must ulti- 
mately move with the same velocity: at this stage of the pro- 
cess, the compression is, it is to be observed, a maximum. 

As soon however as the balls move with the same velocity, 
there is no mutual pressure between them: there is then no 
force to counteract the elastic forces which have been brought 
into action by the compression, and these therefore begin to 
produce their effects. Now the common velocity of m and m’ 
at the instant, when the compression is a maximum, is from o 
towards a; and the effect of the elastic forces in the restitution 
of the figure is to increase the velocity of m’ and to diminish that 
of m in that direction. In other words, during the compression, 
momentum of the balls is changed into elastic moving force: and 
in the restitution, this elastic force again produces momentum : 
and in both processes momentum is abstracted from m and is 
- given to m’. 

A question however arises: What relation does the momen- 
tum impressed by the elastic force during the restitution of the 
forms bear to that which was lost during the compression ? 
Here, in our ignorance of the constitution of bodies and of their 
molecular action, we are obliged to have recourse to experi- 
ment ; and it is found that in two balls of given substances 
there is always a certain definite ratio between the momentum 
spent in producing a certain compression, and that acquired 
during the restitution; the latter quantity being always less 
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than the former: the ratio is called the measure of the elasti- 
city of the bodies, and is symbolised by e; the limiting values 
of e are 0 and |: the former being its value for substances per- 
fectly inelastic, and perfectly hard, because if a body is perfectly 
hard there is no compression, and therefore there is no elastic 
force: and the latter being the value of e when the bodies are 
perfectly elastic, and when the momentum impressed during 
the restitution is equal to that spent in producing the compres- 
sion. Mr. Hodgkinson has not found in the course of his ex- 
periments (see British Association Reports, Vol. III, p.534) any 
matter perfectly fulfilling these conditions. Hence the value 
of e for all known substances is a positive proper fraction. If 
therefore Pp represents the momentum impressed during the 
compression, eP is that acquired during the restitution. 

215.] Let m and m’ be the masses of the two balls, which 
move in the same direction along the straight line oa, see 
fig. 85, with uniform velocities v and v’: and let us suppose v to 
be greater than v’, so that m overtakes and impinges on m’: let 
u be the common velocity of the two balls when the compression 
is a maximum: let Pp represent the momentum spent in pro- 
ducing the compression, and ep that acquired in the restitution 
of the form of the bodies. Let v and v be the velocities of m 
and m’, when the collision ceases ; and which are their uniform 
velocities after the collision has taken place. We shall consider 
the circumstances of the balls as they are (1) at the instant 
when collision begins, (2) at the instant when the compression 
is a Maximum, (3) when the collision has ceased. Now 


mv = the momentum of m at the beginning of the collision, 
pep = the momentum spent in producing compression, 
mu = the momentum of m when the compression is a maximum ; 
therefore, by reason of (12), Art. 210, 
mv = MU+P; (1) 
m'v’ = the momentum of m’ at the beginning of the collision, 
m'u = the momentum of m’, when the compression is a maximum ; 
my = mu—P: (2) 
and at the instant when the collision ceases, we have by a 


similar process, mV = mu—eP, (3) 


mv = mu+eP: (4) 
and therefore adding (1) and (2), and (3) and (4), 
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me mv +m uw mv+mivo 5) 
m+m m+tm ” 
mvtmy = mv+m'v': (6) 
therefore the sums of the momenta before and after impact are 
equal. 
From (1) and (5) we have 
mm ? 
Pe (v—v); (7) 


therefore the momentum spent in producing the compression 
varies as the difference between the velocities before impact. 
Substituting in (3) and (4) from (5) and (7), we have 


a fee eee aes Gite -(vV—v); (8) 
mrm m-+m we, 
mv+mv em 
Peed cbt Tle Be 9 
Ve ee + (ev) (9) 


whence the velocities of the balls after collision are known in 
terms of their masses, the elasticity, and their velocities before 
impact. 

The momentum which is impressed on m in a direction oppo- 
site to that of its motion, by the elastic force ep during the 
restitution of the form of the balls, may be such as either wholly 
to neutralize the velocity of m and thus to bring it to rest, or 
to impress on it a velocity in the opposite direction. In this 
latter case, v will have a negative sign, and we shall have 

a greater than (har elas 

v em —m 
If m’ before impact moves in a direction opposite to that which 
we have imagined, and so as to meet m, v’ must be affected with 
a negative sign in all the preceding formule ; in which case if 
mv=m'v’, that is, if the momenta of the impinging balls are 
equal, «= 0, and the balls are at rest at the instant when the 
compression is @ maximum; and after the restitution has 
taken place, v= — ev, and v’= ev’, and thus the balls move in 
opposite directions. 

The product of the mass of a particle (and more generally 
too of a body which has only motion of translation) and of the 
square of its velocity, that is, of the numbers expressing these 
quantities, is called the Vis Viva of the mass. The sum of the 
vires vive of the balls before collision is mv?+4m’v?, and after 
collision mv?+m’v": and by (8) and (9) we have 
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(l—e*)mm 
om +m 
and therefore in the case of imperfectly elastic balls, when e is 
less than unity, vis viva is lost by collision. 

Also since the balls after impact move with constant veloci- 
ties v and v’, they in ¢ units of time severally pass over vé and 
vt units of distance, see equation (1), Art. 202: and therefore 
the distance between them = (v’— v)f 


mv2+mv? = mv+m'v? (v—vy; (10) 


= e(v—v)t. 


216.] Let us consider some special cases of the preceding 
results. 
(1) Let the elasticity be perfect: e=1: then 


2m’ : 
Mies 1 mom (v—v), (11). 
V=u+ ere (v—v); (12) 


and also if m=m’, v=v’, V=v; that is, when a perfectly 
elastic ball impinges on another equal and perfectly elastic 
ball, each after impact moves with the velocity of the other 
before impact; if therefore one is at rest before impact, the 
impinging ball remains at rest after impact, and the other will 
move with the velocity of the impinging ball. Hence if there 
is a row of equal and perfectly elastic balls in a straight line ; 
and if the first ball moves in that line with a velocity v, and 
impinges on the second, the first will be brought to rest, and 
the second will move on with the velocity v: similarly will it 
after impact on the third ball be brought to rest, and the third 
ball will move with the velocity v; and so on through all the 
balls, until finally the last ball moves with a velocity v and all 
the others are reduced to rest. Now as this result does not 
depend on the distances between the balls, it will be true if the 
balls touch each other; and therefore if there is a row of equal 
and perfectly elastic balls in a straight line, which touch each 
other, if one of the extreme balls moves with the velocity v, and 
impinges on the next ball with a velocity v in the direction of 
the row of balls, the intermediate balls will not be disturbed, 
and the last will move with the velocity of the impinging ball. 
Also ife=1 3 


mv2+m v2? = mv2+mv?; (13) 
that is, the sum of the vires vive is the same before and after 
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impact. This is a particular instance of a general law of dy- 
namics which will be explained hereafter. 

(2) If the bodies are wholly inelastic, e=0; also if they are 
perfectly hard, so that no change of form is caused by the im- 
pact, then no elastic force is brought into action, and e=0. 
In these cases Haylee 

Vv=V= caus oe ne met (14) 
that is, the balls after impact move together, and of course with 
the same velocity. 

(3) If m’ is infinitely greater than m, and if v’=0, or, which 
is the same thing, if m impinges on a fixed obstacle, as on a 


plane, then vit eee (15) 


that is, the ball rebounds with a velocity which is e times that 


of impact, and in an opposite direction. 
And if the elasticity is perfect, e=1, and 


V =} (16) 
that is, the velocity of rebound is equal and opposite to that of 
impact. 

And if e=0, v=0, and the ball remains in contact with the 
plane. 


217.] The velocity of the centre of gravity is not changed by 
the alteration which the velocities of the balls undergo by 
reason of the impact. 

Let x and 2’ be the distances of the centres of m and m’ from 
o, fig. 85, at the time 7: so that their velocities along oa at that 


: dx da’ 
time are ar and Tt’ and thus 
dx 


dt’ rhe ars 
Let 2 be the distance from o of their centre of gravity: then 


(m+m)x2 = me+msx'; 

(m+) Le = thie ai dec! 

dt dt dt 
= mv+mv ; (17) 
and is therefore equal to the sum of the momenta of the balls: 
but by (6) the sum of the momenta is the same before and after 
impact: therefore the velocity of the centre of gravity is also 
the same before and after impact. The same property is also 


ey 
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true of any number of balls directly impinging on each other in 
a straight row. 


218.] Examples illustrative of the preceding equations. 

Ex. 1. Determine the velocity of a given ball (m) which im- 
pinges on another equal ball moving with a given velocity, 
when the impinging ball remains at rest after the collision. 

Here m’=m, and v=0: therefore from (9), 


e Tee 
Sion pase 
Ex. 2. To determine the mass of a ball m2, which, interposed 
between 2, and m3 is such that the velocity of m3, which is 
originally at rest, may after impact from m, through the inter- 
vention of m, be a maximum. 


Let v be the velocity of m, at first : then 


. I 
the vel. of m3 after impact from m, = Ue Uy 
Mm, + Mz 


(1 + e)?m,mzv 
(M1 + Mz) (Mz + Ms) 


the vel. of m3 after impact from mz = 


= FS (me), say ° 
! (1 + €)? my (my 33 — Mg”) Vv 
ee m = SS LS — 0, 
F (ma) (m+ m2)” (M+ M3)” 
if mz = (myms3)2, and changes sign from + to —: therefore the 


value of f(m:) is a maximum, if mz is a mean proportional be- 
tween the two extreme balls. 

Ex. 3. » balls m,, m2, ms, ... m,, perfectly elastic, are placed 
in a row: find the ratio of their masses, when a momentum mv 
impressed on the first, is after impact equally divided amongst 
the n balls. 


vel. of m, after impact on m2 = ere v; (18) 
m+ Mz 
. 2 
vel. of m2 after impact from m, = eeaee ae 
mM + Mz 


vel. of mz after impact on m3 = Ga hes ada ad : (19) 
Mz + M3 M+ M2 

2mMs ZV — 
M+ M3 M+ M2" 

(m3 — M4) 41 MV 
(m3 + M4) (Mz + Mg) (12 + Mz) 
and so on: therefore from (18), (19), and (20), 

vuu2 


vel. of m3 after impact from m2, = 


vel. of m3 after impact on m4 = 5 (20) 
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mv mMm—M, 2M My (Mz— M3) V 
(Sera FESS L coe Ce 
n Mm + Mz (Mz + Mg) (721 4+- M2) 
Am ,Mz™M3 (M3 —M4)V 


are —= 


(mz + 14) (Mz + M3) (7 + M2) 


m,—M, 1 m—m3 1 mg—m, 1 
m,+M, Nn ag.) 1? og oy RR 
my, Ms, Mz, «Mz ms ‘4 
Racl aed ee alte Oy 8? n—l ee 

Mm, My +1 , 


? 


N—VL+2 2a? 
which gives the ratio of every two successive balls. 


219.] The theory of impact and collision which is explained 
in the preceding Articles may be applied to the solution of the 
following problem : 

By the law of inertia, a material particle or body which has 
a certain momentum continues to move in a rectilinear path, 
and with a constant velocity, unless it is acted on by some 
force ; that is, unless momentum is abstracted from it or is com- 
municated to it. Now if a particle or body moves in a vacuum, 
its velocity is not affected by any action of the medium through 
which it passes : but if the particle moves in a resisting medium, 
such as air or water, or in any other medium gaseous or liquid, 
whose density is finite, the particles of the medium are to be 

displaced, to allow the particle to pass through the medium ; 
that is, the particles must move, and must therefore have mo- 
mentum communicated to them; and this will be abstracted 
from the moving body; hence it loses momentum, the amount 
of which it is our object now to determine. And a loss of mo- 
mentum will arise not only from the displacement of the par- 
ticles which the passage of the body through the medium 
requires, but also from the action of the particles on each other, 
and from their friction against the surface of the moving body : 
the latter causes of loss of momentum, involving data extrane- 
ous to the present subject, we cannot now determine; but the 
former cause, and which is the principal one, we can determine, 
at least approximately. 

Let the moving mass present to the resisting medium a plane 
face, whose area is , and the plane of which is perpendicular 
to the line of motion of the body: let m be the mass of the 
moving body, p = the density of the resisting medium, and let 


& 
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the plane face » be at the time ¢ at a distance x from a fixed 
point in the line of its motion: let dx be the distance through 
which » moves in the time dé, and let v be the velocity of the 
body: so that dry = vdt. In the time dt, the plane face o will 
have passed over a space equal to dz, and will have impinged 
upon, and communicated momentum to, all the particles of the 
medium contained within a small cylindrical surface, of which 
» is the base and dv = vdt is the altitude; then as p is the den- 
sity, and as the particles move with a velocity v, so as to allow 
the body to pass through, a velocity v will have been commu- 
nicated to the mass pwdz, that is, to pwuvdt; and as this moves 
with a velocity v its momentum is pwv?dt; and this has been 
abstracted from the moving mass; therefore by reason of 


3) » 
dv : 
pe POU: (21) 


the resistance of the medium therefore will have caused to the 
moving body a loss of momentum which varies as the density 
of the medium, as the plane area of the body on which the 
medium acts, and as the square of the velocity with which the 
body moves. 

If however this result does not exactly coreenon with ex- 
periment, let 1t be remembered that we have neglected some 
circumstances which affect the loss of momentum; and thus 
the result which is only approximately true may be estimated 
at its value. 


Section 2.—Rectilinear motion of particles under the action of 
uniformly accelerating force. 


220.] It may be observed that the results of this section are 
true also of the motion of a finite body, if all the particles of 
the body describe equal and parallel straight lines, and there- 
fore move with the same velocity. 

Let m =the mass of the moving particle; and let a point o, 
fig. 86, in its line of motion be taken as the origin: let Pp be its 
position at the time ¢, let op = a, and let pa = dw be the space- 
‘element described in the time dé: so that if v is the velocity of 
m at the time ¢, Jp 

dt 
“de = vdt: (23) 


as (22) 
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let f be the impressed velocity-increment due to, and the mea- 
sure of, the accelerating (or retarding) force: then m/f is the 
impressed momentum-increment of m in an unit of time. 

Let dv be the expressed velocity-increment due to the ‘time 
di; therefore mdv is the expressed momentum-increment due 


dv . 
to the same time; and m— is the expressed momentum-incre- 


ment due to one unit of time: therefore by reason of (14), Ar- 
ticle 211, As 


f= mr (24) 


ad dx 
dt dt 
a2 
if tis the equicrescent variable: f also is to be affected with a 
positive or negative sign according as from (24) the action of 
the force makes the velocity increase or decrease as the time 
increases. ‘To fix our thoughts, let f be positive, therefore 

a? x 

ry mt! (26) 

Now suppose the circumstances of motion to be such that the 

velocity of m =u, when ¢=0; then, integrating between limits 


thus assigned, we have - ce 
d.— — =fdt; 
dx 
Fate = ft; (27) 


that is, the zncrease of velocity in the time ¢ is ft: u is called 
the initial velocity. 

Again, integrating, and supposing the particle to be at 
A(OA=a@), when ¢=O, we have from (27), 


de = udt-+fidt, 


2 
e—a = ut+ —— Bs (28) 


If m is at the origin, when ¢=0, a=0O, and 
2 


eaute; (30) 


2,20. | UNIFORMLY ACCELERATING FORCES. 3390 


and also if the particle starts from rest, then «=0, and we 
have fe 


Tait 
in this last equation 2 is called the space due to f during the 
time ¢: and ¢ is called the time to which @ is due under the 


(31) 


action of f. 
Again, multiplying both sides of (26) by 2dz, we have 
dx? 
d. dt2 = 2 fdx 5 


and supposing that the velocity of the particle is u when # = 0, 
so that ~ and O respectively are the inferior limits of the defi- 
nite integrals of the sides of the equation, we have 
2 
Orn = Bf; Fd (32) 
and if the velocity of the particle = 0, when wv =0, then u=0, 
and we have 


dx? 
peut} 
the velocity = (2 fx)? (33) 


Hence (27) gives the relation between the velocity and the 
time, (33) that between the velocity and the space, and (30) or 
(31) that between the space and the time. And it appears that 
when a particle moves under the action of a finite accelerating 
force, 

(a) The velocity acquired during a given time varies as the 
time. 

(8) The velocity acquired by the particle during its motion 
through a certain space varies as the square root of the space. 

(y) The space through which the particle passes varies as the 
square of the time. 

If the force is retarding, f must be affected with a negative 
sign, and we have 


dx 

SS ae = —- 4 

i velocity = u—/ft, (34) 
Api 
(=) = Ur 2S aw, (35) 
U pat 7 a hal , (36) 


Also if the initial velocity is in a direction the opposite of that 
in which the force acts, then w is negative, and the necessary 
changes must be made in the preceding formule. 


396 RECTILINEAR MOTION OF PARTICLES. [aar. 


And if the particle is projected with a velocity uw from o in a 
direction contrary to that in which the accelerating force acts, 


it comes to rest when = =0; that is, when 


(= #) and #= a 
221.] The product of the numbers expressing the mass and 
the square of the velocity being called the vis viva, (see Article 
215), equation (33) gives, 
vis viva = mv? = 2mfz; (37) 


that is, the vis viva varies as the distance through which the 
force has acted on the particle, and has thereby increased its 
momentum. 

For many years, and even after the principles of mechanical 
science had been correctly explained, a controversy was waged 
with much acrimony as to the correct measure of a constant 
accelerating force: the disputants on one side urging that vis 
viva was the correct measure, and those on the other, that the 
force’s effect was measured by the momentum which it im- 
pressed and not by the vis viva. The dispute however is one 
of words only, and if the combatants had at the outset defined 
what they meant by “effect,” the controversy would have been 
concluded ; for let vis viva and let momentum be resolved into 
their elements, and they are the sums of an infinite number of 
infinitesimals, and it would have been perceived that the ele- 
ments are identical, although the resolution of the former would 
have led to elements corresponding to infinitesimal space-ele- 
ments, and that of the latter to elements corresponding to infi- 
nitesimal time-elements. And thus as to the word “effect :” if 
the effect of a constant accelerating force is to vary with the 
time during which it acts, then momentum becomes the mea- 
sure of that effect: if it is to vary with the space through which 
it has acted, then vis viva is the measure of the effect. 


222.]| Ifa particle moves from rest, the space described in ¢ 
units of time is given by (81), and we have 


athe 
=. 


Let x, %,...@, be the spaces described in the first, second,... 
nth units of time: then we have 
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re ey by Ly = " x 1 \ IN 
Uy +e@+H%3 = as aes ‘ sa \\ sr oh 
URS bala YO. av 
Ly+Mg+ ...+%yn = mk, he L(2n—1) IN 


that is, the spaces described in the first, second, ... nth ee a 
time are as the numbers 1,3,5,...(22—1), and increase therefore 
in an arithmetical ratio, the common difference of which is /. 

As a sufficient comprehension of these results of uniformly 
accelerating forces is indispensable for a complete knowledge 
of subsequent results, let us consider the subject in its more 
elementary form. 

Let m start from 0, fig. 86, from rest: and let the time of its 
motion be resolved into equal infinitesimal elements, each of 
which we shall represent by r: and let x, x, a3,...@, be the 
spaces which it describes in the first, second, ... nth time-ele- 
ments; then since fis the velocity which the accelerating force 
impresses in an unit of time, the velocities of the particle at the 
end of the first, second,... th time-elements will be 

ET Le ht. Get, st WEE 

Now imagine each successive space-element to be described 
in the same time 7, and with an uniform velocity: then if 6 is 
a symbol for a positive proper fraction, these successive uni- 
form velocities will be 


0, f7, (f+62f)r, (2f+O3f)T, ... {(n—1)f+Onf}7 5 
and because the space is equal to the product of the time and 
the velocity, see (1) Art. 202, 


a = 0, fr? 
He = (14 42) fr? 


Yh a (n—1+0,) fr?, 
the whole space = #,+ 42+... +2n 
= {142+4+...+(n—1)} fr? 
4 (0;+69-+... +6,) fr? (89) 
peta L) p05 2 (40 
= am + (01+ 02+ +. +6n) fr”. (40) 
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Let the whole space described by the particle = x, and let the 
whole time = ¢: then ¢=nr: and since 7 is an infinitesimal 
time-element, during which we may without sensible error sup- 
pose the velocity to be uniform, 2 is an infinity of that order 
of which 7 is an infinitesimal, and we have 


t 
oes 
= 
therefore from (40), 
— «EE 
“= ( 9 7) 4 £722.05 
and omitting the infinitesimals, viz. the terms involving 7 and 7?, 
t? 
ale om 


the same result as (31). 


223.] Some examples are added illustrative of the principles 
contained in the preceding articles. 


Ex. 1. It is required to divide a straight line whose length is 
a into four parts, such that a particle under the action of a finite 
accelerating force which acts along the line may, starting from 
rest, describe each part in an equal time. 

Let x1, #2, #3, 2, be the four parts: then, by equations (38), 


My &,  %, Ly M+h2+%gt+aX 
ST CRgh "5S Tae ean) Ries ote, 
aes a ° 
= 163 
a 3a 5a 7a 


a Be A Ray ae mi Maca ee Ch = Tie 


Ex. 2. A particle moves in a straight line, under the action of 
an uniformly accelerating force, and describes spaces P and @ in 
the pth and gth units of time respectively ; determine the velo- 
city of projection, and the magnitude of the accelerating force. 

Let « = the velocity of projection, and let f be the accelerat- 
ing force; then 

The space described in one unit of time on account of the 
velocity of projection is wu: and that due to the accelerating 


force in the nth unit of time = i (2n—1); 


Tad ya aah. _ e(ep—1l)—P2g—l) 
Ne Sip =a te 2 (p—9) 
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Ex. 3. A particle is projected with a given velocity u in a line 
along which an accelerating force acts, and in a direction oppo- 
site to that of the force’s action : and the time is given between 
its leaving a given point and its return to it: it is required to 
determine the velocity of projection and the whole time of 
motion. 

Let u=the velocity with which the particle leaves the origin 
o: and let the time between the particle’s passage through a, 
at a distance a from o, and its return to it be 27: let B be the 
extreme point which the particle reaches: then, by Art. 220, 


u? : u 
oB = —, and time from o to B = —; 
af ii 
the distance aB = ee 
and the time due to this distance = T: therefore by (31), 
2 2 
Ct ae 
af 2 
w= Rafts)? 
and therefore the whole time of motion = = 
2a 
= 2 
(ina 


SEction 3.—On gravity as an uniformly accelerating force. 


224.] In Chapter VI, on attractions, it is shewn that the at- 
traction, on an external particle m, of a sphere consisting of homo- 
geneous concentric shells, the density of each one of which may 
be different, is the same as if the whole sphere were condensed 
into its centre, and therefore the attraction of such a sphere on 
an external particle varies as the square of the distance of the 
particle from the centre of the sphere. Hence if a particle 
moves in vacuo towards such a sphere, and under the influence 
of its attraction, the law of force is that of the inverse square of 
the distance from the centre of the sphere. But when the at- 
tracted particle is nearly on the surface of such a sphere, and 
moves only over distances which are small in comparison of the 
radius of the sphere, the variation of the attraction is so small 
that it may be neglected, and the force which increases its velo- 
city may be considered constant: the same result also follows 

Oe 
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from the investigation of the attraction of a thin plate on an 
external particle which is given in Art. 175: and if the attracted 
particle lies within the surface of the sphere, the law of attrac- 
tion depends on the densities of those concentric shells of which 
the sphere is composed, and which are within that surface on 
which the attracted particle is; for the resultant attraction of 
all the shells external to that one vanishes: see Art. 181. 

Now these results are approximately applicable to the attrac- 
tion of the earth on particles and on bodies; only approximately, 
I say: because the mean bounding surface of the earth is not a 
sphere, but an oblate spheroid, of which the equatorial diameter 
is 7925 miles, and the polar diameter is 7899 miles; and thus 
the ratio of these diameters is nearly that of the numbers 299 
to 298. Now the effect of this oblateness (1) is an increase in 
the earth’s attraction, and thus in weight and in the accelerat- 
ing force of gravity, on particles at or near to the earth’s sur- 
face as we pass from the equator to the poles; and the amount 
of this increase is in weight about the 590th part of the weight 
of a body at the equator: (2) is a change of the line of action of 
the earth’s attraction. If the earth were a sphere consisting of 
homogeneous concentric shells, the line of action on a given 
particle would be the line joming the position of the particle 
and the earth’s centre: as the case now 1s, the line of action is, 
by the principle of fluid-equilibrium, perpendicular to the sur- 
face of still water at the place: and is therefore along the nor- 
mal to the spheroid: all these lines of action therefore touch 
the evolute-surface of the spheroid, but do not pass through the 
centre. Laplace has calculated the effect of the oblateness of 
the earth on the motion of the moon; and observation verifies 
his results. 

Again, as the earth rotates about its polar diameter, the cen- 
trifugal force, which diminishes the weight of particles and the 
earth’s accelerating force on particles near to the surface, is 
greatest at the equator, and is zero at the poles: of this cause 
of diminution and its measure we shall speak hereafter: I may 
observe, however, that at the equator the weight of a body is 
diminished by about the 289th of its true weight, and that the 
effect of centrifugal force in passing from the equator to the 
poles varies as the square of the cosine of the latitude. 

Also the effect of the earth’s accelerating force varies by 
reason of local causes : it is affected by near mountains both as 
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to intensity and as to line of action: it is different on an island 
which is surrounded by a large mass of water, and on a conti- 
nent: it even varies, as delicate observations with the time- 
measuring pendulum shew, with the materials of the earth at 
the place of observation : thus does the pendulum, as M. Poisson 
observes, and as we shall shew hereafter, become an indicator 
of geological conditions. 

Gravity also manifestly varies with the altitude of a place 
above the level of the sea: experiments however by which its 
value has been determined, are supposed to be made at the 
level of highwater-mark. 

225.] And notwithstanding all these variations of the earth’s 
attraction, for bodies near to the surface the accelerating force 
due to it is nearly constant at any given place, and increases as 
we pass from the equator to the pole; and decreases as we 
remove further from the centre of the earth. The exact mea- 
sure of it as an accelerating force, that is, the velocity-incre- 
ment which it impresses on a given particle in one unit of time, 
for a given place is, of course, to be determined by experiment : 
now at Greenwich, if one second is the unit of time, at the level 
of highwater-mark, and in vacuo, the most exact pendulum 
experiments exhibit a velocity-increment of 386.28 inches, that 
is, of 32.19 feet. That is, if a particle falls in vacuo towards 
the earth, the excess of the velocity at the end of any second of 
time over that at the beginning of the second of time is 32.19 
feet. 

The velocity-increment is the measure of the accelerating 
force called gravity ; and it is independent of the matter, form, 
and magnitude of bodies. Thus in the common experiments 
under the exhausted receiver of an air-pump, the heaviest 
metals and the lightest pith fall from rest through the same 
distance in the same time, and acquire equal velocities. And 
also the time of oscillation of a pendulum is independent of the 
matter of which the pendulum is made: gravity therefore as an 
accelerating force is independent of the particular kind of matter 
which it communicates velocity to. 

226.] As to the experimental proof that gravity is an uni- 
formly accelerating force: when a heavy particle or body falls 
freely by itself in vacuo, the velocity of it quickly becomes so 
great and increases so rapidly that the law of the increase can- 
not be observed with accuracy ; hence arises the need of some 
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contrivance which may diminish the velocity, and not change 
the law. There are chiefly two contrivances for this purpose : 
firstly, Attwood’s machine; in which two unequal masses dif- 
fering slightly from each other in weight, are connected by a 
very fine, and, as nearly so as may be, flexible and inextensible 
string: this is suspended over a pulley, see fig.87, anc; which, 
by means of friction-wheels and any other appliance whereby 
friction may be diminished, moves as easily as possible. Of 
course the greater mass descends; and as both the masses 
move with the same velocities, their expressed momentum- 
increment is the product of the sum of their masses, and their 
common expressed velocity-increment; and their impressed 
momentum-increment is that due to the excess of the mo- 
mentum-incremeut of the larger mass over that of the smaller ; 
that is, is due to the difference of their weights ; see Art. 213. 
And these momentum-increments are equal, except that some 
small part of the impressed momentum is spent in producing 
the velocity of the pulley and of the string, which we at present 
neglect. Now as the difference of the weights of the two masses 
may be as small as it is convenient, so may the expressed velo- 
city-increment of the masses be diminished as much as we 
please, and we are thereby enabled to measure the rate of in- 
crease of the velocity, and also the whole velocity which is ex- 
pressed in a given time: and after very careful and numerous 
observations it is found that, 

(1) The velocity of the descending mass varies as the time 
during which it has been in motion from rest. 

(2) The spaces described by the descending mass vary as the 
squares of the times during which they are described. 

(3) The spaces described in successive units of time vary as 
the odd numbers 1, 3, 5, ... (2a —1). 

And as these results are in accordance with those which have 
been deduced in Art. 220, when the accelerating force is con- 
stant, and as the processes by which these results were proved 
may be inverted, it follows that the moving force by which, in 
Attwood’s machine, moment-increment is impressed is uniform; 
and therefore the earth’s attraction or gravity is an uniformly 
accelerating force*. 


* From this Article, and from Art. 212, it appears that two principal re- 
sults are established by Attwood’s machine: (1) the matter of the earth is 
such, that the expressed momentum-increment is equal to the product of the 
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Secondly, the oscillating pendulum is a contrivance by which 
great accuracy is attained, in which the velocity-increment is 
easily measured, and which is actually employed for the pur- 
pose. ‘To the lower end of a fine straight rigid rod a body is 
attached, the mass of which is so large in comparison of that of 
the rod, that the mass of the latter may approximately be 
neglected: the upper end of the rod is so fixed, that the whole 
rod and body can vibrate freely about an axis passing through 
it. Now if the rod is moved out of its position of rest, and 
turns about this axis, the rod and body will vibrate; let the 
vibrations be small, and let the motion take place wholly in one 
plane: then it is observed that the oscillations are isochronous, 
that is, are performed in equal times. In a future Chapter it 
will be shewn that such isochronism of bodies moving in small 
circular arcs is true, when the accelerating force is constant ; 
and therefore we infer that the force of gravity under the action 
of which these isochronous oscillations are performed is a con- 
stant accelerating force. 


227.] In the following examples of the action of gravity, the 
time-unit is taken to be one second, the space-unit one foot ; 
and the velocity-increment is supposed to be 82.2 feet (rather 
greater than its correct value 32.19 feet in the latitude of 
Greenwich) for facility of calculation, and is symbolized by g; 
and let m be the mass of the moving particle. 

We will consider the case (1) of a falling body: (2) of a body 
projected vertically upwards with a certain velocity: and in 
both cases I would observe that if the time results at last with 
a negative sign, it expresses an epoch anterior to that at which 
we suppose our time to commence. 

(1) The motion of a particle m falling towards the earth. 

Let a certain point 0, (a) fig. 88, in the line of the particle’s 
motion be taken as the origin: and let v=or be its distance 
from o at the time ¢: then, if dz = Pq is the space described in 
dt, that is, in dt units of time, 


da 
at 


the space described in one unit of time, 


the velocity at the point p, and at the time ¢, 
= v (say) ; 


mass and the expressed velocity-increment: (2) gravity is an uniformly acce- 
lerating force. 
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d. ’ 
and therefore m— — mv is the momentum of the particle at 


dt 
! ay suds a iti 
that time. Hence = a ar is the expressed velocity-incre- 
ax 
ment in an unit of time, and m—.- is the expressed momentum- 


dt 2 
increment in an unit of time. This last expression is to be 
equated to mg, which is the earth’s impressed momentum-in- 
crement on m due to.a second of time; so that we have 


d*x 
mM de — mg; 
dx 


Now if w= the velocity of m, when ¢=0, the definite integral 
of (41), the superior and inferior limits on both sides corre- 
sponding to ¢=¢ and to += 0, is 


ax 
= = the vel. of m = u+gt; (43) 


that is, the velocity is equal to the sum of the initial velocity, 
and of that which gravity has impressed in ¢’; and if the parti- 
cle is projected upwards from o in a direction contrary to that 
in which 2 is measured and g acts, then 


Again integrating (43), and supposing a to be the distance of m 
from o when ¢ = 0, let us take the definite integrals with limits 
corresponding to ¢=¢ and to ¢=0; and since 


gt* 
dz = (u+gt)dt; pe oe = Oe 
f2 
pe a+ut+ . (45) 
Also multiplying both sides of (41) by 2dz, we have 
dx? 
d. a —— 29 dx; 
and taking the same limits of integration as before, 
dx? , 
palate hs ee 
dt? a = 29g (x a) 3 
dx” 


dpe = (vel.)? = w?+2g(a@—a). (46) 
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If when ¢=0, x =0 and the particle is at rest, then a= 0, and 


u = 0, and dx 
2 
v= oe | (48) 
dx? 
Ae Pai (49) 


Whence in a particle falling from rest, 
(1) the expressed velocity varies as the time, 
(2) the expressed velocity varies as the square root of the space, 
(3) the space varies as the square of the time. 


And generally, (43) gives the velocity in terms of the time: 
(45) gives the space in terms of the time: and (46) gives the 
velocity in terms of the space: (45) is of course identical with 
the equation which would result from the elimination of the 
velocity by means of (43) and (46). 

(2) Suppose the particle m to be projected vertically upwards 
from 0, see (8), fig.88; op = 2, Pg=dzx; and let on =A, where 
H is the highest point which m reaches ; and let w = the velocity 
of projection from o: then since g in this case causes both the 
velocity and the distance to decrease as ¢ increases, 


ada 
ms = — mg; 
hai 
—_ == — = 50 
dt2 g (90) 
then taking definite integrals with limits the same as heretofore, 
dx ne et a 
dt San Se 
d. 
= = u—gt, (51) 
2 
Geuhs a (52) 
2 
also from (50), — wu? = — 292, 
dx 
ae — y2—2Q92. (53) 
When oe = 0, the particle comes to rest; therefore from 


dt 
(51) and (53), 
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the time, when m comes to rest, = : ; (54) 


9 


2g” 
after m has come to rest at H, it begins to descend: and from 
the preceding formula it is manifest that the time of the descent 
from Hu to o is equal to that of the ascent from o to H; also 
that the velocity acquired in the descent is equal to that lost in 
the ascent. These results are also evident from first principles. 


228.] Ex.1. A particle falls from rest; determine its velo- 
city, and the space which it has described at the end of 6”. 


the distance from 0 to H = (55) 


ae dz ; Migr 

ae ds «ati 8 soi 
the velocity at the end of 6” = 6 x 32.2 feet, 

the space at the end of 6” = Beal feet. 


Ex. 2. A particle is projected vertically upwards with a velo- 
city of 100 feet in one second: find the height to which it 
ascends, and the time of its ascent. 


ax 
ae = 7% 
dx 
i oe 
d. 2 
da wu 1000 
» _ & _ 10000 
ag Ga 


Ex. 3. A particle is projected upwards with a velocity uw; find 
the time which intervenes between its leaving, and returning 
to, a given point in its path. 

Let a =the distance of the given point a from 0, the point of 
projection: then if ¢ is the time from o to 4, 


nul CEE 
i at a3 
2__9 3 
pe ae (w ae (56) 


And the time to the highest point = 3: 
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In (56) the upper sign refers to the passage of the particle 
through the given point in its descent, and when it has left the - 
highest point ; and the lower sign refers to the passage of m 
through the given point in its first ascent: therefore 
2(w2—2ag)? 

Oe eae 

Ex. 4. With what velocity must a particle be projected down- 
wards, that it may in »” overtake another particle which has 
already fallen through a feet. 

Let w= the required velocity: therefore the space which the 


first particle will pass through in n” is 


n2 
un 4- eg 


the intervening time = 


and the velocity which the second particle has, when the former 
starts from rest, is (2ag)?: therefore at the end of n”, its dis- 
n2 


tance from the origin, is a+(2ag)?n+ J 


a3 which, being 


equated to the preceding distance, gives 
@ a 1 
phen ae (2ag)? . 


Ex. 5. A particle whose elasticity is e falls through a given 
vertical distance @ and strikes a horizontal plane, whence it re- 
bounds, and falls again; and so on continually: find the whole 
space which it passes through before it comes to rest. 

By (49), the velocity of impact in the plane = (2a 9)?3 

by (15), Art. 216, the velocity of rebound = e(2 ag)? : 

the height to which the particle ascends, by (55), = e?a; 
similarly after the second impact, the height = e*a; and so on: 
therefore the whole space = a+2 {e?a+e4a + ...} 

2674 | 
OTR 
1+ e? 

1—e?' 

229.] Let us also investigate, and apply to certain examples, 
the equations of motion of two given masses connected by a 
fine inextensible and flexible string, which is suspended over a 
pulley, as in Attwood’s machine, see fig. 87: we shall suppose 
the pulley and the string to be without inertia, so that no part 
of the impressed momentum is spent in giving velocity to them. 

yy 
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Let m and m’ be the masses respectively at Pp and q at the 
time ¢: of these suppose m to be the greater, so that p descends : 
let ap=2, BQ=2’: then, since the string is inextensible, 


7 
x+a2 = a constant ; 


dx dx’ re 
at tars ee ie 
Oy ea 


whence we conclude that the velocity and the velocity-incre- 
ments of the two particles are equal, and have opposite signs. 
Now the whole mass which receives and developes velo- 


d 
dt? 
ment of the esas of this, the expressed momentum-incre- 


2 
city-increment is m+m’, and as —— is the velocity-incre- 


TEP me and the impressed momentum-increment 


is the excess of that of m over that of m’; that is, is mg—m’q; 
therefore 


ment = Cine 


(m4m) oe = = mg—my, (59) 
d?2 = m—m' 
afta m+m?° hog 


from which equation all the circumstances of a motion such as we 
have supposed are to be deduced. The corresponding equation 


of motion of m’ is 
ad? x m —m 


dt2 m+ m” 


(61) 


As to the circumstances of the initial velocity: suppose m to be 
projected vertically downwards, so that if it were detached from 
the string it would have the velocity a; and similarly let m’ be 
projected vertically downwards, so that if it were free, it would 
have the velocity a’: and let the velocity with which, by virtue 
of these two separate velocities, m and m’ move when connected 
by the string, be uw: then 


(m+m)u = ma—ma; 
t ie" 
ma—-m a 
5 ee (62) 
m+_m 


which gives the initial velocity with which m begins to descend, 
if ma is greater than ma’; and with which m’ begins to descend 
if m’a’ is greater than ma. 
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Let the initial value of 2, that is, when ¢ = 0, be a: therefore 
from (60), 


dx by he m— mM’ fy ea 
dt ~ mam 4 : (03) 

dx? m—m 

ey et We oe ne - 

TP u* = aa nae a); (64) 
2 m—m gt? 

OP Naan llega REINA ca (65) 


u being given by (62). 
And if a’ is the initial value of 2’, we have 


v= a—ut— 73. (66) 


230.] Examples illustrative of the preceding formule. 


Ex. 1. m=16.602.: m’=15.6 02z., and they start from rest : 
required the space through which m passes in 5”, and the velo- 
city which it has at the end of the time. From (63) and from 


(65), vel. of m = 5 feet, 


thespce sa, == 12. opfeet. 


Ex. 2. A mass of 10 lbs. is distributed at the ends of a cord 
passing over a fixed pulley, so that the heavier weight descends 
through 3g feet in 10”: it is required to find the weights at 
each end of the cord. 

Let w= one weight ; therefore 10—w = the other: then from 


(65), m—m gt” ee 2w—10 g100_ 
Sa ie 2.” Tce eae TT) ee 


Ex. 38. A mass m draws another m’ by means of a flexible 
and inextensible string over a pulley: at the starting of the 
weights, m is thrown downwards through a feet, and m’ through 
a feet: it is required to determine the distance through which 
m descends in ?¢”. 

Using the notation of equation (62), 


a = (2ag)®, a’ = (2a'g)?; 
ma? —m a? 
=e m +m (29) 5) 
therefore from (65), 
ma? —m a? m—m gt? 


ae m+m SE a va ike 
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Ex. 4. It is required to determine the velocity-increment of 
the centre of gravity of two masses m and m’ which are con- 
nected by a string passing over a fixed pulley. 

Let x and 2” be the vertical distances of m and m’ at the time 
t below the horizontal line passing through the centre of the 
fixed pulley: and let @ be the vertical distance from the same 
line of their centre of gravity. Then 

(m+m)#2 = mx+m'2, 
(mm +m!) a = Ay cad ue Dipti 
dt? dt? di? = 


and substituting from (60) and (61), 


, a*x _ ‘$m 
(m +m ) — 8 7 a oe 7 g; 


(67) 


Section 4.—Rectilinear motion of particles im vacuo under the 
action of varying accelerating forces. 


231.] The varying accelerating forces whose effects will be 
considered in this section are supposed to be explicit functions 
of the distance between the moving particle (m) and the point 
wherein the force resides, and whence its influence emanates ; 
and the motion of the particle is supposed to be along this line. 
Thus the force is only implicitly a function of the time: that is, 
only so far as the passage of the particle through a certain dis- 
tance requires time, and the distance may thus become a func- 
tion of that time: and thus our equation of motion will be of 


the form Dex 
d*x 
and not of the form ae Ss F(t). (69) 


We limit our considerations to the former form chiefly, be- 
cause it expresses the laws of communication of velocity which 
present themselves in the salient pheenomena of nature : although 
in some problems, the latter law will also occur. 

The point whence the influence of a force emanates is called 
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the centre of the force; and according as the force attracts or 
repels, so is it called an attractive or a repulsive force. 

Let us consider briefly the general case. Let m=the mass 
of the moving particle, and let the centre of the force be the 
origin o, fig. 86: let p be the position of m at the time ¢: let 
orp=2: let the force vary as the nth power of the distance, and 
let », which is called the absolute* force, be the value of it 
when v=1 and m=1; so that the impressed momentum-incre- 
ment is wm”, which is to be affected with a positive or nega- 
tive sign according as the force is repulsive or attractive. Now 


2 
the expressed momentum-increment is m « therefore by 
dt? 
Art. 211, if the force is repulsive, 


2 
m os Sani ae, (70) 
because both w and the velocity increase as ¢ increases; and 
dx dv. da te 
thus both ei and i= qt ae positive ; and therefore, 
dividing (70) through by m, 
d*x 


If the force varies inversely as the nth power of the distance, 
and is repulsive, (71) becomes 

a2 

ap SRE (72) 
and (71) and (72) must have negative signs if the force is at- 
tractive, because in that case w decreases as ¢ increases, when 
the force makes m move towards its centre. 

Instead however of deducing from these general values the 
circumstances of such rectilinear motion, it will be more con- 
venient to consider the results for particular laws of force: and 
we shall choose such examples as will either elucidate natural 
phenomena or will suggest general methods for solving pro- 
blems in rectilinear motion. 

232.] A particle m moves towards a centre of force which 
attracts directly as the distance: it is required to determine the 
circumstances of motion. 

* Tn the preceding investigations on attraction, Chap. VI, I have taken the 
mass of the attracting body to be the absolute force, so that at an unit of 
distance and on an unit-mass the attraction is equal to the attracting mass: 


and thus the attraction of one unit-mass on another unit-mass at an unit- 
distance apart is made the attraction-unit. 
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Let o the centre of force be the origin; and let Pp, fig. 89, be 
the position of m at the time ¢: let op = @ and oA =a, where A 
is the position of the particle when ¢=0: let 1 =the absolute 
force: then the equation of motion is 


a*x 


Wt es (73) 
2 
Bek = —2pada: 


and if the limits of integration are those values which corre- 
spond to ¢=/¢ and to ¢=0, then if the particle is at rest, when 
ei geandnt — 0, 


adn 
ap 7 ae 
== yp (a*7— 2x?) ;sW (74) 
— dx 1 
Cn 


the negative sign of the root being taken, because, according to 
our configuration, # decreases as ¢ increases: therefore integrat- 
ing between the limits corresponding to ¢=¢ and to ¢=0, 


& 
cos-!—- = p 
a 


b- 


t, (75) 


2 = acospet. (76) 
From (74) it appears that the velocity of the particle is zero 
when # =a, and when 2 = —a; and isa maximum, viz. ay”, when 
#% =O; the particle therefore moves from rest at a; its velocity 
increases until it reaches 0, where it becomes a maximum, and 
where the force is zero: so that the particle passes through that 
point, and its velocity decreases, and at a’, at a distance = —a, 
becomes zero: whence the particle under the action of the force 
returns, and continually oscillates over the distance 2a, of which 
ois the middle point. The distance a of a from o is called the 
amplitude of the vibration. 
Also from (76) it appears that when 7 =0, ¢= me , and when 
ue 


x=a,t=0; so that the time of passing from a to o= es and 


2 


= 


the time from o to a’ is equal, so that the time of the oscillation 


from a to a’ is un This result may also be more generally in- 
2 


ferred by the following method. The relation between & and ¢ 
is given by the periodic function (76), viz. ¢=acosp?t. Now 
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as the greatest value of a cosine is +1, and the least value is 

—1l, the greatest and least values of v are +a and —a: ~@ also 

will have passed once through all its values when p?¢ is in- 

creased by 27; that is, when ¢ is increased by <"; this there- 
2 

fore is the time of a complete double oscillation ; and therefore 


the time of one oscillation, viz. from a to a’, is ses A 
pe? 

And hence we have the remarkable fact that the time of an 
oscillation is independent of the distance from the centre of the 
point from which the particle began to move, and only depends 
on the absolute force, and is the greater the less that is. 


233.] The two following cases in nature, wherein an attrac- 
tion the law of which is that of the direct distance presents 
itself, deserve mention. 

(1) A homogeneous sphere attracts a particle within its 
bounding surface with a force varying directly as the distance 
from the centre of the sphere; see Ex. 5, Art. 176. Let us 
therefore consider the earth to be such a homogeneous sphere, 
and let us suppose a particle to move under the action of the 
earth’s attraction within the shaft of a mine the direction of 
which is vertical. Thus if c is the centre of the earth, fig. 90, 
and P is the position of m at the time ¢, the force acting on m 
varies as cP; and thus if the shaft were continued straight 
through the earth, such as that represented by a’cpa in the 
figure, and if the particle were free at a, it would move to c, 
where its velocity would be a maximum, and thence on to a’ on 
the opposite side, where it would come to rest: and thence it 
would return through c to a again; and its motion would con- 
tinue to be oscillatory, and the time of the oscillation would be 
independent of ca, the earth’s radius. 


(2) In the undulatory or wave theory of light, all space is 
supposed to be pervaded in a greater or less degree by the par- 
ticles of a fluid excessively elastic and jelly-like; in the motion 
of these particles light is supposed to consist, and when they 
are at rest, there is darkness. It is also supposed that these 
particles exercise mutual attractions on each other: that the 
possible relative displacements of them are very small, and that 
when displacements occur elastic forces are brought into action, 
by virtue of which, in conjunction with their mutual attractions, 
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the motion of them continues: the lines of action, as well as 
the intensities of such elastic forces, of course vary from one 
medium to another; and in this variety consists the optical 
character of the medium. Doubtless the arrangement of the 
particles of a crystallised substance is different to that of one 
which is non-crystallised. The sun, or the flame of a candle, 
or the electric spark, are, together with many others, exciting 
causes of the motion of the particles of ether; and the displace- 
ment of each particle is very small. It seems, too, that the force 
which acts on a particle in its displaced position varies directly 
as the distance of it from its original position of rest; this force 
being the resultant of the elastic forces which arise from the 
disturbance of the medium and of the attracting forces of the 
particles. Now a ray of light consists in the motion of a series 
of ethereal molecules which when at rest are in a straight line 
emanating from the source of motion. The mode of propaga- 
tion of the motion of the particles it is not my purpose now to 
inquire into: I shall consider the motion of only a single mole- 
cule of a single ray. The displacement of a molecule may be 
in any direction with reference to the line of propagation of the 
ray: it might be along that line, or it might, after its first dis- 
placement, describe any curve with reference to that line; it is, 
however, in the theory of light supposed, and not without evi- 
dence, that the motion of the molecule takes place m a plane 
which is perpendicular to the line of propagation of the ray: 
that is, the displacement of the particle is transversal to the ~ 
line of propagation. Generally the force acting on the molecule, 
varying directly as the distance, will have its line of action in- 
clined to the line joining the displaced and the original position 
of the molecule; and, as we shall shew hereafter, the molecule 
will move in an ellipse, the centre of which is the original place 
of rest of the molecule: but in particular constitutions of the 
ethereal medium, the line of action of the force may be that 
joining the original and the displaced positions of the molecule : 
in which case the molecule moves along that line, and is under 
the action of a force varying directly as the distance from its 
original position of rest: we have then the case of a particle 
under the action of a force such as we have supposed that in 
Art. 232 to be, and the results of that Article are applicable. 
The particle therefore has an oscillatory motion, and the ampli- 
tudes of its vibrations are equal on both sides of its original 
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positions; and the time of the oscillation is independent of the 
amplitude, and depends only on the absolute force at the centre. 
Now the intensity of light is supposed to depend on the ampli- 
tude of the vibration, and the colour of it on the time of vibra- 
tion, that is, in the value of »: it follows therefore that, with 
such incidents of motion as we have imagined, the intensity and 
the colour may vary independently of each other: the former 
will depend on the original exciting cause of the motion; the 
latter on the nature of the medium: and this independence of 
these properties of light is amply verified by experiment. 

If the motion of all the molecules of a ray is in straight lines, 
and is such as that described above, and if all the lines of motion 
are parallel to each other, the ray is said to be plane-polarised ; 
and as a beam of light consists of an infinite number of rays, if 
the molecules of all the rays move in lines parallel to each 
other, the beam is said to be plane-polarised. And although 
there has not been uniformity on the subject, yet the plane, 
perpendicular to which the motion takes place, is correctly 
called the plane of polarisation. 


234.] If in Art. 232 m is projected from 4 with a velocity u 
along the line, and in the direction, 0, then (74) becomes 

dx? 

dt? 


—u = p(a?—2) ; (77) 


a = oh 
(oreo) 


and taking the definite integrals with limits corresponding to 
t=t and to t=O, we have 


cos-! ——" —_ — cos! - = pt; (78) 
(a? iv u? i (a2 if ae 
be be 
au uU. J i 
2 = acosp?t—— snp?l. (79) 
pe 


From (77) it appears that the greatest and least distances of 


m from o are wrt 


(a2 + “y, and — (a2 + = 


and from (79) the time of an oscillation is, as before, ae 
ye 
ZZ 2 
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235.] A particle » moves towards a centre of force which 
attracts inversely as the square of the distance; it is required 
to determine the circumstances of motion. 

Let the centre of force be the origin; and let p, fig. 91, be 
the position of m at the time ¢; let a be the position of m at 
rest, when ¢=0, so that the particle is moving towards o: let 
op=2, oA=a; let w=the absolute force: and let the limits 
of the definite integrals correspond to¢=¢ and to¢=0. Then 
the equation of motion is 


d?x jo 
2dx dx _ 2 dx 
AE ae pare 
age Reg 
anit ogre en 
_ 2p (ax— 2?) | 
=| eens (82) 
— eda _ (2H) at 
(ax —x?)? a ; 


the negative sign being taken, because 2 decreases as the time 
increases, according to the arrangement of our figure. Therefore 
integrating again, and taking the limits corresponding to t=¢ 
and to t=O, we have 


1 a Bal ay 2a Ta ya = 

(ax — x7)? — 5 versin : eee wir pa (<*) es (83) 
a 3 1 2 Sh 3 

t= Ga }(ax—«)* + aos (=) t. (84) 


From (81) it appears that the velocity = 0, when x =a; and 
=o, when v=0: thus the velocity increases as the particle 
approaches the centre of force, and ultimately, when it arrives 
at the centre, becomes infinite; and from (84) it appears that 


3 


Q2 
(8p)? 
If m moves from an infinite distance towards o, then a = 00 
2 \2 
os 
If m is projected from a with a velocity uw, then (81) becomes 
dx Paes ei 
dt? i Ati ie 
and the process of integration is the same as the preceding. 


the time of passing from a to o is 


>] 


and the velocity at a distance w from o = ( 
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This problem is that of a particle moving in vacuo from a 
given place above the surface of the earth towards the earth’s 
centre, the distance through which it moves being so great that 
the variation of the earth’s attraction due to the distance must 
be taken account of. If however a particle falls towards the 
earth, and also passes from above to below its surface, as, for 
instance, down a mine, the law of force changes at the surface: 
and having varied inversely as the square of the distance, then 
varies (approximately) directly as the distance. 

236.] Again, let the force vary inversely as the square root 
of the distance and be attractive; and suppose the particle to 
be at rest at a distance a from the centre of force; it is required 
to determine the circumstances of motion. 


ei, | jh 
Tite xe 
dx? a 1 
ar Ap (a?— 2°), (85) 
A, 1 L 1 Nea a 
3 (v2 + 207) (a2 — x = 2pet; 
rs = (~? + 2a*) (a? —x)3; (36) 


and thus the velocity at any point of the path, and time occu- 
pied in arriving at that point are known: and when the particle 
arrives at the centre, 7 = 0, and 


the velocity = 2? a’*, 


the time 


237.] A particle m is placed at rest at a given point in the 
line joining two centres of force, of which the absolute forces 
are equal, and which vary directly as the distance: it is required 
to determine the circumstances of motion. 

Let a and 4’, fig. 92, be the centres of the forces, at a distance 
2a apart: let o, the middle point of aa’, be the origin: let « be 
the absolute force of each centre: let B be the position of m at 
rest, P its position at the time ¢: oA=0A’' =a: OB=O: OP=@. 
Then the equation of motion is 

d? x 


maa = MULAP—MpPA P 5 
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a*x 
ae MATT HET®) 
= 2 Me ; 
d, 2: 
aa = 2h (2%), (87) 
2 = bcos (2p)2t. (88) 


From (87) it appears that the velocity of the particle is zero 
when # = + bd: the particle therefore moves from rest at B, and 
comes to rest again at a point B’ on the opposite side of o, and 
at a distance from it equal to that of B: also the velocity is a 
maximum at o: and the particle returns from B’ to o, and again 
to B, and thus oscillates continually: and from (88) it appears 


that the time of an oscillation is 


(2p)? 

Also again suppose two particles m and m’, which attract 
each other directly as their masses, and as the distance between 
them, to be placed at rest at two given points, and then to be 
left to their mutual action: it is required to determine their 
positions at a given time, and the other circumstances of their 
motion. 

Let a and a’ be the distances of m and m’ from a certain point 
o, fig. 93, in the line joining them, when they are at rest, and 
when ¢=0: and let 2 and 2’ be the distances of them from the 
same point 0, when {=1?: let oa=a, 0a’ =a’: oP =a, OP’ = 2": 
then the equations of motion of m and m’ respectively are 


d*x ois 
FR? sid Sore) 
da! ace (89) 
ie an ee % 
dx / Ox _ oO. 
MEM ie GHEE: Ia be 
— ax ) ax 


7 OG s+ 
the initial values of ee and of — being simultaneously zero; 
and taking the definite integral, with limits corresponding to 
t=t and to t=O, we have 


m(x—a)+m (a —a’) = 0. (91) 
If # refers to the centre of gravity of m and m’, then 
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(m+m)% = me+m'e' 


= ma+ma; (92) 
and therefore the centre of gravity remains at rest. Again 
from (89), d2a’ d2x / . 

a Fane laa —(m + mM) (@ — @). 
Let 2’ —# =z: andlet mim=n; (93) 
dz dz na 
aie = —#pPé4, ie de = {(a — a)*— 27}; 
. IZ it. Bar 
because when ¢ = 0, WS ae ap 0: therefore 
ei ei = pdt; 
{(a — a)?—2z7}2 
» | a nace aE 
cos he 73 pert, 


because when {=0, z=a’—a. Therefore substituting 


xv — x = (a’— a) cos(m' + m)2 ie (94) 
Therefore from (91), (92), and (94), 
Bee. m (a— a) ’ Bf. 
=e Rae. cos (m + m)?t; 
_ = m(a'— a) : h 
5 Fg ee Naty cos (m +m)? ft. 


238.] A particle m is placed at rest at a certain point in the 
line joming the centres of two forces, which vary inversely as 
the square of the distance: it is required to determine the cir- 
cumstances of motion of m. 

Let a and a’ be the centres of force, fig. 94, of which let the 
absolute forces be yz and yp’: let the point 0, which is the neutral 
point of attraction between them, be the origin; oa = 4, 
oa =a’; let aa’= cy then 


Hv 

‘Qe eae? 
pidtimaiyr bY Wide nye é 
aaa a He 


whereby a and a’ are known. Let B and Pp be respectively the 
places of m when ¢=o0, and when ¢=?: let op =0, op=2: 
then the equation of motion is 

ax pu : 


eat 2 96 
dt? (a—x) (eee xg)?’ (JO) 
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therefore multiplying by 2dx and integrating, and taking the 
limits corresponding to ¢=¢ and to ¢=0, 


dx? Pan 2 2 Qe 


a? a=e' de o=b) oye 
which equation involves an elliptic transcendent, and does not 
generally admit of further integration. 

Suppose however the circumstances to be such that the par- 
ticle is projected from B with a velocity u, and comes to rest at 
o: then from (96) by integration we have generally 


dx ; 2 paris pan pare 


a v 


dt? a—x atae a—b a 4+ 0° 


(97) 


4 dx 
and since — = 0, when v= 0, 


dt 

dpb 2b 

a (ab) ae ee 
If the velocity of projection is less than that thus determined, 
m will not reach o, but will come to rest at some point short of 
it, and will, as the force at a is greater than that at a’, return 
to a: similarly if the velocity of projection is greater, the par- 
ticle will pass beyond o, and will eventually fall into a’. 

Now if a and a’ are the centres of two spheres, each of which 
is composed of concentric homogeneous shells, every particle of 
which attracts with a force varying directly as the mass, and 
inversely as the square of the distance, then each sphere will 
attract an external particle with a force which varies directly as 
its mass, and inversely as the square of the distance of the par- 
ticle from its centre; see Art. 179. Now suppose a’ and a to be 
the centres of the earth and the moon, which are assumed to be 
spheres, and to be at rest : and suppose P to be the position at 
the time ¢ of a particle in the line joining their centres, and 
acted on by their attractions; then we have the circumstances 
of the preceding problem: and since the mass of the earth is 
about 75 times that of the moon*, as determined by tidal obser- 
vation, and by the phenomenon of nutation, we have 


2 


(98) 


p= 75 pw; 
and also since the mean distance of the moon’s centre from 
that of the earth is about 60 (actually 59.9643) of the earth’s 
equatorial radii, or about 237000 miles, we have a+ a’ = 237000 
miles: therefore 


* See Herschel’s Outlines of Astronomy, Art. 759, 4th edit., 1851. 
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a = 2)2466 miles, a@ = 24534 miles ; (99) 
such are the distances from the centres of the earth and the 
moon of the neutral point of attraction of the two bodies. 

Suppose now a particle to be projected from the surface of 
the moon towards the earth, and with such a velocity as just to 
arrive at the neutral point, and to remain at rest there. Then 
since the mean radius of the moon is 1080 miles, 

b = (24534 —1080) miles = 23454 miles: and therefore 


a—b = 1080 miles, a + 6 = 235920 miles. 
ashes ; : 32.2 
Also if g is gravity at the earth’s surface, g = 1760 x3 miles ; 
and if 7 is the earth’s mean radius, r = 4000 miles, 
saghd O cae 2_ 32.2 
J = 7B? ape A000) 760 x8 


therefore substituting in (98), and reducing, we have ultimately, 

u = 7852 feet in 1”; 
and therefore if the moon were not moving, and if there is no 
atmosphere, so that the projectile does not meet with a resist- 
ing medium, a particle thrown from the surface with a velocity 
greater than 7852 feet in 1” towards the earth, will pass 
beyond the neutral point of attraction, and will move towards 
the earth. 


239.] A centre of force, whose law of variation is that of the 
direct distance moves with an uniform velocity along a straight 
line, and attracts a particle, which is projected with a given 
velocity from a given point in the line of motion of the centre 
of the force and along that line: it is required to determine the 
circumstances of motion of the particle. 

Let 0, fig. 95, the position of the centre of force when f= 0, 
be taken as the origin; let a =the constant velocity with which 
the centre of force moves along 04, and let c be its position at 
the time ¢, so that oc=at: let a and P be respectively the 
positions of m when ¢=0, and when ¢=?¢: oa=a, oP=727: 
and let m be projected from a along the line, and in the direc- 
tion, AP with a velocity wu. The equation of motion is 


d2x 
de = —pPCP 

= —p(4—al); (100) 
d*x 


pe at a = pat. 
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Therefore integrating by the method of Art. 350, Vol. II, 
mk —1 
“= (ee +p) pat 
= at+c,sinpw2t+cy, cos p2t ; (101) 
where c; and c, are arbitrary constants introduced in integra- 


tion: and which are determined by the following conditions : 


dx 
when ¢=0, # =a, therefore c, =a; also when ¢ = 0, din 1 


—*. therefore 


3 


therefore c; = 


i Oe eilih sin w2t+acospu2t; (102) 
pe? 


whence it appears that the mean value of # varies directly as 
the time : that the particle is sometimes before and sometimes 
behind the centre of force ; and that while it has on the whole 
a progressive motion, it oscillates from one side to the other of 


the centre of force; and that the period of an oscillation is . : 


(100) also might have been integrated by the following process. 


Let $—at = 25 
dx dz ae dz. 
TT ABM dt” dt’ 
therefore (100) becomes 
dz 
apicuein. Me ; 


whence integrating, and taking the limits corresponding to 
¢=t, and to ¢=0, we have 

dz? 

qe Ue? = — 2"); 
and integrating again, and taking the same limits, we find the 
equation (102). 


Section 5.—Rectilinear motion of particles in resisting media. 


240.] A particle is projected from a given point with a given 
velocity, in a medium of which the density is constant, and of 
which the resistance varies as the square of the velocity, and 
where no other force acts on the particle: it is required to 
determine the circumstances of motion. 

Let the point from which the particle is peaisonll be taken 
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as the origin: and the line in which it is projected as the axis 
of #: let u be the velocity of projection, and let # be the dis- 
tance of the particle from the origin at the time ¢: let the par- 
ticle be of the mass m, and be of such a form as to present a 
plane surface » to the medium in the direction in which it 
moves: then by (21), Art. 219, the equation of motion is 


ts ary (2), 
tnd gg NdETE 
and as p is constant, let po = mk ; 
d* x dxy* : 
ae = — (Ge): ee 


k is commonly called the coefficient of resistance. Now 
putting (103) in the following form, 
dx 
“dt 
dx 
dt 
and taking the definite integral at limits corresponding to ¢ = ¢ 
and to t=0; we have 


d 
= —kdz, 


dx 
log =, — logu =— —kz; 
ax ie :: | 
Tas ue : (104) 
ek#dy = udt, 
ekx_] = kut. (105) 


(104) gives the relation between the velocity and the distance 
through which the particle has passed: and (105) gives the 
relation between the distance and the time. From (104) it 
dx 
dt 
# =o: in which case also ¢ =o, as appears by (105). 


appears that —- = 0, or that the particle comes to rest, when 


241.] A heavy particle m acted on by gravity (a constant 
accelerating force) moves in the air, which is supposed to be a 
resisting medium, whose density is uniform, and the resistance 
of which (according to Art. 219) varies as the square of the 
velocity: it is required to determine the circumstances of 
motion. 

Firstly, let us suppose the particle to descend towards the 
earth and to start from rest: then if p is the constant density 

ZA 2 
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of the air, and if » is the area of the face which m presents to 
the medium transversal to the direction of its line of motion, 

d* x dx\* 
ms = mg — po() (106) 
affecting the resistance with a negative sign, because it tends to 
diminish the velocity : 


dx po (dx 
GPa me a 
Let fe = k, the coefficient of resistance: so that we have 
ad*x dx\? 
= IN (=). (107) 
ae 
eae (108) 
Ios. (ae 
k \dt 


whence integrating, and taking the definite imtegrals cor- 
responding to ¢=¢ and to = 0, we have 


24 42 dar 
eS are oe 
2g" 3 Peed 
dt 
dx gv erent] 
dit (2) erg ity |. ky, 
Also again from (107), 
(ery 
< . = 2kde; 
Pd ES 
k er, 
therefore integrating, and taking the limits as before, 
da\* 
g—k (7) 
log ————— = —2ke; 
g 
ae eg 
Se = Fle}. (110) 


(109) gives the velocity in terms of the time, and (110) in terms 
of the distance through which m has passed. Also from (109), 
1 elkott— e—(kgyht 


kde = (kg)? —_—_—_—___ dt ; 
here etigity e-(hgtt  ? 
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therefore integrating, and taking the same limits as before, 
kx = log {e@9*t4 e-9*} — log 2 ; 

Qekw — elkg'ty e—(koit, (111) 
which gives the relation between the distance and the time to 
which it is due; and which equation might have been found by 
eliminating the velocity between (109) and (110). 

When t=o, x=; that is, an infinite time is required 
for an infinite space: but when v=o, and t=oo, the velo- 


city = (2 re that is, becomes uniform ; in which case, as appears 
aera | pp 


2 
from (107), Le = 0; and although this state is never attained 


to, yet it is that to which the circumstances of motion approach ; 
also this limiting velocity is greater, the less k is; but / varies 
directly as the density of the medium, directly as the surface 
which the particle presents, and inversely as the mass of the 
particle : therefore the terminal velocity is greater, the greater 
the mass of the particle is, and the less the density of the 
medium is, and the less the area of the face is which the particle 
presents to it in its motion. These results are in accordance 
with experience. From the form of (107) it appears that the 
equation is satisfied if dx? 


Cea 7 
Qt aim ke ORR. 
2 
because in that case ae = 0: this therefore is a solution of 


the equation : and is a singular one, because it does not arise 
by giving any particular values to the arbitrary constants, to 
which the limits of the integrals are equivalent, and which are 
therefore dependent on the initial circumstances of motion. It 
appears therefore that the general integral represents the cir- 
cumstances until the velocity attains its constant value; and 
that then the singular solution represents the motion. Other 
and similar peculiar properties of singular solutions will be 
exhibited hereafter. 


242.] Secondly let us suppose m to be projected upwards 
(that is, in a direction contrary to that of the action of gravity) 
with a given velocity w; it is required to determine the circum- 
stances of motion. 

Let us moreover suppose m to be of such a form, that it 
presents to the medium an equal area transversal to the line of 
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motion, whether it falls, or whether it moves upwards: then if 
g” is measured upwards, gravity and the resistance of the 
medium both tend to diminish the velocity as ¢ increases: so 
that the equation of motion is 


ad*ax (y; 

iene — — MI —p® ab 3 

and if pw=mk, we have 
d2x du \? 
at = —g—k(Z); (113) 
fis 

g wv 
aL () 


therefore integrating, and taking the limits which correspond 
to t=? and to t= 0, 


ky? ky? dx ky? 
—}) Jtan-1(—} — —tan-!(- ul = —kt; 114 
72 @y eee, (115) 
dt kK! gt +uk? tan(kg)3t 
which gives us the velocity in terms of the time. 
Again, from (113), if we multiply both sides by 2 dz, 
dae\ 
d.{=) 
CAN j sea 
k ae) 
therefore integrating, and taking limits the same as before, 
da\? 
g+k(F) 
log ———_— = —2ka; 
gtikw ; 
dx\* he Se Sete 
(=) = wre —F (1 — e248), (116) 


which gives the velocity in terms of the distance. 
Also, from (115), 
ght uk? tt —g? sin (kg)? 
e pigia (2) ies oy g sin GEABIY p. 
kK! uk? sin (kg)?t + 92 cos (kg)2t 
and therefore integrating, and taking the limits the same as 
before, l 


2 gj 3 2 2 
mad 7 log “* sin (kg)? t+ g? cos (kg) ie 


a (117) 
1) fed 
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which gives the space described by the particle in terms of the 
time to which it is due. 


From (115) and (116), when Eris = 0, that is, when m has 


dt 
reached the highest point, 
abo un tan-tu(=), (118) 
(kg)? J 
k é 
© = x,log(1+-w), (119) 


which give the distance of the highest point, and the time of 
reaching it. After which the particle begins to fall, and the 
investigations of the preceding Article are applicable. 

Since £ is the same in this and the preceding Articles, that is, 
since m presents an equal area » in the ascent and the descent, 
then by (110) the velocity acquired by m in descending to the 
point whence it was projected with wu is 


Ug? 

Gana? (120) 
which is less than w: hence the velocity acquired in the descent 
is less than lost in the ascent, the reason being that momentum 
is withdrawn from m both in the ascent and in the descent, and 
is transferred to the molecules of the medium. 

Again, substituting (119) m (111), the time occupied in the 


d ti 
escent 1s 1 e ait ep vanes 


Q(kg)t ° (g+ku®)?—ukt 
and which is different to that required for the ascent, and which 
is given in (118). 


5 (121) 


243.] Let us also consider the motion of a particle under the 
action of a constant force in the line of its motion, and moving 
in a medium, the resistance of which varies as the velocity ; and 
let us suppose the particle to be projected with a velocity w, 
when ¢=0 and x=0. The equation of motion is, in terms of 
velocity-increment, 7? as 


x 
ee 9 
TP = f-— ka (122) 


wherein f expresses the constant on and *& is the coefficient 
of resistance. Therefore integrating, and taking the limits which 
correspond to ¢=¢ and to ¢=0, 


dx 
woe Lt hae 
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dx 
dt 


r= & =e k) (wu + ft) 


the = u+ft; (1238) 


cae ekt (u + ft) dt 


ny Psy: 
= Hie (e-#t—1), (124) 


Thus from (123) we have the velocity in terms of # and ¢; and 
in (124) the relation is given between 2 and ¢: hence also 


dx — Fox SU ae 
dt k k 


(125) 


Bndtity footage = 007, Aaa = a =f, that is, the velocity has 
this finite limiting value, which it attains only when t= 00. This 
result also follows from the equation of motion: es a 0 is 


a singular solution of it: and thus the particular integrals 
(128) and (124) express the circumstances of the motion, so 
long as the time is finite; and when ¢= 0, the singular solu- 
tion expresses them. 


244.] Lastly, let us consider the case of a particle moving in a 
resisting medium, where the density of the medium varies; and 
let us suppose the resistance to vary as the square of the velo- 
city, and the density to vary inversely as the square of the dis- 
tance from a given point; and the particle also to move under 
the action of an attracting force which varies inversely as the 
cube of the distance from the same point. 

Let a and 2 be the distances of m from the given point when 
é=0 and when ¢=?¢. Let u=the velocity of m when ¢=0, 
and let » be the absolute force of the central force: then the 
equation of motion is 


moe eel nae KS aa 

ese yt at 
Let kko=mk: so that we have 

d?x Bk (de 

de ~~ a8 * x sie: Cre 
Multiplying by 2dz, we have 

dx? 2b 2k (dx\2 
d. ape = — 35 et a (GF) ae 
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dat 2k idx Pan 
a linear differential equation, of which the integrating factor is 


2k 
e*; see Vol. II, Art. 291: therefore integrating, and taking 


the limits which correspond to ¢ = ¢ and to t= 0, we have 


2k 


which gives the velocity in terms of the distance, and does not 
admit of further integration. 
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CHAPTER IX. 


THE RESOLUTION AND COMPOSITION OF VELOCITIES, AND THE 
THEORY OF CURVILINEAR MOTION. 


245.] When two or more forces act simultaneously on a ma- 
terial particle in motion, the effects are different, and require 
separate consideration, according as their lines of action are in 
the line of motion of the particle or make angles with that line; 
in the former case the effect is an acceleration or retardation of 
the particle in the line along which it is moving: and the total 
effect of many such forees is the sum of their several effects ; 
see Art. 205. And here I may remark that the effect of a finite 
accelerating force is of the nature of a series of impulses rapidly 
succeeding each other, and at infinitesimal intervals of time; 
and thus producing an apparent continuously increasing or de- 
creasing (as the case may be) velocity; and the actual velocity 
is the aggregate of these: this part of the subject has been ex- 
plained and illustrated in the preceding Chapter. In the latter 
case, the effect of a force acting along a line which is inclined 
at a given angle to the line of motion of a particle, is partly to 
produce a deflexion from the rectilinear path in which by the 
law of inertia the particle would move, and partly to produce 
an acceleration or a retardation along that line. Such forces 
therefore will generally cause a particle to describe a curvilinear 
path: the nature and properties of a motion of this kind will 
now be discussed. 

246.] In the first place let it be observed that although a 
particle may have a certain velocity, yet that velocity is not an 
impediment to the independent action of another force on the 
particle: the material particle, whether in motion or at rest, has 
the same property of inertia. Hence another force will produce 
its own effect on it, and precisely as if the particle. was not 
moving. And thus the expressed velocity of the particle will 
be the resultant of these two several velocities, and its line of 
motion will depend on the lines of motion and the intensities 
of the two component velocities, and according to a law which 
we will now investigate. The law of inertia however becomes 
extended, and we have the following proposition : 
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When two or more forces impress velocity on a particle, the 
change in velocity and line of motion of the particle due to each 
is the same as if the others did not act. 

This proposition arises partly from the inertia of matter, and 
partly from the fact that an adequate and intelligible concep- 
tion of force requires that it acts on matter and causes it to 
move in a definite line. Hereby we shall be able to obtain from 
the combined action of two or more forces a velocity single and 
definite as to intensity and line of action; and thus may a velo- 
city or a velocity-increment be resolved into other velocities or 
velocity-increments along given lines according to a definite law. 

Thus a material particle under the action of two or more forces, 
of which the intensities and the lines of action are given, will 
have at any assigned time a definite velocity and line of motion: 
in the most general case, the lines of action and the intensities 
of the forces may vary from one point to another, and therefore 
the velocity and the line of motion of the particle will also vary ; 
hence arises the convenience of fixing certain lines drawn in 
certain directions, of taking them as coordinate axes, and of 
estimating velocities, velocity-increments, and lines of motion 
in reference to them. In the most general case, the path of the 
particle will be a curve of double curvature. 

Let us first take a fixed system of rectangular coordinate 
axes, and let us suppose (2, y, 2) to be the position of the par- 
ticle at the time ¢. If three relations can be found between 
2x, y, z and ¢, the position of the particle at the time ¢ will be 
completely determined ; and if ¢ is eliminated, two equations in 
terms of 2, y, 2 will result, which will represent two surfaces, 
the line of intersection of which is the path described by the 
particle. The path is called the ¢rajectory of the particle; we 
shall first consider the cinematical part of the subject with re- 
spect to expressed velocities and velocity-increments, and in the 
most general form: and then, by a method similar to that of 
Art. 211, we shall be able to equate the expressed momenta to 
the impressed momenta, and thus obtain equations of motion 
similar to (14) of that article. 


247.] Let the coordinates of the particle at the time ¢ be 
x,y, 2: and at the time ¢+dt, v+dz, y+ dy, z+dz: then if 
dx? + dy*+dz? = ds?, (1) 
ds is the space described in the time dt: and therefore the 
3B 2 
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measure of the expressed velocity of the particle in the line of 


its motion at the time 7 is ae But since dx, dy, dz are the 


several increments of 2, y, 2 in the time df, 
dx 
dt 
dy 
BP ON ES oe ee ee 
dz 
ae lh hh a i Tn NRE SOT 
di J 
the velocities being considered positive or negative according 
as the coordinates increase or decrease as ¢ increases. 
Dividing each side of (1) by dt?, we have 
ds? dn? withy ae see 
ae ~ ae + ae * ae oe 
and therefore the square of the expressed velocity is equal to — 
the sum of the squares of the several expressed velocities along 
the coordinate axes. 
Also if a, 8, y are the direction-angles of ds, that is, of the line 
of motion of the particle during the time dé, then 


is the measure of the expressed velocity along the axis of x | 


dx = ds cosa 
dy = dscosB hs (4) 
dz = dscos y 
and dividing each side by dt, we have 
oe a a cos an 
dt dt 
ae = 2 cos B +; (5) 
dz ds 


ai = ap cos y | 

that j is, the velocities along the three coordinate axes are seve- 
rally the product of the velocity along the lne of motion and 
the direction-cosine with reference to each axis. Therefore the 
law of resolution of a velocity is the same as that of statical 
pressures and as that of the projections of lines and areas; and 
thus the following law for the resolution and composition of 
velocities is established : 

If a particle moves with a given velocity along a certain line 
of action, its velocity with respect to any other line is equal to 
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the product of the velocity and the cosine of the angle between 
the two lines. 

This law is of the greatest importance in the treatment of 
complicated mechanical problems, and is called the parallelepi- 
pedon of velocities, and leads to the following construction for 
the resolution and composition of velocities : 

Construct a rectangular parallelepipedon, of which the three 
sides parallel to the coordinate axes are dz, dy, dz, and of which 
the diagonal is ds, ds being the distance described by the par- 
ticle in the time dt; then dz, dy, dz are proportional to the re- 
solved parts of the velocity along the three axes. 

248.] Hence it follows that if two forces whose lines of action 
are inclined at a given angle to each other act simultaneously 
on a particle and impress on it velocities, the resultant expressed 
velocity will be represented by the diagonal of the parallelogram, 
of which the two adjacent sides meeting at the position of the 
particle are the representatives of the separately impressed velo- 
cities. This proposition is commonly called the Second Law of 
Motion. 

Let 0, fig. 7, be the place of the.particle m at rest at the be- 
ginning of the time: let two impulsive forces p and Q act on it, 
of which the lines of action are oP and 0q@; and let us suppose 
the force p to impress a velocity on m so that it would describe 
the space op uniformly in ¢ units of time: similarly let the 
force Q impress on m a velocity such that it would describe uni- 
formly the space 0q in ¢ units of time. Let the figure be con- 
structed as in the diagram; where or is the diagonal of the 
parallelogram of which or and 0@ are two containing and adja- 
cent sides; where Q’op” is perpendicular to or, and 0@”= 
op’=@q@=pP, and where these four lines are all parallel to 
each other. Now by the last Article, the velocity of which op 
is the line-representative may be resolved into two velocities, 
one of which will be represented by or’ and the other by ov’; 
similarly may the velocity of which og is the line-representative 
be resolved into two, of which oq’ and 0@” are the line-repre- 
sentatives. Now 0Q” and op”, being equal and in opposite di- 
rections, destroy each other; and op’ and o@’ acting along the 
same line and in the same direction must be added, and of their 
resultant the line-representative is the sum of op’ and 0’, that 
is, is oR; OR therefore is the line-representative of the velocity 
which the particle has, and therefore of the resultant of the 
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two component velocities of which or and 0 are the epiichii 
sentatives. 

Thus if on a particle m two impulsive forces act, the lines of 
action of which are inclined at an angle y, and if these acting 
singly would impress on m velocities u and v along their lines 
of action, then, if w is the velocity which one force acting would 
impress on m and produce the same effect as the other two 
acting in combination, 

w* = u+2uvcosy+v?; (6) 
and if a and # are the angles between the lines of v and w, and 
of w and wu respectively, then 

u v w 
ch can eee she: 

Similarly if three forces, whose lines of action are mutually 
inclined at angles a, B, y, act on a material particle, and are 
such that each acting singly would impress on it velocities 
u,v, w along their lines of action, then the one force which 
would impress on m the same velocity as these three acting 
simultaneously is that which would impress a velocity o, where 

= v4u+4+u*+2uwcosa+2wucosB+2uvecosy; (8) 
and its line of action would be parallel to the line whose equa- 
tions are oi age: 

Bf dN oS (9) 

If a=B=y=90*, (8) becomes identical with (38): thus this 
last investigation has enabled us to extend to oblique coor- 
dinates that which was proved to be true of rectangular coordi- 
nates. 

Thus the parallelepipedon of velocities is true for constant 
velocities, which are the effects of impulsive forces: when how- 
ever the velocity varies, the force which causes the variation 
may, by the infinitesimal principle, be conceived to be composed 
of a series of impulses, each of which produces a constant velocity 
during the infinitesimal element of time before the succeeding 
impulse takes place; and for each of these elements of time 
the theorem is true; it is true therefore generally for varying 
velocities. 


249.] And the result may be illustrated by the following ex- 
periment: Let asc, fig. 96, be the horizontal deck of a boat 
which is moving with a constant velocity in the direction indi- 
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cated by the arrow, so that in the time ¢ the point a moves 
into the position a’, and all the other points on the deck de- 
scribe straight lines equal and parallel to 44’; and suppose at a 
a particle m to be placed, and from a force to receive a velocity 
in the direction aq, so that if the boat is at rest, in the time ¢ it 
describes the line ae: now if the boat is moving, this latter 
velocity will be combined with that of the boat, and the result 
is the effect of the two; but neither of them alters the effect 
of the other; and thus at the end of the time ¢ the particle is 
found at the point r, having described the diagonal ar, and 
which is therefore the line-representative of its velocity, because 
it is described uniformly and in the time f¢. 

Experiments and observations such as the following shew the 
law to be true in the matter of the earth. 

A small heavy particle let fall from the top of a mast of 
a ship sailing uniformly, falls at the foot of the mast, although 
the force under the action of which it falls is uniformly acce- 
lerating. ‘Thus the particle retains the horizontal velocity which 
it had at the top of the mast, and this is combined with the 
vertical impressed velocity. 

If a carriage moves evenly along a railway, and if an impulse 
is given to a ball in it, the effect of the impulse is the same, 
whatever is the direction in which it is given: the motion of 
the carriage does not alter the effect of the impulse, and the 
path and absolute velocity of the ball are of course compounded 
of the two velocities. 

The earth revolves on its polar axis from west to east, and 
therefore all pomts on its surface move with a velocity due to 
this rotation.. If therefore the law is not true, a body struck in 
a direction north or south, would deviate to the west, and this 
is not found to be the case. And this fact admits of most 
accurate examination: for suppose a pendulum to be suspended 
and to oscillate, the time and the extent of oscillation would be 
different for the different directions of the plane of oscillation : 
no difference however is observed, whatever is the azimuth of 
the plane: and the smallest difference, as Laplace has shewn in 
the Mécanique Céleste, cannot fail of being appreciable. 

Again: of a lofty and vertical tower the top is of course 
farther from the centre of the earth than the bottom, and there- 
fore as the earth rotates (from west to east), the horizontal ve- 
locity of the top is greater than that of the bottom. Let a 
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heavy ball fall from the top: it will have the horizontal velocity 
of the top, and this is greater than that of the bottom: if there- 
fore the ball falls on the west side of the tower, it will strike 
the tower before it reaches the earth: but if it falls on the east 
side of the tower, it will strike the earth at a small distance 
from the tower towards the east. These results have been 
actually observed ; and therefore we infer the law of which they 
are the effects. 

Also the phenomena of the aberration of light, and the 
accordance with observation of the results arrived at, yield 
another proof of the truth of the law of composition of velocities 
which we have here investigated. Suppose, see fig.97, s to be the 
place of a star, and & to be the place of the earth in its path at 
the same time: now light travels with a velocity of 192000 
miles in one second of time, and the earth moves in its elliptic 
path through 19 miles in a second: and let us suppose that in 
the time during which the light of the star has travelled from 
s to £, the earth has moved from & to £’, where Ef is to SE as 
19 to 192000; then the effect to us is the same as if the earth 
had been at rest, and light had a velocity represented by EE 
from ©’ to © along EE’, in combination with its velocity along sx, 
so that the ray of light would come in the direction sr, where 
sg is the diagonal of the parallelogram of which sr and En’ are 
two adjacent containing sides: the star therefore appears to us 
to be before its real place in the direction of the line of motion 
of the earth. See also Herschel’s Outlines of Astronomy, 
Arts. 828—335. 

And, omitting other experiments and observations, I may 
remark that the most conclusive evidence of the truth of the 
law of composition of velocities is the a posteriori proof arising 
out of the results of physical astronomy. The expressed velo- 
cities and velocity-increments of the planets are resolved and 
estimated according to it, and their places calculated at parti- 
cular times ; when these are compared with the observed places, 
no discrepancies are discovered; and thus one of the severest 
tests of the truth of such a law is applied and is satisfied. 

250.] Let us return to the consideration of the velocity of a 
particle moving along its trajectory. In the most general case 
it will have a varying velocity along its path, and thus varying 
resolved velocities along the coordinate axes: hence during 
equal and successive dé’s, the ds’s, dx’s, dy’s, dz’s will not all be 
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equal: therefore there will be d?s, d?x, d*y, d?z: and thus by a 
process of reasoning similar to that of Art. 206, if ¢ is equi- 
crescent, 


- represents the expressed velocity-inerement | 
in an unit of time along the curve 
: 
ae we oe = e- = = es ee ae oak i 
i ; (10) 
d*z 
ie eel ernest HT, pee “et aS 
which expressions severally are, if ¢ is not equicrescent, 
d*s dt—d?*t ds | 
dt® | 
d?xdt—d*tdx 
sare | 
d*y dt —d*t dy ( a) 
Re 
dz dt—dtdz 
dt 


te d*s d?x d®y dz 
dt?” dt?’ dt®’ dt? 
laws of resolution and composition of velocities of Art. 247 are 
applicable to them: hence as the particle at the time ¢ is de- 
scribing the element of its path ds, the projections of which on 
the coordinate axes are dx, dy, dz, it follows that 
d*x dx d?y dy d*z dz 
Tee dl ae tN a 
are the resolved parts along ds of the velocity-increments in an 
unit of time along the coordinate axes of 2, y,z. But since 
ds? = dx? + dy* + dz’, 
ds d*s = dx d*x + dy dy + dz dz ; 
d’s  d?adx d®ydy d?zdz. 
dB ~ a ds * df ds * dP ds’ 
and therefore the velocity-increment along each element of the 
trajectory is equal to the sum of the resolved parts along that 
element of the several velocity-increments along the coordinate 
axes. 
Suppose the mass of the particle, whose motion we have con- 
PRICE, VOL. III. Me 


are velocities, it is evident that the 


(12) 


(13) 
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sidered, to be m, then m a is its expressed momentum in the 


: : ; dx d dz 

line of its motion; and ma, Mm aa m —, are its expressed 
momenta along the axes of x, y, and z: momenta are evidently 
resolved and compounded according to the law of the parallele- 


pipedon of velocities. 
2 


ThE Ye 
Hence also m a 1s the expressed momentum-increment 


of m in an unit of time along the line of its motion; and 

dt? ’ Ge athe 4 
increments of min an unit of time resolved along the coordi- 
nate axes of @, y, 2. 

Also from equation (13) it may be inferred that the ex- 
pressed momentum-increment in the line of motion of a par- 
ticle at a given time is the sum of the resolved parts along that 
line of the several expressed momentum-increments along the 
coordinate axes. | 

Hence also impressed momenta and momentum-increments 
and their causes, accelerating forces and moving forces respect- 
ively, are resolved and compounded according to the law of the 
parallelepipedon of velocities. 

And as statical pressures, see Art. 213, are virtual dynamical 
momenta, it follows that statical pressures are resolved and 
compounded according to the same law: hence we have a proof 
of the parallelogram of forces. 

251.] Suppose therefore x’, y’, z’ to be the momentum-incre- 


ments along the three coordinate axes, impressed on a particle 
m; then by reason of the principle contained in equation (14), 


are the several expressed momentum- 


Art. (211), dep ) 
LAPT CE ae | 
d*y . 
ee == NG Ps (14) 
dee ee) | 
eee 9 


and if x’, y’, z’ are proportional to the mass of m*, so that 


* The impressed velocity-increments are not always proportional to m: 
instances of the non-proportionality have already occurred in the equations of 
motion in Articles 241 and 242. 
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xX = MX,” Y= MY, Z= MZ, 

then dy bs ) 
ial | 
d*y . 
de = Y 7; (15) 
dz | 
— = V/ 
dt? a 


in which equations x, y, z are the impressed velocity-increments 
which are the effects of the accelerating forces. 

The three preceding equations are the general equations of 
motion of a particle moving under the action of finite accelerat- 
ing forces, and are applicable to the solution of every problem 
involving such a motion and such forces. If the values of 2, y, 2 
are given in terms of /, as for instance, if 


x = fi(t), y = f(t), z= f(t), (16) 
the components of the velocity along the three coordinate axes 
may be found by differentiation, and thence the magnitude and 
the line of motion of the resultant velocity may be determined : 
and the components of the expressed velocity-increments may 
be found from the components of the velocity by differentiation ; 
and as these are equal to the impressed velocity-increments, the 
laws according to which velocity must be impressed on the 
moving particle may also be determined: thus if the equations 
to the trajectory are given in terms of the time by means of 
three equations such as (16), the laws of the impressed velocity- 
increments may be found by differentiation. 

Again, if the laws of the impressed velocity-increments are 
given, and if the problem is the deduction from them of the 
equations of the trajectory, (15) must be integrated, whereby 
three relations will be given between 2, y, z and¢; whence ¢ must 
be eliminated, and two equations will result in terms of 2, y, z, 
which will represent two surfaces, the line of intersection of 
which will be the trajectory. In the course of integration, twelve 
limiting values will be required, viz., the six components of the 
velocities corresponding to ¢=¢ and to ¢=0; and the six coor- 
dinates of m corresponding to the same values of ¢: of these, 
six, viZ.,those corresponding to ¢ = ¢, will be left in the general 
equations in their general form: the other six, which correspond 
to ¢ = 0, will enter into the final equations as arbitrary constants, 
because the beginning of the time ¢ is arbitrary. 

0 2 
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252.] If the moving forces are impulsive, and if v’,, v’,, V, are 
the momenta which are impressed on the particle m along the 
three coordinate axes, then 


mo = a 

d: j 
mt = Vy 5 (17) 
a OF sng | 

PEP aes, 


and if the components of the impressed momenta along the 
coordinate axes are proportional to the mass of m, if (say) 


V', = MV, vg Vi, = MYV,z, 
then (17) become dae ‘ 
rs iE 
dy 
pan Ask : 8 
ie | 
dist iOS OMk Oi 


and here, it is to be remembered, the whole expressed velocity 
is the measure of the action of the force. 


253.] If the particle m is not acted on by any forces, so that 
in (16); x=y=z=0, then 
d?x dy d*z 
Gh ont On oa Oy) 
Let (a, b,c) be the place of the particle when ¢=0, and 
(v,y, 2) when ¢=¢: also let a, B, y be the components of its 
velocity when ¢=0; then integrating (19) between the limits 
corresponding to these values of f, 


dz 
dt 
y—b—Bt = 0, Z—c—yt = 0; 
V—-A Yy-b z-C 
ee a = 20 
z B 5 (<0) 
which are the equations to a straight line, whose direction- 
cosines are proportional to the components of the velocity when 
¢ = 0, and which passes through the point (a, 4,c). If there is 
no initial velocity, a= 8=y=0; in which case x=a, y=8, 
#=c; that is, the particle remains at rest and in its original 


d 
——a = QO, 7B =0, —y= J), 


& 
| 
Rg 
| 
2 
™ 
| 
SO 
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position. This result is of course in accordance with the law of 
inertia. 


254. The method of resolving velocities and momenta along 
three rectangular axes chosen arbitrarily is artificial, and has 
not been deduced from considerations of the actual motion of 
the particle ; but it 1s convenient, and adapts itself to the Car- 
tesian system of algebraical geometry, and to the ordinary 
equations of curves. Let us however consider whether the 
actual motion of m does not lead us to another and more 
natural method. 

_ is the expressed velocity-increment in the line of motion 
of m at any time ¢; and therefore if the moving forces impress 
a@ momentum-increment only in this line, the path will be 
rectilinear: generally however the particle moves in a curvi- 
linear path, and there is therefore some other component of the 
impressed momenta, which causes the deflexion from the recti- 
linear path: the question is, What is the mathematical repre- 
sentative of this impressed momentum-increment, as expressed 
in the motion of m? In fig. 98, let pq (= ds) be the element 
of the curvilinear path described in the time d¢; let ¢ be equi- 
crescent ; then if no force acts, whereby the particle is deflected 
from its rectilinear path, it will in the next dé describe qr; 
but suppose qt (=ds+d?s) to be the element of the curve 
succeeding PQ, and to be the path taken by the particle in the 
second dt; then at the point q and along the line as some force 
has acted, whereby the particle has received a velocity with 
which it moves over qs, in the time dé, so that at the end of dé 
m is at the point 1; our object is to determine the value of the 
force which acts along qs. 

p, Q, and Tf being three consecutive points in the curve, the 
plane which contains them is the osculating plane of the trajec- 
tory at the point p, and the angle ret is the angle of contin- 
gence; see Art. 323, Vol. I. Let p be the radius of absolute 
curvature of the path at p; that is, p is the radius of the circle 
passing through p,q, and rT: and therefore from the geometry 

at? (ds+d*s)? — ds” 
CiSes SS) ee ee eee 
2p 2p 2p : 
Now whatever is the law of force under the action of which the 
particle m describes qs in the time dt, we may consider it to be 


(21) 
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constant for that infinitesimal element of time; and therefore 
if fis the impressed velocity-increment due to that force, by 
equation (31), Art. 220, 


Qs = L at; (22) 
therefore from (21) and (22), 
1 ds? 
Loh 
2 
= (23) 
P 


if v is the velocity of m at rp: and the line of action of it is 
along the radius of absolute curvature, that is, 1s the principal 
normal. 

Hence at any point p of the trajectory, if the expressed velo- 
city-increment is resolved along the tangent to the curve at P, 
and along a line perpendicular to the tangent, the latter line is 
the principal normal; and the expressed velocity-increments in 
these two lines are respectively 


2 2 
a and 


and there is no expressed velocity-increment at right-angles to 
the osculating plane. The impressed velocity-increments, that 
is, do not produce any torsion, and torsion is due to their varia- 
tions only. 


Therefore if t and n are the impressed velocity-increments 
along the curvilinear path, and perpendicular to the path in the 


3 


osculating plane, d2s . 
if i es diz’ (24) 
v2 
N = -——. 25 
3 (29) 


tT and n are called respectively the tangential and normal com- 
ponents of the impressed velocity-increments ; and similarly 
d*s 
at? 
nents of the expressed velocity-increments. 


2 
and a are respectively the tangential and normal compo- 


255.] These results may also be deduced from the equations 
of motion (15). Let r be the resultant of the impressed velo- 
city-increments ; therefore 
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il 
= ae {(a)? + (ay)? + (d?2)4} 


1 
= apa {(@ay? + (dy)? + (d?z)?— (28)? + (d28)2} 


1 (ds4 
= deft cont, 


if p = the radius of absolute curvature; see (20), Art. 325, Vol. I; 
2 2 d2s 2 

Rn? = ts 4 (=); (26) 

the form of which equation (the right-hand member being the 

sum of two squares) shews that the resultant of the impressed 

velocity-increments, when expressed, consists of two parts, which 

have lines of action perpendicular to each other: one of which, - 


giktr Se. mS 
viz. ae is the expressed velocity-increment along the tangent 


had 


to the curve: and the line of action of the other, viz. ae is per- 
p 


pendicular to the tangent: and if A, p, v are the direction-angles 
of its line of action, they may be determined by the following 
d? ? 
process. Since “5 and — are the components of R, the lines 
of action of the three are in one plane: let the direction-angles 
of the normal of that plane be proportional to a, B, c; then, 


} d2 2 
because this plane contains (1) — (2) ae (3) R, we have 


(27) 


AcosA+BCcosp+ccosy = 0 

A@x +Bd*y + cd’z=0 
cos A (d?y dz —d?z dy) + cos p (d?z dx — dx dz) 
+ cos v (d?xv dy—d*®y dx) = 0. (28) 


Adz + Bdy + y= 0} 


Also, since the line of action of Cs is perpendicular to the tan- 
gent of the path of m, we have 
dz cos \ + dy cos + dz cosv = 0; (29) 
therefore from (28) and (29), 
cos A 
dy {d?x dy—d*y dx} —dz {d?z dx—d?*zx dz} 
and by a reduction similar to that in Art. 294, Vol. I, we have 


Lena eee — eee 5 
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cosh _ cos _ cosy (80) 
ge d. dy qk 

ds ds ds 

the denominators of which fractions are proportional to the di- 
rection-cosines of the principal normal; therefore the line of 
action of the normal component is the principal normal. 

As n is the normal component of the impressed velocity-in- 
crement it is the effect of the force which deflects m from its 
rectilinear path and draws it towards the centre of absolute 
curvature; and thus is the measure of that force, and, as such, 
is called the centripetal force ; and since m would, if left to itself, 
by the law of inertia proceed in a straight lime with the velocity 
which it has at p, but is in its actual motion deflected out of 
_that course, its expressed velocity in the normal line is, in 
reference to m, called the centrifugal force * : hence 


mv? 
the centrifugal force of m = ——. (31) 
p 


Centripetal and centrifugal forces are therefore the same quan- 
tity under different aspects. Centripetal force is the force which 
impresses the momentum, and is spoken of in reference to that 
force: centrifugal force is spoken of with reference to the par- 


2 
ticle m, and is that force of which m— is the expressed mo- 
p 


mentum. The inquiry into other general properties and prin- 
ciples which are deducible from the equations (15) are deferred 
until applications of them have been made to particular ex- 
amples in the three following Chapters. 


256.] Let the lines of action of all the moving forces which 
act on m be in one plane, and which we will take to be the 
plane of wy; and if m has any initial velocity we shall suppose 
that to be also in the same plane. 

And first let us resolve along two rectangular axes in that 
plane; and let mx, my be the resolved impressed momen- 
tum-increments along the axes of w and y, and acting to in- 
crease x and y as ¢ increases; let the place of the particle m 
at the time ¢ be (#, y): so that the equations of motion, in 
terms of velocity-increments, are 


2 
; es Coe ; 
* This term is inaccurate; — is the expressed effect of an accelerating force, 
p 
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d*x a 

buancnia | ad 
ty yf ee) 
ia 


Secondly, let the motion of the particle be referred to a sys- 
- tem of polar coordinates, » and 6; and let p and q be the im- 
pressed velocity-increments along, and perpendicular to, the ra- 
dius vector; P having a positive sign when it acts to increase r 
as ¢ increases, and q having a positive or negative sign according 
as it acts to increase or diminish 0 as ¢ increases. P and Q are 
called respectively the radial and the transversal impressed velo- 
city-increments. 

Let x and y be the impressed velocity-increments on m, see 
fig. 99, parallel to the axes of # and y: let o be the origin, or 
the pole: om=2#, MP=y, OP=r, POr= 9. 

dx ay 
dt2” ba ape? 
perpendicular to op, we have 


Then since x = if we resolve these along and 


P = ysind+xcosé 
Q@ = ycos é0—x Ha a, 


and replacing x and y by their values, 


P= TY sin 4 5% cos 6 
(34) 


Dp, 
Q = — cos? — — sind 


Now bearing in mind that ¢ is equicrescent, and that therefore 
generally neither 7 nor @ can be simultaneously so, we have 


ies: : gee gs eet (35) 
y =rsind dy = sind dr+rcos6d03’ 
>, d?x = cos 6d*r—2 sin 6drdé—r cos 0d02—r sin bat . (36) 
d?y = sin 0dr +2 cos 0dr dd—r sin 6 d62 +7 cos 6.20 J ’ 
and substituting these in (84), we have 
d@r de? 
Eats cet Mets bal Oo” 
ee gs 2, P 
ee 9 i do d?6 
a ede. at 
ld do 
fer Lee | 38 
r dt (r = oe) 
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The right-hand members of (37) and (38) are respectively called 
the radial and the transversal expressed velocity-increments. 

2 is the angle generated by the revolving radius vector in 
one unit of time; it is therefore the measure of the expressed 
angular velocity ; and ge is in like manner the measure of the 
expressed angular velocity-increment due to an unit of time. 


Similarly 7 2 and oe are the measures of the expressed velo- 


city and Se ar ae of the radius vector. 

Two particular forms of (37) and (88) deserve notice. If the 
source of all the impressed velocity is in 0, so that @=0, in 
which case the force is said to be central, then 

ao 
aces 
wap = une (39) 
And if the angular velocity is constant, so that a= =a constant 
=w (say), then 


(40) 
° 


i 

eo 

© 

| 
\.. 


Thirdly, let the velocity-increments on m be resolved into 
normal and tangential components, see fig. 100, and let n and T 
be respectively the normal and the tangential impressed velo- 
city-increments. 


Let om=a2, MP=y; then tan ptm = oe and resolving, 
_ _ de dy _dxd?x+dyd*y 
Te eile hy (as Waa de TE (a 
_ ade dy _dxd*y—dyd*x 
Nl igstat wily get, dated Sie 
Also since dx? 4 dy? = ds, 
dx d*x + dy dy = ds ds ; 


and if p is the radius of curvature at Pp, 
dix 
ds = —pd.tan-! — 
Ss pd.tan B, 


dx d*y — dy da 
pP Hise > 
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_ ds 
ae | 
ds? v? Ga? 
= det = as } 
iL @— = = the velocity at the pomt p. These values may be 


deduced also from the resolution of p and Q in (87) and (88). 


257.] The normal component, which is also the centrifugal 
force, and of which the mathematical expression is tee » requires 


further consideration: for on an adequate understanding of it 
in a great measure depends our knowledge of curvilinear motion. 

Into the preceding investigations no differentials or derived 
functions of the equation of the curvilinear path above the 
second order have entered; and therefore only three consecu- 
tive points on the curve have come under consideration: the 
preceding properties therefore are equally true of the trajectory 
and of its circle of curvature at the point Pp. 

Let the circle pqra in fig. 101 be the circle of curvature at 
the point P; let p be the place of m at the time ¢, and let Pa, ar 
be the two successive elements of the trajectory described in 
the equal succeeding elements dt. 

Now m, having described Pq in the time d¢, would, during 
the following dt, have described another element (not necessarily 
equal to PQ) at in the same straight line, if no force acted 
whereby it is deflected from its rectilinear path: but since at 
the end of the second dt, m is at r, a force has deflected it, the 
expressed effect of which is the motion of the particle over the 
distance rt or MQ: let f represent this force; and since f acts 
only for the infinitesimal time dt, we may, whatever is its law 
of change, consider it to be constant during that infinitesimal 
time. Now the space through which m moves under the action 
of fis RT or QM; therefore by (81), Art. 220, 


pai idi2 
Me on, 3 
but by the geometry MQ : aR = QR: Qa; and Aq is the diameter 


of the circle of curvature, and therefore is equal to 2p: and 
Qk = ds, 
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| ds? v? 
co fearaeestip? 
if v= the velocity of m at the point rp. And therefore 
2 
the centrifugal force of m = aa (4.4) 
Let us consider and apply this expression in the case of m 
moving in a circle. Let the radius of the circle = a; then if T 
is the time during which m moves round the circle, and (as we 
suppose) with a constant velocity v, 


27a = VT; (45) 
2 
Ana (46) 


p2 ” 


therefore the centrifugal force of m = m 


thus the centrifugal force in a circle varies directly as the radius 
of the circle, and inversely as the square of the periodic time. 

Again, if m moves in the circle with a constant angular velo- 
city w, then since 


s=a0 a! — pe 
a Beech 1} lili as 
v= 20; 
the centrifugal force of m = mo?a; (47) 


and therefore varies directly as the radius of the circle. 


258.] When a solid body rotates about an axis all its par- 
ticles describe in equal times circles, the planes of which are 
perpendicular to the axis of rotation, the centres of which are 
in this axis, and the radii of which are the perpendiculars from 
each point on the axis: therefore from (47), as w is the same 
for all the points, the centrifugal forces vary as these perpen- 
diculars. Now as the earth revolves about its polar axis, the 
centrifugal forces of particles on its surface vary as the perpen- 
dicular distances from the particle on the polar axis; and there- 
fore the centrifugal force of each particle varies as the radius of 
the parallel of latitude which the particle describes: and the 
line of action, being the radius of the circular path in which the 
particle moves, is perpendicular to the polar axis. As the radius 
of the circle of the parallel of latitude decreases from the equator 
to the pole, so does the centrifugal force which varies as this 
radius by reason of (47) ; the centrifugal force therefore is great- 
est at the equator and least at the poles, where it vanishes. 

Let us consider the earth to be a perfect sphere, and to be 
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revolving with an angular velocity such that the time of the re- 
volution is 24 hours; and let us consider a place on it of which 
the latitude is A; then, if 7 is the radius of the earth, the radius 
of the circle of the parallel of latitude is r cosA; and therefore 
if » is the angular velocity, the centrifugal force of m in this 
line, which is perpendicular to the polar axis, is mw?7 cosa; 
and if this is resolved into two parts, one of which is horizontal, 
and the other is vertical, at the place, the vertical component of 
the centrifugal force is mw*r (cos A)*?: by this quantity there- 
fore will the attraction of the earth on a particle m on its sur- 
face at the latitude A be diminished : so that if mg is the weight 
of m when diminished by the centrifugal force, and me were 
its weight if the earth were at rest, then 


mg = MG—Mw?Fr (cos dA)’, (48) 

g = G—w?r (cos A)? (49) 

therefore w?7 (cos A)? is the diminution of the earth’s gravity 
due to the centrifugal force. 


Let us calculate the value of the diminution of gravity when 
A = 0, that is, at the equator; in which case 


g 


lI 
Q 
o_aJ, 
—_ 
| 
a | & 
as 
ayy 


=of1-""1, (50) 


since the difference between g and ce is very small. Let 
tT = the time of rotation of the earth about its axis; therefore 
Tt = 24x 60x60 seconds. Also 27 =orT; and g = 82.2 feet, 
a =3.14159; therefore 7 = 4000 x 1760 x 8 feet, 


wo2r Aimy 


g gv 
] 
= 589 nearly ; 
1 


that is, the diminution of gravity at the earth’s equator due 
to the centrifugal force is the 289th part of that which the 
earth’s attraction at the equator would be, if the earth did not 
rotate. 

Thus also the weight of a body m at the equator is diminished 


390 RELATIVE MOTION. [259. 


by its 289th part, and the diminution of its weight at the lati- 


tude A, is mg (cos A)? 
‘ 289 

The preceding calculation is made on the hypothesis that the 
earth is a perfect sphere, whereas it is an oblate spheroid : and 
the attraction of the earth on particles at its surface decreases 
as we pass from the poles to the equator: this diminution takes 
place according to the law known as Clairault’s theorem, and 
which is expressed by the equation 

g = 6{1+k(sindA)*}; 

where cg is the equatorial gravity, * is a constant depending on 
the eccentricity of the generating ellipse, and on the equatorial 
centrifugal force, and where d is the latitude of the place to 
which g corresponds. Thus gravity becomes diminished at the 
equator from both causes, and the whole diminution is nearly a 
200th part of the origimal gravity. Hence also the weight of a 
body at the poles is one 200th more than its weight at the 
equator. 

Since 289 is the square of 17, it follows that if the earth 
completed a revolution about its polar axis in the 17th part of 
a day, the centrifugal force at the equator would be equal to, 
and would neutralize, the earth’s attraction; im which case 
matter at the equator would have no weight. 


259.] The motion of the moving particle m, which we sup- 
pose at the time ¢ to be at the point (a, y, z), has been im the 
preceding investigations referred to a fixed origin and to a 
fixed system of coordinate axes: and its velocity and other in- 
cidents of motion are thus absolutely determined : in many cases 
however, and especially in astronomical inquiries, it is conve- 
nient to consider the motion of a particle relatively to another 
particle, the place of which we suppose to be the origin of a 
system of axes, the position and direction of which continually 
change under the action of given forces: and the motion of m 
thus referred is called relative motion. For the sake of simpli- 
city I shall consider the system of moveable axes to have only 
motion of translation, so that while the origin describes a certain 
path the directions of the coordinate axes are unaltered. 

Let (2, y, 2) (a, 6, c) be the positions of m and of the moving 
origin at the time ¢, with reference to a fixed origin and axes; 
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and let 2’, y’, 2’ be the coordinates of m, with reference to the 
moving system: then 


“= a+z2’, y= b+y', as CHER: 
@x @a,@e My db dy dz de di 


de dP de? de ae tae? de et ae 
ax de da 
dt? — df2 AES dt? 9 eeeeece 

Let x, y, z be the components of the impressed velocity-incre- 
ment acting on mat Pp; and let a,B,c be the components of 
the impressed velocity-increments which act on the particle at 
the moving origin: then we have 

ary | dy’ d?z 
etarir ihc ER Be Eo eco) aE 
so that the relative expressed velocity-increments of m are the 
excess of the absolute velocity-increments impressed on it over 
those impressed on the particle at the moving origin. 

The same result may also be found by the following process, 
Let o be the moving origin and P the place of the moving particle 
m; and let a, B,c, x, y,z be employed in the same significations 
as above: then if forces are applied to o and to m, producing 
equal velocities in both in each direction, the relative motion 
of the two, by reason of their other forces, will be the same as if 
these other forces did not act. Suppose forces to be applied 
which will impress velocity-increments in each axis equal to 
those impressed on the particle at o, and in opposite directions : 
then o necessarily is at rest; and the components of the im- 
pressed velocity-increments on m at P are 


= V0 & (52) 


X—A, Y—B, Z—C; 
and the motion of m under the action of these forces is absolute, 
since o is at rest: and thus 


I, / 

= a A 

2 / 
=e —— Par (53) 
dz! 


oo. | 


e 
3 
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CHAPTER X. 


APPLICATION OF THE EQUATIONS OF THE PRECEDING 
CHAPTER TO PARTICLES MOVING FREELY IN SPACE. 


Section 1.—Oblique impact and collision of particles and of 
smooth spherical balls. 


260.] The laws of resolution of velocities and momenta, and 
the principles of the theory of curvilinear motion have been 
investigated in the preceding Chapter; our object now is fur- 
ther to elucidate these, and to apply them to the special case of 
particles moving freely in space, reserving to subsequent Chap- 
ters the cases of particles moving on curves or on surfaces or 
in tubes, cases, that is, of constrained motion. 

The most simple case of resolution of momenta is that of a 
material particle or of a smooth homogeneous spherical ball 
(which is supposed to have motion of translation only) which 
moves in a rectilinear path with a constant velocity, and im- 
pinges at an oblique angle on a given plane. As the velocity of 
the ball is constant before impact, so will the velocity be also 
constant after impact: and thus the inquiry is limited to the cir- 
cumstances of change during the collision, and to the determina- 
tion of the line of motion and of the velocity of the ball after 
impact. The elasticity of the ball is supposed to be the same 
as that which was explained in Art. 214, that is, the momentum 
acquired during the restitution of the figure of the ball is sup- 
posed to bear a constant ratio to that lost during the compres- 
sion of the figure : the limiting values of the ratio being 1 and 
0, according as the ball and plane are perfectly elastic or are 
perfectly inelastic. 

One observation however is to be made on the circumstances 
of oblique impact, which was not applicable in that of direct 
impact. In oblique impact we assume that the mutual action of 
the balls during collision is along the line joining their centres 
at the instant when compression is a maximum, and along that 
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line only; that is, in other words, we assume the balls to be 
perfectly smooth. For suppose a ball of mass m, see fig. 102, 
to move uniformly along the line aa and to impinge on the ball 
of mass m’, which is moving at an uniform velocity along the 
line 68: and suppose the line oas to be that which passes 
through their centres a, 8 at the instant at which compression is 
a@ maximum: we assume the action of the two balls on each 
other for the time during which the collision takes place to be 
wholly along this line; along this line has momentum been 
lost during the compression, along this line will momentum 
be acquired during the restitution: the momenta in a line 
perpendicular to 4B have not been altered by the collision: 
thus by virtue of the statements made in Art. 214, if p repre- 
sents the momentum along the line as lost during the compres- 
sion; ep represents that acquired during the restitution along 
the same line. Thus although for the time during which the 
balls are in collision, they, by reason of their velocity which 
is perpendicular to AB, slide on each other, and thereby the 
momentum in that line would be changed if the balls are not 
perfectly smooth, yet for the sake of simplicity we assume the 
roughness of the balls to be so far diminished, that it is not 
necessary to take account of the change of momentum along 
the line perpendicular to aB. 

Hence if a smooth ball impinges obliquely on a smooth plane, 
the line of reaction of the plane will be perpendicular to its 
surface, and the momentum of the impinging ball will be 
affected along that line only, and not along the plane. 

261.] The results of the direct impact of a ball on a plane 
are given in equations (15), (16), Art. 216, so that if v is the 
velocity of impact, — ev is the velocity of rebound. 

But suppose a perfectly smooth and spherical ball, whose mass 
is m, and whose elasticity is e, to move with an uniform velocity 
v, and to impinge at Pp on a smooth plane in the line aa, making 
an angle a with the normal to the plane at the point P, fig. 103, 
so that aan =a; let u be the velocity of m when the compres- 
sion is a maximum: at which instant the motion of the ball is 
wholly along the plane; and suppose v to be the velocity of 
rebound, and 8 = Nad to be the angle which the line of motion 
of the ball after rebound at vp, makes with the normal: let Pp be 
the momentum in the line an which is lost by the ball during 
the compression, and let ep be that recovered during the resti- 
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tution, the line of action of both these momenta being the normal 
an. Let us resolve the momenta along and perpendicular to 
the plane: then at the instant when the compression is a maxi- 
mum, we have (1) along the plane, 
mv sina = the impressed momentum of m, 
mu = the expressed momentum of m ; 
(2) perpendicular to the plane, 
mv cosa = the impressed momentum of m, 
Pr = momentum lost by m during compression ; 
mv sina = mu; (1) 
mv COSa = P: (2) 
by a similar process when restitution ends, we have (1) along 
the plane, 
mu = the impressed momentum of m, 
mv sin 8 = the expressed momentum of m; 
(2) perpendicular to the plane, 
ep = the impressed momentum of m, 
mv cos = the expressed momentum of m; 
mu = mv sing, (3) 
ep = mvcos Bp; (4) 
vsina = vsin§, 
etan 8 = tana; 


tata a (5) 
y _ me, 6 
SMTA TS oh Mo, 


whereby 8 and v are known in terms of given quantities; a and 
B are called respectively the angles of incidence and reflexion. 
Generally if e is less than unity, 6 is greater than a. If the 
ball is perfectly elastic, e= 1: m which case a= 8, that is, the 
angles of incidence and reflexion are equal; and v=», that is, 
the velocities of incidence and reflexion are equal to each 
other. 

If the ball is perfectly inelastic, e = 0; in which case B = 90°, 
and v=v sina; the ball, that is, after impact moves along the 
plane with the component in that line of its velocity of impact. 

These results are equally true, when the ball impinges on a 
curved surface, the plane of impact being in this case the tan- 
gent plane to the surface at the point of impact. 
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262.] Examples in illustration of the preceding principles. 


Ex.1. To find the line along which a ball of given elasticity ¢ 
must be projected from a given point a, so that after reflexion 
at a given plane it may strike another given ball at s. 

Let cp, fig. 104, be the given plane, 4 and zB the given posi- 
tions of the balls. From a and 8 draw ac and sp at right 
angles to the plane cp; produce ac to a’, making ca’= e.ca. 
Join BA’ cutting cp in P, and join ap; apBis the required path. 
At p draw the line Pn normal to the plane: then apn is the 
angle of incidence, and nrB is the angle of reflexion: and since 


: CP 
tan APN = cotarc = —; 
AC 
CP cP 
and tan BPN = cotpPpD = cotarc = —— = ——-; 
ACE Cr AG 


1 
tan BREN = — tanAPNn; 
e 


and therefore the path ars satisfies the condition (5), and 
therefore is such that a ball projected from a along ar will 
strike another ball at s. 

Ex. 2. To determine the path which a ball of elasticity e 
must take with reference to two given inclined planes, so that 
when projected from a given point a it may after reflexion suc- 
cessively at the two planes strike another ball at B, a and B 
being in the plane which is perpendicular to the line of inter- 
section of the two planes of reflexion. 

Let the plane of the paper, fig. 105, be that in which the 
two points a and B are, and thus the planes of reflexion are per- 
pendicular to the plane of the paper. 

From a draw apa’ perpendicular to the plane po, and make 
A’p=e.AD: also from B draw BcB’ perpendicular to oc, and 
such that Bc =e.B’c: draw a’B’ cutting po in P and oc in Q, 
join AP and Bq; APQs shall be the path required. 

It is evident by the construction in the former example that 
the lines ap and pq satisfy at p the condition required in (5) : 
and also that pq and aps satisfy the same condition at q@: there- 
fore aPrQB is the required path. 

Also by a similar process may the path be determined, by 
which a ball of given elasticity may after projection from a 
given point and reflexion at given planes strike a ball placed at 
another given point. 

Ex. 3. A ball of given elasticity e is projected from a given 

RE 2 
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point in the circumference of a circle, and after two reflexions 
from the circle returns to the same point : determine the angle 
at which it was projected. 

Let a, fig. 106, be the point in the circle whence the ball is 
projected, and let ar, PQ, aA be the paths which it successively 
describes: let cap =O=cPA, CPQ=Pd=CQP, CQA=W=CAQ. 
Then by (5), 


1 
tan = _ tand, ‘any = — tan = — tand: 
also O4+-p-av = 90°; 
1— tan ¢ tan y 
tan 0 = cot (p+) — “tan @+tany 


ia i) 
~ (e2.4-e) tan 6° 

e# 2 
tan é = tea : 

263.] Two smooth spheres of given elasticity and of masses 
m and m’, moving in given lines, and with given velocities, and 
with their centres in the same plane, impinge on each other; it 
is required to determine their velocities and lines of motion 
after impact. 

Let us suppose the two spheres to be moving in the directions 
indicated by the arrows, fig. 102, and along the lines aa and bz, 
and let oasw be the line passing through their centres at the 
instant when the compression is a maximum: and let m, whose 
centre is A, impinge on m’, whose centre is B. Now by Art.259, 
the elastic action of the two spheres takes place along the line 
oaB only: let e=the elasticity, and p= the momentum lost 
during compression, so that ep is that acquired during the resti- 
tution of the figure of the balls. The momenta will be resolved 
along, and at right angles to, the line oas. 

Let v, v' be the velocities of m, m’ before collision begins, 

Tee ees crmttk oan enh EDEN compression is a maximum, 
v,V - - - - - - when collision ends. 
a,a be the angles between 0B, and the lines of motion of m, m 
when collision begins, 
6,0 - - - - - - - - when compression is a maximum, 
B,B - - - - - - - - when collision ends. 

Then at the instant when the compression is a maximum, the 

equations of resolved momenta are, 
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for m . mY cos 4 = mu cos 0+P, (7) 
mv sina = musin 6, (8) 
ali m’'v' cos a’ = m’u' cos 6 — P, (9) 
or m fe faces / H heat ihe / 3 
mv sna = musing; (10) 


and at the instant when collision ends, 


reaeegiccel a He C= Tt. oe B+eP, (11) 
mu sind = mv sin p, (12) 
Bey Ee 003 f i By Gos cr: (13) 
mu sin 0 = m'v'sin pf’. (14) 


But when the compression is a maximum, both balls are moving 
with the same velocity along oan: therefore | 
ucos@ = u'cos @. (15) 
From these nine equations, v, v’, 8, ’ are to be detrmined. 
From (7), (9) and (15), 
mv cos a+m'v' cos a’ 
m+m 
from which and from (7) and (11), we have 


— ucosé = u'cos 0 = ; (16) 


vcos B = i sar: peo ot ;(vcosa—v cosa’). (17) 
m+m m+m 
Similarly, 
Vv cos 8’ = RESET BE ted a ,(vcosa—v' cosa’). (18) 
m+m m+m 
Also from (8) and (12), and from (10) and (14), 
Vv sin 8B = v sina, (19) 
v sin 8’ = v’'sina ; (20) 


so that v, v’, 8, B’ are completely determined. 
Also from the preceding we have 
mv cos 8+m’v cos B’ = mv cosa+m’v cos a’ 


I, (21) 


that is, the sum of the momenta both along, and at right angles 
to, oaB is the same before and after impact. 


264.] Let the balls be perfectly elastic, that is, let e=1: then 
mv cosa+m'v' cosa m’ (vcosa—v cosa) 
m+m m+m 


mv sin B+ m’v' sin B’ = mvsina+m'v sina 


» (22) 


vcos 8B = 


; , mvcoatmy cosa m(vcosa—v cosa) 93 
v cosB = ; Lh scour ome mr rerng ree Rete 
m+m . m +m 
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v sin B = v sina, (24) 

v sin B= v' sing’; (25) 

mv2+m v2? = mv24+m v2, (26) 

that is, the sum of the vires vivee is the same before and after 


impact. 
Again, let the balls be perfectly inelastic, that is, let e=0; then 
mv cosa+m’v’ cos a 


¥ Cos 8.—.¥. c0s'8 = er : (27) - 
vsinB = v sina, (28) 
_v'sin p’ = v'sina, (29) 


that is, the balls after impact have the same velocity along the 
line 048, but unequal velocities at right angles to that line; also 
tan B v sin a 
tan Bs’ sina’ Sie! 


265.] The velocity and the line of motion of the centre of 
gravity of two smooth balls which impinge on each other is the 
same before and after impact. 

Let e be the elasticity of the balls: and let us take a line 
parallel to that which joins the centres of the balls at the in- 
stant when the compression is a maximum to be the axis of 2; 
and a line perpendicular to it to be that of y: let (a, y), (2, y') 
be the places of the centres of the balls at the time ¢, either 
before or after impact; and let (#, y) be the place of the centre 
of gravity at the same time: then 


(m+m)x# = Se oa (31) 
(m+m')y = my +m'y' 
Cyr die r mn , ax’ | 
INT ar eam nS 
(m m’) dy ig dy an dy’ , ( 
FA GE Yr tee OOaE. 
dx di’ | : Bd 
but ait and a *e before impact respectively v cos a and 
v' cosa’; and are after impact respectively v cos B and v’ cos f’: 
and s and a are before impact respectively v sina and 


v sina’, and are after impact respectively v sin B and v sin #’: 
therefore by virtue of equations (21), the right-hand members 
of (32) are the same before and after impact, therefore also the 


left-hand members are: and therefore 2 and 2 are the same 
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before and after impact: and therefore the velocity and the 
line of motion of the centre of gravity of m and m’ are the same 
before and after impact. 


266.] Examples illustrative of the preceding equations. 

Ex. 1. A smooth and homogeneous sphere of mass m and 
elasticity e moves with a velocity v and impinges directly on 
another of the mass m’, which is moving with a velocity v’ in a 
line of motion at right angles to that of m; it is required to 
find the velocities and the lines of motion of both balls after 
the collision, 

In this case a= 0, a’ = 90°; therefore from (17), &c., 

vy cos 8 =. Teme ae ; 
m+m 
vsin B = 0, 


f , MV 
v cos B —— Ei ar aper 


Vsng =v; 


v m+tm 
— 0 t ee ree 
B 3 an 8 v (l+e)m’ 
ini é 2 
e lb ven yey {ESO 
+m m+tm 


Hence the ball m will continue to move in the same line of 
motion, but with a velocity diminished in the ratio of m—em’ 
to m+m’ to its former velocity; the velocity of m’ will be in- 
creased, and its line of motion will make an angle #’ with that 
of m’s motion. 


Ex. 2. Two balls m and 2m, whose elasticity is z move with 


velocities 2v and v, and impinge, so that the line of motion of 
each one makes an angle of 60° with the line joining their 
centres at the instant when compression is a maximum; it is 
required to determine their motion after collision. 


Here m’ = 2m, v= 5 e= = a= a’ = 60°; therefore from 
(17), &e., 


veosB =~, v cos 6’ = 55, 
z 32 
vsinB = ey V sin p’ = a 


whence v, v’, 8, and #’ are easily determined. 
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267.] In Article 219 was estimated the loss of momentum 
of a body in its passage through a resisting medium, when the 
body presented to the medium a plane surface of area w, which 
is perpendicular to the line of motion of the body. The inves- 
tigation can now be extended to the case in which the surface 
which acts on the medium is inclined at any angle to the line 
of motion. The velocity of the body will be resolved into two 
components, of which one is perpendicular to the plane of the 
surface, and the other is along the surface: the former alone 
causes the resistance by reason of momentum being transferred 
to the elements of the resisting medium; the latter produces 
only a friction along the surface, the calculation of which does 
not belong to the present part of our work. 

Let there then be a plane surface, of which the area is o, 
perpendicular to the plane of the paper, and of which the sec- 
tion by the plane of the paper is the line op, fig. 107; and sup- 
pose it to be moving in the line mo, and its normal to be in- 
clined to Mo at the angle 7; let v be the velocity of the body 
along the line of motion, so that v cosz is the velocity of op in 
the line of its normal; and therefore by a process similar to 
that of Art. 219 it follows, that the momentum which is im- 
pressed by » on the particles of the resisting medium during 
the time dt, and which has therefore been withdrawn from the 


moving body, is pwav? (cos 2)? dt; 


but the line of action of this resistance is in the normal to op; 
therefore its component in the line of motion of the moving 
Boys pwv? (cos i)? dt; (33) 
and therefore if m is the mass of the moving body, and dy its 
loss of velocity in the line of its motion during the time dt 
owing to the resistance of the medium, 
—mdv = pov? (cost) dt; 
d ; 
m= = — pov? (cos 2), (34) 
Hence it appears that the resistance of a plane rudder passing 
through the water varies as the cube of the sine of the angle at 
which it is inclined to the keel of the vessel. 
A few examples illustrative of (33) are subjoined. 


Ex. 1. An isosceles triangular wedge, of which the vertical 
angle is 2a, the depth is 5, and the altitude is a, moves in a 


? 
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resisting medium, firstly with its edge forward, secondly with 
its top forward: compare the resistances in the two cases. 
Let rR; and rR, be the resistances in the first and second cases 


respectively, then Ry = 2pv?(sin a) ab sec a, 


Rg = 2pv?abtana; 
Bal a ey 
nie (sin a)*. 

Ex. 2. A semicircular lamina of given thickness r moves in a 
fluid, firstly with its convex edge forwards, secondly with its 
base forwards ; compare the resistances in the two cases. 

Let the resistances be rR, and Rr»: let a=the radius of the 
semicircle: then, fig. 108, if pca= 06, gacp=d0, Pa= ado, 


Ri = 2arTpv? “(cos 0)3 dé 
0 


Aart pv? 

— ach, ) 

Ro(= 2arpv’; 
Rj -* 2 
Rg srt 


268.] By means of (83) also can be determined the resistance 
which a solid of revolution meets with in its passage through a 
resisting medium, such as water or air. 

Let ors, fig. 109, be the generating curve of the bounding 
surface of the solid, and let its equation be, y= (#2); om=a2, 
Me=y; and let pe be the normal to the curve at the point p, 


so that dy 


cos PGO = —. 
ds 


Let an element of the curve at p=ds; so that of a surface- 
element at p, ds is the section by the plane of the paper: also 
let the surface-element subtend at an angle dé at M; and thus, 
if » = the surface-element, 

o = dsy dé; 
and therefore the loss of momentum corresponding to » in the 
line ao and in the time d is 


pv2y (4) as dé dt ; 


and as the loss of momentum corresponding to every equal ele- 

ment of the ring generated by the revolution of ds about Ao is 

the same, therefore the loss of momentum due to the ring is 
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Qmpvy (4) as dt ; 


and therefore the loss of momentum of the whole surface in the 
time dt is 


2npvrdt | y (2) )'ds (35) 


and therefore the loss of camiepinie to the moving body in an 
unit of time, or the resistance of the medium, as it is called, is 
an pos ly _ ) ds, (36) 

the limits of the integral being quantities assigned by the con- 
ditions of the problem. 

Ex. 1. Let the surface cos be a hemisphere; it is required 
to compare the resistance of the hemisphere with the resistance 
of the base. 


Let a be the radius; then if the line of motion is the axis of 
x, aud o is the origin, 


the resistance = 27pv? 


and the resistance of hemisphere moving with the base forwards 
= AO de. 
Therefore the resistance of a hemisphere moving with its convex 


surface forwards is one-half of its resistance when it moves with 
its base forwards. 


Ex. 2. A right cone passes through a resisting medium, firstly 
with its vertex forwards, secondly with its base forwards: it is 
required to compare the resistances in the two cases. 

Let the resistances be rn; and R2: let a= the altitude of the 
cone, ) = the radius of its base; so that in the first case 


U eee sit OR acy OE 
pene Ne On, cash Gs (a2 522° 
2apv7b* [4 
Ry wa? 6) xdx 
am pv b4 
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also Rg = 7pv?b?; 
Rj b? 
Rg a a2 + 5? ‘ 


In these investigations no account has been taken of the 
action of the particles of the fluid on each other, nor of the 
friction of the particles against the surface of the moving body: 
also as the body moves forward it leaves a space behind it, which 
the particles of the resisting medium rush into and occupy: 
doubtless some momentum is imparted by these to the moving 
body: it is not therefore to be expected that the preceding 
results will be entirely accordant with experiment; and they 
are not; and in fact it appears that the law of the resistance is 
not, ceteris paribus, that of the square of the velocity. It is 
however worth while even to approximate to a solution of a 
problem of such difficulty, and therefore I have inserted the 
preceding theory of resistance, springing as it does out of that 
of impact and collision. There is also one other problem in the 
subject which deserves insertion, requiring as it does the cal- 
culus of variations, and of which the solution was first given by 
sir Isaac Newton. 


269.] To determine the form of a surface of revolution cos, 
so that the resistance of a fluid, through which it moves in the 
line of its axis, may be the least. 

Let u represent the resistance: then 


1 dy? 
= 2 bit SEP 
Veet pu | Yast? 


and taking the variation, and equating it to zero, we have 
oe =| {ou oy + by GRE dy — 2 dy°5. 2 


ds* 
but since ds? = dx*+ dy”, 
d.ds = os de +S 8.dy; 
“ate oh 0 gay — 204 gay PERM gag 
m 0 = | (8y a 2y a) ay — UT oa 
[iG- ee) by +d. YO sah. (87) 


ZF2 
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To determine the function which represents the curve, we have, 

by the Calculus of Variations, 
a2y dy? dx 

ds 
dy 3., SYD > by RYLY. — 4 38) . 
ds? hse 7 ds* ca be 
therefore from the former, 
2y dy dx 

ds* 

c(dy? + dx?)? = 2ydy* dz, 
dy? dy? 
or, c(1+ Aa ey vel = ey a3? (39) 
and replacing y in (38) by its value from (39), we have 
dy? dy dx 
at eins — = Q, 
2 ae accbida —3ed. ie 
ed dx | dx® dx dz" » day. 
“ c.da® 7 30 da? | Bers ; 

x ie A epee isd se Seno pee Ea 3 =o 40 
am Clos oe t 2 dy? 2 dy? 4 dy A W 
where c’ is also an arbitrary constant. And thus (40) becomes 
dy dz” 3c dx* : ' 
tee ICR oo aun an: An (41) 
(39) and (41) are together the equations to the required curve: 


= a constant = c (say); 


and if ae could be eliminated, the resulting equation would be 


that required in terms of 2 and y. The properties of the curve 
at the limits would be given by the integrated part of (37). 


Section 2.—WMotion of particles on smooth inclined planes, under 
the action of the constant accelerating force of gravity. 


270.] As the problem of particles moving on smooth inclined 
planes under the action of a constant force, and which, to fix 
our thoughts, I will take to be the resolved force of gravity, is 
the most simple in which a constant force is resolved, it is con- 
venient to treat of it in this part of our work: yet as it properly 
belongs to the theory of constrained motion, we are unable to 
give a complete solution of it, until the principles of such 
motion have been explained in a future Chapter. 
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Let the smooth plane be inclined to the horizon at the angle 
a: and let oa, aB, fig. 110, be the sections of the inclined and 
horizontal planes made by the plane of the paper, which is sup- 
posed to be vertical and perpendicular to the line of intersection 
of the two planes. 

Let p be the place of the particle m at the time ¢, and suppose 
m to be under the action of gravity: let g, as in Section 3, 
Chap. VIII, represent the velocity-increment impressed by the 
earth in one second of time, so that mg represents the earth’s 
impressed momentum on m due to a second of time in its own 
vertical line of action: therefore the component of it along the 
plane oa is mgsina: let op =2, and suppose m to be moving 
down the plane, then the expressed momentum-increment of m 


2 
along the plane in an unit of time is m = ; and as the plane 


and m are smooth, there is no friction, and the impressed mo- ~ 
mentum-increment along the plane is equal to the expressed 
momentum-increment : therefore 


2 

m ae = mg Sina, (42) 
2 

a ==" 9 SiH «'; (43) 


gsina being positive, because both # and the velocity of m in- 
crease as ¢ increases. Let the velocity of m be u when ¢=0, 


therefore ie . 
algal) Coney, 
a = gt sina, 
o u+gt sina; (44) 


whereby the velocity due to the time ¢ is known. 
Also let 2 = a when ¢ = 0, therefore 


ay 

L—-a = Ys fs (45) 
gt sina 

e=at+ut+ = l—>; (46) 


whereby the distance due to the time ¢ is given. 
If m moves from rest when ¢=0, and from o where # = 0, 
then (44) and (46) become, 
dx 


! 
— = gisina 
dt | (47) 


gt? sina f{' 


+t 2 
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Again, multiplying both sides of (43) by 2dz, and integrating 
for the limits corresponding to ¢ = ¢ and to ¢ = 0, we have 


2 
se se 2gdx sina; 
2 
a —u? = 2g(#—a) sina; (48) 


and thus the velocity is given in terms of the space described. 
If m is at rest when ¢ = 0, and also at 0, which is the origin 
of distance, then 
dx? 
dt® 
Thus if oa, the length of the plane, is equal to /, and os, the 
vertical projection of J, = /, then 


= 2g sina. (49) 


(velocity due to the plane)? = 2g/sina 

Ng 4r (50) 
but 2gh, see Art. 227, equation (49), is equal to the square of 
the velocity acquired by m in falling down the altitude o8; there- 
fore the velocity acquired by m in falling down the plane, de- 
pends only on the vertical projection of the length of the plane, 
and not separately on its length or its angle of inclination; that 
is, depends only on the distance through which the force has 
acted in its own line of action. Therefore the velocity acquired 
by m in falling down a plane is the same for all planes, the ver- 
tical heights of which are equal. 

This is a particular case of the general law of vis viva, which 
will hereafter be shewn to rule generally in cases of dynamical 
action. 

If m is projected up the plane, and 2 is measured from the 
bottom of the plane, and thus in the direction contrary to that 
in which the resolved part of gravity acts, so that, in fig. 110, 
AP = @, then der 


dt? 


and if ¢= 0, when mis at a, and if the velocity of projection = u, 
then 


= —gsina; 


eal ay gisna; 
die ieee. i> :3 
2 

= wW—2ge sina; 
ae § gt sina. 


2 3 
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so that m ascends until = = 0, in which case, 


U 5g u? 
 gsina’ ~— 2gsina’ 


271.] Ifa circle is placed in a vertical plane, the times of de- 
scent down all chords drawn from the highest point are the same. 

Let 0, fig. 111, be the highest point of the circle o@a, which 
is supposed to be in a vertical plane: let a = the radius, aoq = 6, 
therefore 0g = 2acos0; op=7: then 


2 d 
a = g cos 8, 7 = gtcos 6; 
2 2 
r = 2acoso = 2 C8", va t= 2("); 


i] 

which is independent of 0, and is therefore the same, whatever 
is the inclination of 0g to the vertical line oca. Therefore the 
times of descent down all chords drawn from o the highest point 
are the same. 

By reason of this property the circle is called the synchronous 
curve of all straight lines in a vertical plane passing through o. 

Similarly it may be shewn that the times of descent down all 
chords drawn to a, the lowest point, are equal; that is, the 
time down Qa is equal to that down oa. 

If the plane of the circle is inclined to the horizon at an 
angle 2, a similar property is true; for the resolved part of 
gravity along the diameter oa becomes g sini, of which the re- 
solved part along 0@ is gsinicos@. Therefore using the same 
notation as in the preceding problem, 


d*r ee 
ae = gsin7zcos 6; 
ee me Pe 
r = 2acosé = 7 sini cos 0 ; 


eae Merry ht 


which is independent of 6, and is therefore the same for all 
chords drawn from 0, the highest point of the circle to the cir- 
cumference. 

Similarly it may be shewn that the times down all chords 
from any point q on the circle to the lowest point 4 are equal : 
the circle therefore is the synchronous curves for a pencil of 
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lines drawn, (1) from a given point o, (2) to a given point a, on — 
an inclined plane. 


272.] By help of the preceding property of the circle, whe- 
ther in a vertical, or on an inclined plane, may many problems 
be solved, which involve the determination of planes drawn 
from given points and lines to other points and lines, and which 
are such that the times of descent down them may be maxima 
or minima. Some examples are subjoined, and the principle 
contained in them is equally applicable to all similar problems. 

Ex. 1. To determine the plane of quickest descent from, (1) a 
given point to a given straight line, (2) a given straight line to 
a given point. 

(1) Let a, fig. 112, be the given point, and se the given 
straight line: the solution of the problem depends on the con- 
struction of a circle which passes through a, the diameter of 
which is vertical, and which touches the given straight line. 

Through a draw the horizontal line as: bisect the angle asc 
by Bo, which intersects in o the vertical line drawn through a: 
from o draw op perpendicular to pc: then op is manifestly 
equal to oa, and therefore the circle described from the centre 
o, and with the radius oa or oP will touch the line Bc at P; join 
AP: AP is the required line of quickest descent. 

For since the time is the same down all chords of the circle 
drawn from a, it is manifest that the time down any line other 
than ap from a to the line Bc is longer than that down ap. 

(2) Let a be the given point, fig. 113, and se the given 
straight lime: through a draw the vertical line ao, and the 
horizontal line aB; bisect the angle asc by Bo, meeting ao in 
o; from o draw op at right angles to Bc, and describe a circle 
from o as a centre with the radius equal to either oa or op, 
which are evidently equal to each other: join pA: aP is mani- 
festly the line of quickest descent from any point in Bc to the 
point a. 7 

Ex. 2. To determine the line of quickest descent, (1) from a 
point within a circle to the circle: (2) from a circle to a point 
without it. 

(1) Let ppp, fig. 114, be the given circle, c its centre, and a 
the given point within it ; through a draw the vertical line ao, 
and draw the vertical diameter Bcp: join BA, and produce it to 
meet the circle in P: join cP, which intersects ao in o: then 
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oA is manifestly equal to op, and therefore the circle described 
from o as a centre with the radius oa or op will touch the given 
circle at Pp: and AP is manifestly the line of quickest descent. 

(2) Let Ben, fig. 115, be the given circle, c its centre, and a 
the point without it: draw the vertical diameter pcp of the 
circle ; and join BA cutting the circle in the point p: through a 
draw the vertical line ao, and draw the line cpo. From the 
geometry it is plain that op = 0a; and therefore the circle de- 
scribed from o as a centre, with the radius oP or oA, will touch 
the given circle in the point Pp: and thus pa is manifestly the 
straight line of quickest descent. 


Ex. 38. To find the straight line of longest descent from a 
circle to a point without it, and which lies below the circle. 

Let Brp be the circle, c its centre, fig.116, p the lowest point 
of its vertical diameter Bcp, and a the given point; join app, 
pc; and produce rc so as to intersect a vertical line through a 
in the point o: then the circle described from the centre o with 
the radius oa or op manifestly touches the given circle at Pp, and 
the line ap is evidently that of the longest descent. 


273.]| Illustrative examples of the motion of a particle on an 
inclined plane. 

Ex. 1. Of a parabola, whose axis is vertical and vertex down- 
wards, to find that focal radius vector the time of descent down 
which is a minimum. 

Let 4a = the latus rectum: and let 6 be the ticle between r 
and the shortest focal distance: so that 


a 2a 
im Cet cos. 6: 
2 
Now by (47), = ee 
Up borne t 
Aa ~ cos 0 (1+ cos 8)’ 
gt sin 0(1+ 2 cos 6) Tek OF 
2a ~fcos0(1+cos6)}2? 


therefore sin 6=0, and the sign of = changes from — to + ; 


therefore ¢ is a minimum: so that the line from the focus to 


the vertex is that of quickest descent: also a= 0 when 


1 ' 
cos 0 = — 5? that is, when @ = 120°: the radius vector corre- 
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sponding to which is the line of quickest descent from the para- 
bola to the vertex. 

With reference to these and similar problems it may be ob- 
served, that we have here determined the position of that plane 
down which, of all drawn from a given point or line to another 
given line or point, the time of descent is the least or greatest. 
It must not however be hence inferred that a straight line is 
that for which of all lines straight or curved, joining two given 
points or two given curved lines, the time of descent is the 
least: we shall hereafter shew that the cycloid is the curve 
which, in vacuo and under the action of gravity, possesses this _ 
property of Brachistochronism (as it is called); and that the 
cycloid required cuts each of the given curves at right angles. 


Ex. 2. To determine the inclination to the horizon of a 
smooth inclined plane, so that the time of descent of a particle 
m down the length may be n times that down the height of the 
plane. 

Let @ = the inclination of the plane to the horizon, 

c = the length of the plane, 
6 = the height of the upper end of the plane. 
Therefore = csin@. Now from (47), 
26,05 
the time down the length of the plane = (a ;) ; 
2¢ sin 2) : 
g 3 


and the time down the height = (y= ( 


26: ae 2c sin 0\2 
( sin ,) rie ( g ) ; 
| sin 0 = zs 

nr 

Ex. 3. It is required to shew that the times of descent down 
all the radu of curvature of the cycloid, fig. 105, Vol. I, are 
equal ; that is, the time down Pn is equal to that down sc. 

Employing our usual notation, 


a eae REN iS 
ae ey) 


de dy ds 
y? = (2a—y)* = (2a)? 


x = aversin 


sin PGO = - a (#.)", 
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4(2ay)? 
9 (yy? 

8a 
J 
(time down BC)’. 


(time down pn)? = (2a)? 


ix. 4, To determine the form of a surface so that the times 
of descent to any point in it from two given points in the same 
vertical line may be equal. 

It is evident that the surface is one of revolution about the 
given vertical line; we may therefore determine the curve by 
the revolution of which the surface is generated: and let us 
suppose the curve to be in the plane of wz: let the given ver- 
tical line be the axis of z; and let the two given points a and 
a’, fig. 117, on it be at a distance 2a apart: let o, the middle 
point of aa’, be the origin, and p be any point so that the time 
down AP is equal to that down a’P: then 


OA = 047% =-¢; OM = %, MP = 2, 
2.AP 2.AP2 
(time down ap)? = —_——— = : 

g sid APM g:AM 
2.A°P 2.A P2 
(time down a’p)? = ———,—— = wa 

g.sin A’PM g-AM 


therefore by the conditions of the problem, 
CN ea 
AM AM’ 
{#24 (2+a)?} (g—a) = {x?+(z—a)*} (2+) ; 


which is the equation to the equilateral hyperbola. And there- 
fore the surface required is that which is generated by the 
revolution of an equilateral hyperbola about its transverse axis. 
The lower sheet is'that to any point on which all straight lines 
drawn from a and a’ are lines down which the times of descent 
are equal: and the upper sheet is that from any point in which 
the lines drawn to a and a’ are those down which the times of 
descent are equal. 


274.] Two smooth inclined planes, the inclinations of which 
to the horizon are respectively a and a’, have a common vertex: 
on these are placed two smooth particles m and m’, connected 
by a perfectly flexible and inextensible string, which passes 

3G2 


412 MOTION OF PARTICLES [ 274. 


over a small pulley placed at the common vertex of the planes: 
it is required to determine the motion of m and m’. 

Let the section of the two planes by the plane of the paper, 
which is supposed to be vertical, and to pass through the pulley 
and to be perpendicular to the line of intersection of the two 
planes, be represented in fig. 118: let us suppose the pulley at 
c to be so small that we may consider it to be (approximately) 
a point, and so that the strings cp and cP’ are parallel to the 
respective planes. Let casa =a, CAA= 0, CP= Cr ee 
and p’ being the places of m and m’ at the time ¢: and to fix our 
thoughts let us suppose m to be descending. Because the string 


is Inextensible 
e e+ = a constant, 


de dv. «4 @a di 4, 
Ad seen aA, dtl tame 
that is aah = — Gres which result is also manifest by gene- 
’ dt? dt? ~ 


ral reasoning. Now m+m’ is the whole mass moved: and 


an. ir xe : : 
—,5 1s the velocity-increment expressed in the motion of each : 


dt? 
7, A°2 : 
(m +m’) ites the momentum-increment expressed. 
And mgsina, and m’gsina’ are the respective impressed mo- 
mentum-increments along the planes: but as these act in 


opposite directions, 
mg sin a—m’g sin a = the momentum-increment impressed ; 


therefore Aap 
(m+m’) T= (m Sina—m' sina’) g; (51) 
d*x m sina—m’ sin a’ 
De m +m Ge) 
Similarly for the equation of motion of m’, we have | 
ad?’ m sina —msina =. 
de m +m J: oe 
If when ¢= 0, m and m’ are at rest, 
dx m sin a—m sin a 
Peart ng ee (54) 


whereby the velocity acquired during the time ¢ is known. 

Also multiplying both sides of (52) by 2dz, and supposing 
the limits of the integral to be such that the velocity = 0, when 
v= a, 
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dz? msina—m’ sina 
diay m+m 

And integrating (54) again, and taking the limits of integration 

such that x = a, when ¢= 0, we have 


29(v~—a). (55) 


msina—m' sina’ gt? 
m +m’ 1908 
If the velocity, with which m and m’ begin to move, is w, then 
if =a, when /=0, 
dx LL sin a—m’ sin a’ 


Haire msina—m’ sin a’ gt . 
he > msina—m’ sin a’ 
dt? —-U = a ee ZGL. (59) 


As to the initial velocity wu; suppose m and m’ respectively to 
have the velocities v and v’ down the corresponding planes ; then 
if w is the common velocity with which the two particles by | 
reason of their connexion by means of the string begin to move, 
we have from the equality of the expressed and the impressed 


momenta 
; (m+m)u = mv—m'v, 


mv—mv 
mn +m 

The preceding formule are also applicable, whatever are the 
inclinations of the planes. Thus suppose the plane ca’ to be 
horizontal, then a’=0, and 


(60) 


- e@ 


Cia m+m’ 
that is, m’ has no impressed momentum-increment; and if 
a= 90°, m is then moving vertically downwards: this case is 
that of m hanging by a string over the edge of a horizontal 
table, and drawing another body m’ which is on the table at the 
other end of the string. 

If a=a’=90°, we have the same formule as those which 
were investigated in Art. 229. 


dx  mgsna 
3 


275.] Examples in illustration. 

Ex. 1. A small ball m descending vertically draws an equal 
ball 25 feet in 2.5 seconds up a plane inclined at 30° to the 
horizon, by means of a string passing over a pulley at the top: 
it is required to determine the force of gravity. 
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Here a= 90°, a =30°", m=™m '; 

f Mer dan og 
"Wh dt® cit) ok hells (ia 

Ne 5 1, 25 = 5 (2.5) g = 32 feet. 


t, 


Ex. 2. Two smooth inclined planes are placed as in fig. 119: 
BC is inclined at 30°, and ca at 60° to the horizontal line oa: it 
is required to determine the distance cp through which m moves 
in ¢’, m’ being equal to m. 

The equation of motion becomes 

ax 


2m as = mg (sin 30° + sin 60°) ; 


Section 3.—The determination of the law of accelerating forces, 
that a particle moving in vacuo may describe given curves. 


276.] In the present section our object is to determine the 
laws of accelerating force acting in assigned lines, as, for in- 
stance, parallel to the axes of x or y, or subject to certain con- 
ditions, so that a particle may describe a given curve: that is, 
the trajectory being given under certain conditions, to deter- 
mine the law of force. The principle on which such problems 
are to be treated have been so fully unfolded in Art. 251 that it 
is necessary for us now only to apply them to some examples. 


Ex. 1. A particle moves in an elliptic orbit under the action 
of an accelerating force which is parallel to the minor axis; it 
is required to determine the law of that force. 

Let the position of m at the time ¢ be (a, y); and let the 
equation to the elliptic path be 


As no accelerating force acts along the axis of 7, we have 
dx da 
die = O% ee Ae =a, (62) 


that is, the velocity of m parallel to the axis of a is always the 
same; and if we assume the initial circumstances to be such 
that the particle is at the extremity of the minor axis when 


t= 0, then from (62), ele (63) 
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Now our object is to determine the law of the impressed velo- 
city-increment which is parallel to the axis of y, and which it is 
convenient to represent by y. And 


ep 
al? = 
2 
From (61) dy = — ¢ s dx, 
ary 
dy _ _ bw de 
dt a*y dt 
bas ab? x 
= peg? 
ene: 
dy Ba "di dt | 
Lae ie nite y? : 
b4 a? 
. 6 ~ ty (64) 


Therefore the accelerating force parallel to the axis of y varies 
inversely as the cube of the ordinate of the ellipse, and is at- 
tractive, as is shewn by the negative sign. 

Now when the particle has passed from the extremity of the 
minor axis to the extremity of the major axis, x has increased 
from 0 to a; therefore the time to which this passage is due 


= - ; therefore the time in which m passes through the whole 
. 4a 
hi —., 
ellipse is — 
If the path which m describes is a circle, =a; and if the 
acting accelerating force is, as in the preceding investigation, 


parallel to the axis of y, 
Y=— 


tO 

ye 
that is, varies inversely as the cube of the ordinate, and is at- 
tractive. 


(65) 


Ex. 2. Suppose m to move in the same elliptic orbit, and 
under the action of an accelerating force which is parallel to 
the axis of 7; it is required to determine the law of the force. 

Since no accelerating force is parallel to the axis of y, 


2 
wits = 0; therefore 
dt? dy 


eae 
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6 being the constant velocity of m parallel to the axis of y. And 
if m is at the extremity of the major axis when ¢ = 0, then 


y = pt. 
a*y 
Also from (61), d# = — Bix dy, 
Ot eacee 
Gt a emer. 
| : dy dx 
an _ _ a’B dt "he 
ae We cogs ame 
and therefore if x is the impressed velocity-increment parallel 
to the axis of 2, AS 
a*p 
ees be 


that is, the force parallel to the axis of x is attractive and varies 
inversely as the cube of the abscissa. 


In this case the periodic time in the orbit is ih 


p 


2 22 
In the circle, ig eee B B19 (67) 
x 


Ex. 3. A particle m moves in a parabola under the action of 
a force parallel to the principal axis of the parabola; it is re- 
quired to determine its law. 

Let the equation to the parabola be 


Mgt hag: (68) 
then since no accelerating force acts parallel to the axis of y, 
yt 0 ” 
Eh ie pe at We 

ee dt ba B bd (69) : 


that is, the velocity of m parallel to the axis of y is constant: 
and if m is at the vertex when ¢= 0, 


y = Bt. 
Let x represent the accelerating force acting on m parallel to 
the axis of x: then since from (68) 


ene pane NOs 
inlet OF Ee shalt eee 
Dia een xy 
df ~ 2adt 
3? 


(70) 
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2 
x= ; therefore x is constant, and also repulsive, because 


it carries a positive sign: the accelerating force therefore parallel 
to the axis of x» repels m with a constant force from the line 
which touches the parabola at its vertex. 

Hence also conversely, if a particle m is projected with a ve- 
locity 8 in a horizontal line, and is attracted towards the earth 
by the constant force of gravity in a vertical line, m will move 
in a parabolic path. 

By a similar process, if y represents the accelerating force 
acting parallel to the axis of y, when no force parallel to the 
axis of x acts; and if x represents the force acting parallel to 
the axis of v, when no force parallel to the axis of y acts; and 
if a and 6 are the constant velocities parallel to the axes of x 
and y respectively in each case; then, if a particle m describes 


2 
(1) A Hyperbola, vy = k?, jee ae a 
4 On te 
o— az Y 5 
4 Zl yay 
(2) A Parabola, y? = 4az, Y=— a j 
ried 2 a* B* 
(3) A Hyperbola, 2 —h aly oe at 
b4 a? 
; = aye : 
fate 2 ie ee 
(4) The Logarithmic Curve y = a", = Wiog eaaee 
Y=" (10nd) oe 
2 
(5) The Cycloid, starting point being origin, x = Be nick Sas ) 
(2ay—y’*)? 
a2 
Vase aioe > 
(Sees = Bray 
(6) The Catenary, y = 5 fet++e *} es ae (y?— a) 
a2 
Y=—74Y 


277.] To determine the laws of force parallel to the axes of 
x and y, so that a particle m may describe the parabola with a 
constant velocity. 
Let the equation to the parabola be 
Meas a? 
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dx —dy_ ds 


And let the constant velocity along the curve = ¢; so that 


ds = cdt; 
ax? C22 dy? c*y 
Ge aay a > ey 
and differentiating, _ 
Px _ c(ay)? d’y _ c®(ax)? (71) 
di? — 2(a+y)’ di= = 2(@+yy 


If however we take the system of tangential and normal resolu- 
tion, then as the velocity along the curve is constant, = c, say, 
so the accelerating force along the curve is zero: and therefore 


as 


Also, N= — = =; 
p p 


in the parabola whose equation is given above, 
z 2(w+y)? 
a2 
N= COTE (72) 
2(@+y)2 
d2x\2 d2y 2)% ; 
“| (—%) t ) if we sub- 


stitute for these latter quantities their values given in (71). 


and which is also the same as 1( 


278.] From the vertex of a parabola a particle m is projected 
with a velocity u at right angles to the principal axis, and is 
acted on by an attractive force which is perpendicular to that 
axis and varies directly as the distance of the particle from it. 
It is required to determine the law of force acting parallel to 
the axis of x so that the particle may move in the parabola, and 
the other circumstances of motion. 

Let the vertex be the origin, and the principal axis and the 
tangent at the vertex be the axes of 2 and y; and let P, (2, y), 
fig. 120, be the position of m at the time ¢, so that the equation 
to the parabola is 
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By the conditions of the problem, 


d*x are : 

a = x, which is to be determined, 

ap 

a = TT NYS oe 


therefore multiplying (73) by 2dy, integrating, and taking the 
limits corresponding to ¢=¢ and to ¢=0, 


du 

as ai i HTT 

dy? 

eo — U2 — wy? (74) 
= u2—Apanr; 

dx? ux —Apax? 

dt2 a a 5) (75) 

d*2 u 


therefore the required force which is parallel to the axis of # 
partly is constant and repulsive, and partly varies as the abscissa 
and is attractive towards the axis of zx. 


Also from (74) and (75) af and = both vanish, when 


U2 


; (77) 


so that at this point, say B in the figure, m comes to rest; and 
afterwards under the action of the forces returns to the vertex 
of the parabola, through which it passes with the original velo- 
city uw, and comes to rest again at 8’, which is equidistant with 
B from the vertex: thus the motion is oscillatory. Also from 


(uw? — oy”)? 
taking the positive sign, as we will consider the original motion 


from oto 8s. Therefore integrating, and taking the limits cor- 
responding to ¢=¢ and to ¢=0, 


Seth 


sin * ai = pt; 
i = sin ut; (78) 
therefore the time from o to B is ae and therefore the time 
[a 


3H 2 
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A . T A ontes . 
of an oscillation, viz. from 8B to B’, = —, which is independent 
2 


of the velocity of projection from o, and depends on only the 
absolute force parallel to the axis of y. 

I have, for the sake of simplicity, taken the parabola for the 
example whereby the process may be illustrated, but the method 
is the same in all cases. Thus in the ellipse, if m is projected 
from the extremity of the major axis with the velocity w, 


oe a? wy? (a2 +x?) a*y2 


b2 x3 62 v3? 
and the coordinates of the point B to which m passes are 
u a u?\2 
fe Fe x=a—>(e——); 


therefore m comes to rest at the extremity of the mimor axis, 
if u = pb, 


279.| A particle m describes a helix with a constant velocity ; 
it is required to determine the laws of the accelerating forces 
which act on it parallel to the three coordinate axes. 


Let the equations to the curve be 
x = acos ¢, .. dx = —asindgd®, 
y= «sing, | dy = acos ¢d¢@, 
o = Kio; dz kn ade 
ds? O2{T +4") dg 


But since the velocity along the curve is constant, ds = cdt; 


ap c 
dx csin d dy __ccosd dz) ikea 
@- asm @ Cae! @ > ae 
LEE like Meee Bek 7 yey Nae Pz _o 
adit Sata kh)? dt? ~~ at (tk)? Se 


Hence we infer that the accelerating forces parallel to the axes 
of # and y vary directly as w and y respectively, and are at- 
tractive, and have the same absolute force ; that is, the resultant 
force of these two forces will have a line of action always pass- 
ing through the axis of z, and will be constant. Also the acce- 
lerating force parallel to the axis of z vanishes, and the velocity 
of m parallel to that axis is constant. 
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Suction 4.—The determination of the curvilinear paths described 
by particles moving in vacuo under the action of given accele- 
rating forces. 


280.] In the preceding section laws of force have been found 
when the equation to the trajectories, and some other condition, 
are given: it is our object now to investigate the equation to 
the trajectory when the law of force is given: and I shall take 
first the simple case of a particle moving in vacuo under the 
action of gravity which is a constant accelerating force, and the 
line of action of which is always vertical. The projected body 
or particle is called a projectile, and the problem is in this case 
that of the motion of a projectile in vacuo. 

Let m be the mass of the projectile; and let us prove, in the 
first place, that the particle during the motion is always in one 
and the same plane. 

Let the horizontal plane passing through the point, whence 
the particle is projected, be the plane of xy, so that the axis of 
z is parallel to the line of action of gravity : also let the velocity 
of projection of the particle be w; and let it be projected in a 
line which makes an angle f with the axis of z, and of which 
the projection on the plane of vy makes an angle a with the 
axis of x; so that the three components of wu along the three 
rectangular axes are 

usinBcosa, usnfsina, wucosf. 
Now the components of the impressed accelerating force give 
the following equations: 
da a-yoe aaz 
CHa ig: ort ta 
therefore integrating the first two, and taking for the limits of 
integration the values which correspond to ¢=¢ and to ¢=0, 
we have from (79), 


(79) 


ct — usin B cosa = 0, Ly sin B sina = 0, 
x = ut sin B cosa, y= utsinfsna; 
@ a 
cosa sina’ 


which is the equation to a plane perpendicular to the plane of 
wy, and containing the axis of z; therefore the moving particle 
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is always in the vertical plane, which is inclined at the angle a 
to the plane of xz. 


281.] Let us take the plane in which the particle moves to 
be that of ay: let the point of projection, fig. 121, be the 
origin: let the axis of x be horizontal, that of y vertical: let 
the velocity of projection = u, and let the line of projection be 
inclined at an angle a to the axis of w, so that wcosa and 
wu sina are the resolved parts of the velocity of projection along 
the coordinate axes of w and y. 

Let P be the position of m at the time ¢, om=a, MP=y; 
g =the accelerating force of gravity which acts parallel to the 
axis of y; therefore mg is the impressed momentum-increment ; 
so that the equations of motion are, 

| 2 2 

Fim Eig moe = — mg; (80) 
the latter being affected with a negative sign, because the ten- 
dency of gravity is to make the velocity increase, and y to 
decrease, as ¢ increases. Therefore 

2 2 

ae aN (81) 
Now integrating these, and taking the limits corresponding to 
#=t and to t=0, we have 


dx 


Fp a ns = Rs (82) 
«@ = utcosa; (83) 

dy - 
yo sina = — gt; (84) 

2 
y = utsina— Z (85) 
v 

From (83), os wee fe (86) 


and substituting this value of ¢ in (85), we have 
gu* 


= # tana — —.~—__... 
y 2u? (cos a)? 


(87) 


And this equation is that of a parabola; whence it follows that 
a parabola is the trajectory of the particle. And (87) may be 
put into the form 
u?cosasina\? 2u* (cos a)? \= (sin a)? 
L— ——___—__] = ————__ 3-__—_ _ yt; (88 
( ere Bg Uys ©) 


so that we have 
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uw? sim acosa 


(1) the abscissa to the vertex — ———— (89) 
g 
2 (aj 2 
(2) the ordinate to the vertex = aaa (90) 
2 2 
(3) the latus rectum = ras : (91) 
J 


Also the form of the equation (88) shews that the parabola is 
placed with its axis vertical as in the figure, and that the vertex 
is the highest point of the curve. 

The distance os between the point of projection and the 
point where the projectile strikes the horizontal plane is called 
the Range on the horizontal plane, and is the value of # when 
y =O; that is, putting y = 0 in (87), 

the range = 0B = BEeUaSD Fi ame (92) 
also, as is geometrically manifest, on = 2 oc, that is, the range 
is equal to twice the abscissa to the vertex. 

From (92) it appears that for a given velocity of projection, 
the range is the greatest when a = 45°, in which case the range 


2 
= a and the focus of the parabola in this case lies in the 


horizontal line drawn through the point of projection. 

Also from the value of the range (92) it appears, that if w is 
the same, the range is unaltered when a is replaced by its com- 
plementary angle: so that the range is the same for two dif- 
ferent angles which are complementary of each other, if the 
velocity of projection is the same: hence if a= 45°, these two 
angles become identical, and the range is a maximum. 

cA is called the altitude or the greatest height of the projectile, 


and is the value of y when = (0; therefore from (87), 


u? (sin a)? 


(93) 
2g 
Also from (83), xe = utcosa; (94) 


that is, the abscissa uniformly increases along om. Hence if we 
substitute the range for z, we shall have an expression for the 
time which a particle takes in passing from o to B, and which 
is called the time of flight: and thus 

2u sin a 


the time of flight = ; 
Gg 


the greatest height = 
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282.] Again multiplying (81) respectively by 2dv and 2dy, 
and integrating, and taking the limits ag to t=7 
and to ¢= 0, we have 


d, 2 
ae = u? (cos a)?; (95) 
dy? : 
oe = u* (sin a)?@—2yy; (96) 
ds? : 2 2 
a = (the velocity)? = uw?—2gy. (97) 


Now this result deserves notice. Let the directrix of the 
parabolic trajectory be drawn as in the figure: then 


2 2 
Ape ails of the latus rectum = Ue ACORa ; 
A, 29 
_ w? (sin a)? 
and since by (90), ca = 29 , therefore cp = 3 that is, 


see equation (49), Art. 227, cp 1s the vertical height through 
which a particle falling in vacuo will acquire the velocity with 
which the particle m moves at its projection from o. 
Let cp=/h; therefore u2?=2gh; and substituting in (97), 
2 

= = 29(h—y); (98) 
that is, the velocity at any point Pp on the curve is that which 
would be acquired by a heavy particle fallg freely in vacuo 
down a vertical height equal to h—y, that is, to sp. Hence it 
follows that the velocity of m at any point P in its path is that 
which would be acquired by a particle falling freely from the 
directrix to the curve. The directrix of the parabola is there- 
fore determined by the velocity of projection, and is at a vertical 
distance above the point of projection equal to that down which 
a particle fallmg would have the velocity of projection. Hence 
also the vis viva of the projectile is at every point of the path — 
the same as that of an equal particle acquired in falling from 
the directrix to the point in the curve. 


283.] The equation to the path of the projectile may also be 
found by the following process: and as the result of simulta- 
neous velocities taking place in combination is well exemplified 
by it, I do not hesitate to insert it. 

Let the particle m be projected from o, fig. 121, with a velo- 
city vu, in the lme oq making an angle a with the horizontal 
line; then if no force acted to impress velocity on m, it would 
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in the time ¢ describe a space 0g = wt, and its coordinates at 
the time ¢ would be, | 


2 = Ul cos a, = wf sin a. (99) 


But as gravity is a constant force, and acts in a line parallel to 
the axis of y, and tends to diminish y according to the arrange- 
ment which we have assumed in the figure, y will by it be 


2 
diminished in the time ¢ by a quantity equal to , see equa- 
tion (48), Art. 227, so that at the end of the time ¢ we have, 


gt? 
v == wt.cos a, = ut sina — “33 (100) 


which values are the same as (83) and (85); and therefore it 
appears, that if p is the place of m in the parabolic path at the 
gt? 7 
time ¢, gp = “—. 


29 
~/ 


284.] A particle m is projected from a given point on an in- 
clined plane in a given line; it is required to determine the 
point at which it will strike the plane. 

Let the angle of inclination of the plane to the horizon be 7: 
let a= the angle between the line of projection and the hori- 
zontal line: u =the velocity of projection: then the equations 
to the inclined plane and to the path of the projectile respect- 


ively are : 
“ata y = «# tan?, 


ge eh) 
2u? (cos a)?’ 


y = «tana — 


whence eliminating y, we have 
9 


2u2 
L= a (cos a)? (tan a—tan 2) 


2u? COs a sin (a—7)_ 
“+ g cost ; 
2u? cos a tan 7 sin (a—?) | 
gcosi i 
which give the point on the plane at which the projectile strikes 
it: and the range on the plane is equal to ~& sec ?, that is, 


as Yo 


2 ee 
g (COS 2) 
Also the range is the greatest when 
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bu a5 it 
a= 979 at ) 
ai = 535 it 3 (102) 
which latter value gives the angle between the plane and the 


line of projection for which the range is the greatest: and in 


this case a 


g (1+ sin Zz) - 
Hence it follows that if from a given point a system of straight 
lines is drawn in the same vertical plane, and particles are pro- « 
jected with a given velocity wu, and in such lines that the ranges 
on the planes are the greatest, the locus of the extreme points 
of these ranges is given by the equation (103); and therefore if 
wu is the velocity of projection, ry =the range, 06=the angle 
between the plane and the vertical line through the point of 
projection, then from (103), 


the greatest range = (103) 


2 


u 
r= 104 
; g (1+ cos 6)’ ee 
and if A is the vertical distance to which uw is due 
Qh 
"= Ty e088 a 


which is the equation to a parabola, the focus of which is at the 
origin of coordinates, whose axis is vertical, and of which 4h is 
the latus rectum. 7 


285.] It is required to determine the angle of projection for 
a given velocity so that a projectile may pass through a given 
point. 

Let the given point be (a, y1): then these coordinates satisfy 
the equation of the path of the projectile, and we have 


YY, = &, tana— oe {1+ (tan a)?} ; 
tana = oe. on By a 525 yo ee . (106) 
GRA Gy 
therefore two different values of a satisfy the condition, if 
u* is greater than 2wgy,+9?2)?; 
only one value of a satisfies it, if 
Us = 2wgyt+ Pay ; 


D o/2 2 
flint 4a, fee i \e =n} (107) 
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and the projectile cannot reach the point, if 
u* is less than 2u? gy, +9727. 


Now (107) is the equation to a parabola of which o, fig. 121, 
ee or h, see Art. 282, 
2g 
is the distance to the highest point; all points therefore on this 
parabola are the farthest which the projectile can reach; all 
points without it are beyond the reach ; and all points within it 
may be reached by two different angles of projection. The 
same result may also evidently be proved by the following 
process. 

It is required to find the envelope of all parabolas described 
by particles projected with a given velocity u from a given 
point in the same vertical plane. 

The equation to the path of one is 


Qu? , 
is the focus, 77 is the latus rectum, and 


pe 21 
= £tana— Qy2 t+ (tan a)*} ; (108) 

therefore differentiating by making tan a to vary, we have 
0 = (w— 2 tana) d.tan a: ¥ 

2 
Tae On = ae i 
gx 
so that (108) becomes 


2( a2 
Pe aN | ; 
which result is of course the same as (107). 


286.] Problems in illustration of the preceding equations. 


Ex. 1. To determine the angle of projection so that the area 
contained between the path of the projectile and the horizontal 
line may be a maximum. 

Since the area of a parabola is two-thirds of that of the cir- 
cumscribed rectangle, see Ex.1, Art. 118, Vol. IT, therefore if « 
represents the required area, 


ee : range x greatest altitude 


4 

ae a (sin a)? cos a ; 
da 2u4 
da 39" 


(sin a)? {3 (cos a)?—(sin a)?} = O, 


Cap: 
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if tan a = 32, and changes sign from + to —: therefore the 

43% 
Eg ia =e 

Ex. 2. It is required to compare the areas of the two para- 
bolas described by projectiles, of which the horizontal ranges 
are the same, and the angles of projection are therefore comple- 
mentary to each other. 

Let a; and 4, be the areas: then as the ranges are equal, 
these are to each other as the greatest altitudes: therefore 


area 1s a maximum and = 


Ay (sin a)? 
‘Ay (Cos a)? 

Ex. 3. From the top of a tower two particles are projected at 
angles a and 8 to the horizon with the same velocity wu, and 
both strike the horizontal plane passing through the bottom of 
the tower at the same point; it is required to find the height 
of the tower. 

Let 4 =the height of the tower; «=the velocity of projec- 
tion: then if the particles are projected from the edge of the 
top of the tower, and # is ‘the distance from the bottom of the 
tower to the point where ae jig the horizontal plane, 


=— (tan a)?. 


—h = xtana— =, a + (tan a)?}, (109) 
—h= xtanp— hae + (tan 3)*} ; (110) 
therefore by subtraction, 
Zu __ 2u? cos a cos B 


3 


~ g(tan a+ tan ee _ g sin (a+ 8B) 
substituting which in either (109) or (110), we have 
2u? cos a cos 8 cos (a+ B) 
g {sin (a+ 8) }* 

Ex. 4, Particles are projected with a given velocity in all 
lines in a vertical plane from the point 0: it is required to find 
the locus of them at a given time f¢. 

From.(83) and (85) we have, 

2 


we = ul cos a, y = utsina— 2, 


Vises 


av ; 
COS i 3—= ==, sna= 
ut 


therefore squaring and adding, we have 
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Cae (y + ory = ut? ; 


the equation to a circle of which the radius is u¢, and the 
2 
centre is on the axis of y at a distance a below the origin. 
Ex. 5. Particles are projected from o with a given velocity in 
all lines in a vertical plane: it is required to find the locus of 
their highest points. 
Let 2 and y be the coordinates to the highest point: then 
from (89) and (90), 


w* sin a Cos a _ wv? (sin a)? 
& g oa, Oe ited 
au 2gY Gx? 
(sina)? = “ae? (cos a)? = Duty’ 
therefore adding, evel Qu2y 
Ay? +2? = ——; 
g 
which is the equation to an ellipse, of which the major axis 
2 2 
= a , and the minor axis = oe and the origin is at the 


extremity of the minor axis. 

The preceding investigations into the motion of projectiles 
would explain the theory of gunnery, if it were allowable to 
neglect the resistance of the air; but as the velocity with which 
balls and shells traverse their paths is very great, so is much of 
their momentum lost by the resistance of the medium; and 
the ratio of the vertical and horizontal velocities is so much 
altered, that the form of the trajectory is very different from 
that of a parabolic path. In the last Section of the present Chap- 
ter we shall investigate, as far as it 1s possible, the path, and 
shall take account of the loss of momentum which is due to the 
resistance of the medium. 

We proceed now to other cases of curvilinear motion in 
vacuo; and I would observe, once for all, that if a particle is 
projected with a given velocity in a plane, and if the lines of 
action of the forces, which act on the particle, are in that 
plane, the particle is during its motion im that plane: this is 
evident by the principle of sufficient reason. 


287.] From a given point in the axis of y a particle is pro- 
jected with a velocity wu in a line parallel to the (rectangular) 
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axis of wv, and is attracted by a force the intensity of which 
varies directly as the distance, and which has its source in the 
origin of coordinates: it is required to find the equation of 
the path of the particle, and to define the circumstances of 
motion. 

Let 5 be the distance on the axis of y from the origin of the 
point whence the particle is projected with the velocity u: let p, 
fig. 122, be the place of m at the time ¢, B its place when £=0; 
OM=2,MP=y, OP=7, oB=4); and let » be the absolute force 
of the attraction at o. Then the equations of motion are _ 


dx x 

df? = mh aves = — ML | 

ity : (111) 
ditt ct! >. aaa 


Now multiplying these equations respectively by 2dzx and 2dy, 
and integrating, and taking the limits corresponding to ¢=f 
and to f= 0, we have 


2 
a — 4? ee | (112) 
dy? ; 
a = — p(y?—b?*); (113) 


therefore adding, 
BEGG aU: ALPES ss 
Cite i eae 
which gives the velocity of m at any point of its path. Also 
from (112) and (113), 


= w—p(a?+y2—0%); (114) 


— ch 

Bete, ANE eee (115) 

Tay Cay 

fu 
u e 1 
Ca ua sin we; 7 (116) 
y = boosp?t; (117) 
2 2 

whence we have + 5 tl (118) 


which is the equation to an ellipse whose #-axis is —, and 
2 


whose y-axis is 24, and whose centre is at the origin, that is, at 
the source of the force. 
From the preceding values we have 
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2 
a = (velocity)? = wu? (cos p?t)? 4+ 6? (sin w2t)?; (119) 


and from (116) and (117), the time from B to 4 =  ; there- 
@ 2 
fore the whole periodic time = ad , and is therefore independent 
of the velocity and distance of projection, and involves only the 
absolute force of the impressed force. 
If the force at o had been repulsive, then the sign of » would 
be changed, and the equations of motion would be 


d? x d*y 
apm "ake oe 
dx? : dy? 
qa = He", 5 = w(y?—b*) ; 
dx ee Me OY 
Te rg PG ar or et re ae 
jh 
vp? + (U2 + pv)? . +. (y2— 82)2 
log SE = ah — pe ae 
22 2 2 Wit a wit 7} 
u | 
“y by 


i = er see 


whence squaring, and subtracting the former from the latter, we 
have yee nat 
oF we 
which is the equation to a hyperbola with its centre at the 
origin; and which might have been deduced from (118) by 
affecting with a negative sign. 

If, in the case of the force being attractive, the velocity and 
distance of projection are such that wu = by2, the path which m 
describes is a circle, and the velocity in it is constant and equal 
to that of projection. 


Rai (120) 


288.] A particle m is projected from a given point with a 
given velocity, and is acted on by a force which varies inversely 
as the square of the distance from a given point which is its 
source ; it is required to determine the path of the particle, and 
the other circumstances of motion. 

Let wu be the velocity of projection, a = the angle between the 
line of projection and the axis of x, so that the components of 
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the velocity of projection along the axes are uw cos a and uw sina; 
let (a, 6) be the point of projection, . = the absolute force, and 
let a?+62=c?: let r be the distance of m at the time ¢ from 
the centre of force, which we will take to be the origin, and let 
(v7, y) be the place of m at the time ¢; then the equations of 


motion are, dx Hiei poe d’y ay ss (121) 
att 7 ee el 


which are simultaneous differential equations, and from which 

the solution of the problem is to be obtained. Multiply (121) re- 
spectively by y and a, and subtract; then 

Hs d?y d* x 

Pan are 


and adding and subtracting = 2 , and integrating, and taking 


definite integrals with limits corresponding to t=¢ and to ¢=0, 
we have a 
ay dx 


Si ioe ie (a sin a—O cos a) (122) 
= A. (aay: (123) 
Again, from (123) and the first of (121), we have 
ad _ __ we x dy—y dx 
I) et ON dt 
_ ae etdy—axyde | 
Pian enya 
but #?+y?=r?; therefore vrdx+ydy=rdr; 
poe — — bv dy—y(r dr—y dy) 
LET Moy? dt 
i etn ap eye 
eng dt 
dy. 
may haan 
dx pe aay eee 
Na 7 hue = oc Sa (124) 
similarly, from the second of (121), 
dy _ ve ga 
ha —husna = pear (125) 
Multiplying (125) by 2, and (124) by y, and subtracting, we have 
dy dx ; of [oe 
h (of —y =) —hu(#sma—y cosa) = pr— : (ax + by); 


therefore by (123) 
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h?—hu(#sma—y cosa) = ur —* (av +by), (126) 
which is of the form, r= av+By+c; (127) 


and as 7 is a rational function of the coordinates x and y, the 
equation is that of a conic of which the focus is the origin. 
A conic therefore is the trajectory, with the source of the im- 
pressed force in the focus; and the constants a, B, c are given 
in terms of the velocity, the direction of the line of action, and 
the coordinates of the point, of projection. 

Also from (121), multiplying respectively by 2 dx and by 2 dy, 
and adding and integrating with the limits assigned above, 

2 
whereby the velocity is given at any point of the curve. 

This problem and that contained in the last Article are cases 
where the impressed forces are central; and I have selected 
them for the purpose of illustrating the method of coordinate 
resolution. As central forces however have such large applica- | 
tion in nature, it is necessary to consider their properties at 
greater length, and the following Chapter will contain the de- 
velopment of them: we need not therefore pursue at present 
the inquiry which the preceding problems suggest. 

289.] From a given point in the axis of y a particle is pro- 
jected with a given velocity in a line parallel to the axis of », 
and is acted on by an attractive force parallel to the axis of y 
and which varies as the distance from the axis of #; it is re- 
quired to determine the circumstances of motion. 

Let 5 = the distance from the origin of the point of projection, 

u = the velocity of projection ; 
so that the equations of motion are 


oe = 0, od — BY; 
oe =, oe = (By) 
v= ut, Ggoa = vhs 
cos-14 = p®t, 
y = beosp?t 
= bcos wee (129) 
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the limits of integration being the values of the several quan- 
tities which correspond to ¢ =? and to ¢= 0, when the position 
of m is (0, d). 

From (129) it appears that the particle moves in the curve of 
cosines, and therefore describes an undulating path, the greatest 
distances of which from the axis of are +4 and —6: and the 
velocity parallel to the axis of w is constant. 


290.] For a problem wherein it is convenient to adopt the 
method of radial and transversal resolution explained in Article 
256, we will take the following : . 

A particle m moves about a fixed point with a constant angular 
velocity, and is acted on by a transversal force only: it is re- 
quired to find the law of this force and the equation to the orbit. 

In accordance with the symbolism of Art. 256, in this case 


P= 0, = a constant = o (say). 


di 
dt 
Let the prime radius be the lne passing through the fixed 
point and the initial place of the particle, that is, when ¢=0, 
where we will suppose it to be at rest; and let a be the distance 
of the particle from the fixed point at the beginning of motion; 
and let, fig. 123, se=7, sa=a, PSx=4; so that the equations 


of motion are, Dr 
de 5 wr = 0, (180) 
Qo = 205. (181) 


Now (180) is a linear differential equation of which the coeffi- 
cient is constant, and therefore might be integrated by the 
methods of Vol. II. But the following process is easier. Let 
us multiply through by 2dr, and taking the limits correspond- 
ing to ¢=¢ and to ¢=0, we have by integration, 


oi — wo (r?—a?) = 0; 
2 2\3 
= alt, caere lop wf, 
Toa— 
( ) ee 
Maks We ae Oe aaah (1382) 


Also as a w, therefore 0= wi, because m is at a when 


¢ = 0, in which case 6 =0; therefore (132) becomes 


= 5 {e +e-%}, (133) 
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which is the equation to the path described by m; and from 
(182), ce 
dt 
Q = aw? feet —e-#t} 
aw fe% — e— 9} 
= 22 (r2?—a?)3 ; 
whereby @ 1s known. 


=_ 5 {eet e-wt} : 


291.] In illustration of the process of tangential and normal 
resolution we will consider the simple case of the motion of a 
projectile in vacuo under the action of gravity. 

A particle of mass m is projected from a given point, in a 
given line, and with a given velocity ; and moves subject to the 
action of gravity; it is required to determine the curvilinear 
path. 

Let the point of projection be taken as the origin of coordi- 
nates; and let a vertical and horizontal line drawn through it 
be the axes of y and w respectively: let uw be the velocity of pro- 
jection, and let a be the angle between the line of projection 
and the axis of x: and let (#, y) be the position of m at the time 
#: then because the vertical line, in which gravity acts, makes 


with the tangent to the curve at the point (2, y) tan, 
we have the following equations of motion from (43) Art. 256, 
d*s d 
rien J a (134) 
v2 dx 
From (134) by definite integration we have, 
. 2 ds d*s 
ds* ae 
Ge ei ee 
ds? H 
—— = 427— 136 
dt? Uu 29 Y> ( ) 
which result is the same as (97) Art. 282. Also from (135), since 
‘i (1+ ) 
p ih ay ’ 
da* 


3K 2 
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dx dy? \2 
= ee 20) = 9 (14 Ga) 


9g 


= AOU 2S) 


ft Ss aa perma # 
© (sec a)? ge 
dy dx 

fu? (sin a)? — 2 gy}? u cosa’ 


“sind ia 
ye 8h CORO, 
gx" 
2. u? (cos a)?’ 
which result is the same as that obtained by the method of 
coordinate resolution in Art. 281. 


o ; {u? (sin a)? —2 gy}? + ——— 


Fore 


Y= «tal oo 


292.] In some cases oblique coordinates may be used with 
advantage. Thus suppose, as in Art. 287, a particle m to be 
projected with a given velocity u in a given line from a given 
point, and to be attracted by a force the intensity of which varies 
directly as the distance, and which has its source in a given 
point ; it is required to determine the path which it describes. 

Let the given source of the force be the origin; and let the 
line passing through it and the point of projection be the axis 
of y: and let the axis of x be drawn parallel to the line of pro- 
jection ; let the distance from the origin to the point of projec- 
tion be 6,: then the equations of motion are 


az | d?y 
ia eae Oe eee 
and by a process parallel to that of Art. 287, we shall have 
aS oe 
ue + op uP 7) nh 


which is the equation to an ellipse, referred to oblique coordi- 
nates, whose centre is at the origin, and of which the angle of 
ordination is (say) , where is the angle between the line of 
projection and the line joining the point of projection and the 
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centre of force. If a and 0 are the principal semi-axes, then 
by the properties of such axes we have, 


2 
+h = a + 5)’, 


ahaa SIN @ ; 
we 
1 (/u? 2ub,sinw\? /u? 2u b; sin w\2 
a= 3) (— +ht+——*) +(— +62— ee) i 
hid pe bd pe? 
1 (wu? Qub,sinw\? /u? 2u db, sin w\2 
b= 5 \(S 4 orp ey (Fy oe ey 
- pe? o@ 7 


293.] Two material particles m and m’ attract each other 
with a force varying directly as their masses and inversely as 
the square of the distance; it is required to determine the mo- 
tion of m relatively to m’. 

Let, in reference to m’ placed at the origin o (which is move- 
able), x, y, z be the coordinates to m at the time /, and let r be 
the distance of m from o; then since the impressed velocity-in- 
crement which acts on m’ and attracts it towards m along the 


line r is 5 , therefore the components of the impressed velo- 


city-increments on m’ at the origin are 


mx my mz 

3 3 73 3 rs ? 
and the components of the impressed velocity-increments on 
m are m'x my mz 

RENE re? Pa 


d*x vi (m+m’) x a 01 


dt? ja | 

d?y | (m+m')y 

ape + 3 = 0 ; (138) 
d?z  (m4+m)z _ 

dt? 73 a Oa 


and the equations of motion of m’ relatively to m will be similar 
in form: and therefore m will describe relatively to m’ a curve 
similar to that which m’ will describe relatively to m. 

And to determine the path of m relatively to m’: multiplying 
the second of (138) by z, and the third by y, and subtracting, 
we have 
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y Gly vi) de 
de? —¥ ap = 9 


therefore integrating, 


similarly, L——-2Z— = (189) 


dx ol | 
vam? dee 
where hy, hz, hs are arbitrary constants: now multiplying these 
severally by 2, y, z, and adding, 
he+h,y+h3z = 0; (140) 
which is the equation to a plane passing through the origin, 
that is, through m’, and therefore the motion of the parties is 
wholly in one plane. 
Again from (138) and (189), and writing ». for m+m’, we have 


dz dy dz dx\ pz dx dy\ py 
nage Gp = TAGES ee V7 ae 
dz dy a 
(a= — hy 2) = 5a Ua + y? +2*) da —ax (w da + y dy +2 dz) $ 
rdx—x dr 
= Tipe ret 
x 
= wa, 
since 272492423 = 9%, and xdex+ydytzde=rdr; 
dz d 
hy = — hy <A gas) ] 
ae dx dz 
similarly, hs ir = a (141) 
dy dx 
nay ape ONS age 315 


where fi, 7, f3 are three se WS Oe oo. now multi- 
plying these severally by 2, y, z, and adding, and observing 
(139), we have 

Mrthethy the = beth? +hs?; (142) 
and if 7 is replaced by (a+ y?+2*)2, and the equation is cleared 
of radical quantities, it is that to a surface of the second order ; 
and as the intersection of it by the plane (140) is a conic, it 
follows that the path of m relatively to m’ is a conic: and simi- 
larly m’ describes a conic of the same species relatively to m. 
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In reference to (142) I would observe, that if (a, y, z) is a 
point in the orbit of m, fix+fryt+fsz—(hi? + he? +h3?) is pro- 
portional to the perpendicular from (a, y, z) to the plane 

Avthy +fe2—(hr2+he+hs?) = 0; (143) 
and r is the distance from the origin to the same point: there- 
fore from (142) it appears that the distance from the origin to 
any point on the surface has a constant ratio to the perpendi- 
cular distance from the point on a fixed plane: the surface 
therefore is one of revolution of a conic about its axis, which is 
perpendicular to the given plane (143), the origin being the 
focus of the conic, and the given plane being generated by the 
revolution of the directrix. Hence also the direction-cosines of 
the axis of the surface are proportional to fi, fa, fs: and since 
by reason of (141), 

hi fithefa+hs fs = 9, (144) 
it appears that the plane (140) passes through the axis: there- 
fore the conic in which m moves is a principal section of the 
surface (142); and m’ is placed in the focus: m therefore de- 
scribes relatively to m’ a conic with m’ in the focus: and simi- 
larly m’ describes relatively to m a conic about m in its focus. 

Also multiplying the equations (138) severally by 2da, 2dy, 
and 2dz, and adding and integrating, we have 


2 
ee E (145) 
where c is another undetermined constant; but it is to be 
observed that all the undetermined constants may be found in 
terms of the initial velocity, the direction angles of its line of 
motion, and the coordinates of the point of projection. 

The eccentricity of the conic may thus be found. Since the 
ratio of the focal radius of a conic to the perpendicular from a 
point on it to the directrix is that of e to 1: and since from 


(148) the perpendicular from the point (#, y, #) on the directrix 
: fit + fay +fa2— (in? + he? + he?) 
7 (f2+f2 +f)? 

moet ert (4 FP +feyF 
p ~ fivtfey the— (Un? + he? + hy?) ’ 
(fe +f? +i) 
ur 
(P+ +h) | 
ad 
js 


= p (say) ; 
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e = ARTA | (146) 

y 
If the path of m is an ellipse, the equations of the major axis are 
Be oe ee =? (147) 


fi fp fe (FP AP +A 
and substituting for these values in (142), and taking 7; and 72 
to be the greatest and least values of 7, and substituting 
W=he+thethz, fr =fr+fr? +f, we have 


h? h? 
Vio aes 9 =. Tp 
poof ae 5 
2 h2 
Mmt%=2a= sad ot 
lh? 
= ae 
p?—f? 
pu (hy? + he? + hg?) 


ie aah ES P| 148 

P—Fe+eth) “va 
and if 2 is the inclination to the plane of zy of the plane of motion, 
then from (140), hs 

COS 4 = a (149) 

(hy" + he? + hg)? 
and if 9 is the angle between the axis of x and the line of inter- 
section of the plane of m’s motion with the plane of wy, then 


tana = — fa (150) 
hy 
and thus the plane of the motion is completely determined. 

And thus (149) and (150) give the position of the plane in 
which m moves: (147) give the direction-angles of the major 
axis of the ellipse, and therefore assign the position of the 
ellipse ; and (146) and (148) give the dimensions of the elliptic 
path. 

This problem is manifestly the astronomical one of two 
bodies m and m’ moving relatively to each other, and under the 
action of their mutual attractions, and on this account I have 
considered it at greater length than would otherwise be neces- 
sary. The determination of the other incidents of the motion 
requires data which it would be out of place here to enter 
upon. 


294.] If two particles m and m’ move subject to their mutual 


attractions, the centre of gravity of them either remains at rest 
or moves in a straight line. 
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Let the positions of the particles m and m’ at the time ¢ be 
respectively (#, y, 2), and (#’,y’, 2): and let r be the distance 
between them, and to fix our thoughts, let us suppose m farther 
from the origin than m’; then the equations of motion of the 
two relatively to the fixed origin are, 


ae —m(w—a) d*y —m(y—y) dz —m(e—Zz) 


ee de)! a 
du m(e—2') dy’ —_miy—y) de os Zz). 152) 
eee aR ik eR iy” i ( 
der ta Le ae Gee ae on 

aa ae ah ae Oe ae + ae oO) 8) 


Let (%, y, 2) be the position of the centre of gravity of m and 
m’ at the time Z7: therefore 
(m+n) #2 = mae+ma’ 
(m+m')y = my+my’ 0 
(m+m')z2 = mz+m'z 


(154) 


and differentiating these twice we have, by reason of (153), 


» OF ay Pgh, 
(m+m’) > = (m+m')F = (m 4m’) <= — 0; (155) 


at? 
peed yl a2 
CN =F ~ dt? 
Suppose a, 8, y to be the components of the velocity of the 
centre of gravity, when ¢=0; and let (a, 0, c) be its position: 
then integrating (156), 


dx ot ad2o45 in? 
Ab aon? Tt B; it, a 


203) (156) 


e—a = at, in aaa t, Z—c= yl; (157) 
Ba _ yo = carts (158) 
a B y 
which are the equations to the rectilinear path of the centre of 
eravity of m and m’; if a=B=y=O0, so that the centre of 
gravity is at rest when ¢ = 0, then for all values of ¢ we have 
Giza) On i. 0; Saas Gee (159) 
so that the centre of gravity remains in the same position; of 
this property an example has already occurred in Art. 237, 
The equations of motion of m and m’ relatively to their centre 
of gravity may be calculated as follows. 
Let (7, ¢) (£, 7’, ¢’) be the positions of m and m’ relatively 
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to the centre of gravity as origin; let 7 be the distance between 
mand m'; p and p’ the distances of m and m’ from their centre 
of gravity, so that 


m+m  m _m 
r eee 
Now the z-component of the expressed velocity-increment of m 
is as follows : 2g (a myé 3 
di? —— Tn Alp 
PAP iy. 
m+m' p® 
se dn m2. a ' d2¢ m2 ¢ 
similarly di? = m+ m Pp’ di? ee m+m p3 ‘ 
By a similar process we find, 
ae mf faa ye ap eae ae m? iG 
at? ~— mim’ p® dt? § m+mip? df?” mamp* 


The identity of form of these equations shews that the paths 
which m and m’ describe about their centre of gravity are 
similar ; and as the form is the same as that of the equations 
(188), it follows that the paths are conics, of which the foci are 
in the centre of gravity of the particles. 


295.] There is another important problem of the same kind, 
the differential equations of which it is desirable to insert. 

It is required to calculate the motion of m relatively to , 
when m and m are acted on by another particle m’, the law of 
attraction of all three being that of gravitation. 

Let (a, y, 2) (x’, y’, #) be the positions of m and of m’ relatively 
to m at the time ¢; and let 7 and 7’ be the distances of m and 
of m’ from m at the same time: and to fix our thoughts let us 
suppose m’ to be farther from m than m: then by virtue of the 
principle of Article 259, the velocity-increment of m due to the 
attraction of m and of m’is to be impressed on M in a direction 
the opposite of that along which the attractions of m and m’ act; 
therefore, for the v-component of the velocity-increment of m, 
we have 


iON ig US ORG: m’ (a! — 2) 
at? re {@'— 2) + yy) + @— 
_ _(m+nM)x_ ma m' (x — x) 


= 
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similarly 
cf ot co aes my — Y) 
gf? 3 { (a — a)? (y'— ye (/— 22} 8? 
az (m4+M)z_ mz m (z — 2) 
dp al Pty + 
Let 
m (xx" + yy + 22) i m Eat of) 
{(a’— x)? + (y'— y+ (2— 2)?}2 : 
oa bays § Ua sipith ONO Dnesin ota eT 
dnt f(a P+ (yy + OY 


4 


and with similar values for (5) and ( ae 


So that the equations become 
d?x% (m+M)x aR 
i Ue ee +( 


dt? dx 
x 
d? d 
ae im-ta)y 1 ) — 0 b (162) 
d? 
ges SeMe (Bc 


R is called the disturbing function, because it alone involves m’, 
which is the mass of the body which disturbs the otherwise 
conic path of m relatively to m. 

The problem is manifestly that of the moon moving about 
the earth, the sun being the disturbing body: or of a planet 
moving about the sun, another planet being the disturbing 
body. 


Srection 5.—The curvilinear motion of a particle in a 
resisting medium. 


296.] When a particle describes a curvilinear path in a re- 
sisting medium, the momentum of the molecules of the medium, 
which they have on account of their displacement and on 
account of the particle passing amongst them, is withdrawn 
from the moving particle, as was explained in Art. 219, and 
from it in the line in which it moves: the medium therefore 
has no effect in diminishing the velocity of the particle in the 
line which is normal to its path; and the loss takes place 
along the tangent to the curvilinear path: we proceed to con- 

ZL2 
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sider the circumstances of a particle moving in such a resisting 
medium. 

Let us consider the moving particle to be spherical in form, 
so that an equal surface is presented to the medium, whatever 
is the line in which the particle moves: and to take the general 
case, whatever is the law of the resistance of the medium, let rR 
represent the velocity-increment (or decrement) which the re- 
sisting medium withdraws from the velocity of the particle m im 
the line of its motion, that is, along the tangent of its curvili- 
near path in an unit of time; then if x, y, z are the three im- 
pressed velocity-increments, the equations of motion, referred 
to three rectangular axes, of a particle moving in space, are 


Be, da) 
ai? ds | 
gyn dy 
oar Sie So (163) 
aez ) ne | 
ath ae 
since se ; uu ibs are the direction-cosines of the tangent of the 
ds’ ds’ ds 


curvilinear path, that is, of the line of action of R: now multi- 
plying these severally by 2dz, 2dy, and 2dz, and adding, we 
have, 
2 dx d2# +2 dy dy +2dzdz 
dt? 
let v= the velocity, when ¢=0; and using the symbols indi- 
cative of definite integration according to the following form, 
so that the limits may be those corresponding to ¢ =¢ and to 
t = 0, we have 
t t 
yv—ve = af (xde+y dy+2d:)—2] nds; (165) 
0 “0 
Also because 
Ms _ ded, dyd’y , dzd?z 
d® ~ ds dP * ds d@ * ds d®’ 
ds dx dy dz 
Wo at ae tae (166) 
that is, the expressed velocity-increment along the curve is that 
due to the impressed forces less that due to the resistance. 
Also if p is the resultant of the impressed velocity-incre- 
ments , then 


= 2(xdx+ydy4+z2dz)—2Rds ; (164) 
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p? = x24 y247? 
d2 d, 2 d2 d 2 2 
= (Fete) + (Gee Ds (Greg) 


de * as 
__ (da)? + (d?y)? + (d?z)? 1 op ea + dy Vy + dada R? 
hy dt* ds dt? 
v2\2 /d2s\2 d2s 
op aol roy aac a 
pane) Wiese 2 


if p is the radius of absolute curvature of the path; that is, the 
resultant of the impressed velocity-increments consists of two 
components, the lines of action of which are at right angles to 
each other ; and of which one acts along the principal normal 


to the curvilinear path, (see Art. 255), and is equal to as , and 


the other acts along the tangent and is the sum of the tan- 
gential expressed velocity-increment and the resistance. This 
resolution is therefore the tangential and the normal one, see 
Art. 254; and therefore if r = the tangential impressed velocity- 
increment, and n = the normal impressed velocity-increment, _ 


d*s 
a “rte | 
et r: (168) 


297.] If the motion is wholly in one plane we may take that 
plane to be the plane of wy; and if we resolve along the 
rectangular axes of w and y, the equations of motion are, 


ees oot 
dt? ds (169) 
d*y dy 


TART igloos dé 
And if we take the tangential and normal components, we have 


snc ae 
at? \ (170) 
oe 
op aN | 
ds dx dy 7 
or, Raids dey le sie 
v? dy dae le rae 
ae ay eee | eee 
p ds ds 
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and y2—y2 


t t 
af '(xde+ydy)—2f nds (172) 
0 “0 


= 2f(—n) ds. (173) 


And if the motion is referred to a system of polar coordinates, 
and if p and q are the radial and transversal components of the 
impressed velocity-increments, then from Art. 256, and because 
dr 


i and oe are respectively the sine and cosine of the angle 


between 7 and the normal to the curve, 


d*r do? dr | 

Tan ea ggnttolie Baggage ta 
gar do, a0, yrda ie 
dt dt dt? — ds | 


and therefore also 
a*s .. ar r do > 
da, ds ' 
yes 1. ae r do | 
“p tathanditsnen ei eee 
The first of these last two being multiplied by 2ds and inte- 
grated gives 


(175) 


t 
ve—v? = af (pdr+qrdd—Rds) ; (176) 
0 


and these general formul are sufficient for the solution of all 
problems relating to motion in a resisting medium. 


298.] A particle moves in a resisting medium under the 
action of forces parallel to the axes of x and y; it is required 
to determine the law of resistance so that a given plane curve 
may be described. 

Let the impressed forces parallel to the axes of x and y be 
x and y; and let r be the resistance; then by (171), 

dx dy . a*s 


d*s 1d p(xdy—vydz) | 
a aes ds 
_ xda+ydy 1d p(xdy— Bid 
dees Oide  o de oe ean 
into which expression ¢, which has been equicrescent, does 


not enter; we are therefore free to make any other variable 
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equicrescent : and the expression will hereby become somewhat 
less complicated. 

If, according to the law investigated in Art. 219, the resist- 
ance varies as the density and as the square of the velocity, and 
if the density also varies, and the law of its variation is to be 
discovered so that a given curve may be described, then if s 
represents the varying density, 

Be 98.960 


R 
Si Fr) 

_ Il xdvirvdy ld p(xdy—vydz) 

— p xdy—vdx 5 ee ds le 


Ex. 1. A particle describes a parabola under the action of a 
constant force parallel to its principal axis: it is required to 
determine the law of resistance. 

Let the equation to the parabola be, y? = 4 a2; so that 


ees 6S a 
i,» Semeg s (y2+4 a) ui (4ax+4a2)2" 
2 (2 +a)? 
oS Sram aa 
az 
In this case y= 0, x =a constant = & (say); therefore by 
‘avway dx d 
| oat ka Gy @ t+; 
= O; 


that is, in vacuo only does a particle moving under the action 
of a constant force parallel to the axis of # describe a parabola. 
See Art. 276, Ex. 3. 

Ex. 2. A particle moves in a circle under the action of a con- 
stant force in parallel lines, and the resistance of the medium 
varies as the density and the square of the velocity: it is re- 
quired to determine the law of variation of the density of the 
medium. 

Let the equation to the circle be, v?+ y= a”; therefore 

dz dy _ ds 
Cn eo. 4 a 
and let the line of action of the constant force be parallel to the 
axis of y: so that 
x=0O, y=a constant = —k (say); 
3x 
— ‘Qay ° 


3 


therefore from (178), S 
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299.] A particle moves in a resisting medium under the ac- 
tion of a central force Pp; it is required to find the law of resist- 
ance, so that a given curve may be described. 

From (175), if @=0, we have 


a’s oe ts Cs? ake r do 
dizla widen ne dP a ieee 
23, me led alee 
i 2 ds * as? 
dr 1d rprdé 
Me det Qas idem oe 
r dr rdd- op 
and since een e and > ee 
Oran Lae dr 
SP ame ap) Bic, 
l1 a dr 
ee OL ai. a. 
~ 2p? ds (ep mah (181) 
ae (182) 


whereby, if the law of resistance and the equation of the curve 
are given, the central force p may be found. 

Again, if the resistance varies as the density and as the 
square of the velocity, and if the density also varies, and the 
law of its variation is to be investigated, so that a given curve 
may be described, then if s represents the density, 

R15 xe 


sS= — 


y2 


ld dr 

iS ie log (ep? wk (183) 
and if the density of the medium is given, and the central force 
is to be discovered, then from this last equation we have, 


2 
spy es  e—2fsds, (184) 


where /? is a constant introduced in integration. 
And (184) may be put under the following elegant form: 


1 eee 2 4. 
Let LD el ap gee T Fez? 
2 dp du 
: d?u\ dr 
= —2{ + age) a? 
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a au, 
sae 7 ( ae} ae 
oe P= Ay? (w we za) e~ 2fsds, (185) 
do” 

Ex. 1. A particle moves in the circumference of a circle under 
the attraction of a central force whose origin is a point in the 
circumference, and the law of which varies as the nth power of 
the distance; it is required to determine the law of the density 
and the resistance of the medium. 

Let the radius of the circle be a, and let the pole be at the 
centre of force, then 

r= 2ap, and p= —pr"; also rdr = (r?—p?)?ds; 
therefore from (181), 
—p(n+5) ret4 dr 


ies 16 a? p? ds 
_ —e(n+5)yr" (4a? —7?)? 
Whee a (186) 
Ly. 2 2) zs 
and from (183), s= — See (187) 


It appears therefore that if n = —5, that is, if the central force 
varies inversely as the fifth power of the distance, r = 0 and 
s=0; that is, the particle must move in vacuo; also if 7 = 2a, 
whatever is, the resistance and the density vanish. 


300.] To determine the motion of a projectile under the 
action of gravity in a medium of which the resistance varies 
directly as the velocity and of which the density is uniform. 

Let the velocity of projection be uw, and let the point of pro- 
jection be taken as the origin: let the horizontal plane through 
it be that of xy, and let the axis of z be measured in a direction 
contrary to that of the action of gravity: let the resistance be 
ee of which the components along the coordinate axes are 


dx dy dz 
- hy? hae ka 


so that the equations of motion are 


Pa _ de) 
dt? dt | 
d*y dy 

dz dz 
ae = 9 Ge | 
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from the first and second of which we have 
dy d*x—dxd*y = 0, 


die _ ay 
dz ay” 


dy 
Wa 3 

ee 

=F (189) 
which is the equation to a plane passing through the axis of z, 
in which therefore the motion of the particle takes place. 

Since then the motion takes place in one plane, let us assume 
that to be the plane of wy; and let the point of projection be 
the origin, and let the horizontal line through the origin be the 
axis of # ; and let the angle between the line of projection and the 
axis of =a: and let the axis of y be taken im a direction the 
opposite of that of gravity: so that the equations of motion are 


log o = log = 


d*x dx 
ot ee | 
dt? dt | 
ey ata (190) 
ei tal a aes | 
di? dt J 
from the former of which we have by definite integration 
7m cos a == hats (191) 
dx ad eee a—kx ere: 
ucosa—kx U COS a 
_ ucosa heey, (192) 


the limits of integration ae the values corresponding to ¢ =? 
and to #=0: and from the latter of (190) we have, 

ve —usna = —gt—ky, 

dy 


She +ky =usmna—gt; (193) 


1 
= (5 +h) (wu sin a— gt) 
: , 
= md sin a— gt) dt 
/ 0 


ais Seo” oy oe 4 
k2 0 


< 


ky+gi= (w sina +— f) (l—e-*‘); (194) 
and eliminating ¢ by means of (192) and (194) we have, 
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J 


it A came kar)" 
ku cos a Le k2 log es u COS 3 ; Gu 


which is the equation to the path of the projectile. 


y= xrtana + 


301.] If we expand the logarithmic term in the preceding 
expression, the equation becomes 
Gk g kx kee Kee 


2 Ee eee 


Mk ee cdg BP towa)). Butdecwayee +s (196) 


of which series all terms, except the first two, contain k (the co- 
efficient of resistance); and if k = 0, the equation is that to the 
parabolic path which is the trajectory of a projectile in vacuo, 
see Article 281; and thus the terms on the right-hand side of 
(196), after the first two, express the excess of the ordinate of 
the parabola described in vacuo over the ordinate of the curve 
whose equation is (196): the trajectory (196) therefore is of a 
form somewhat parabolic, but the curve recedes from the direc- 
trix more than a parabola. 
dx U COS a 


Also by reason of (191), a= ONiixe = ere for this 


value of # therefore the horizontal velocity vanishes, and the 
projectile moves in a vertical path ; and therefore a vertical line, 
u COS a 


at a distance = from the point of projection, is an 


asymptote to the curve. 


Also from (195) dy 


= 0, that is, the projectile comes to its 
highest point when 


ts Y tng. J 19 
Saga a aera k(ucosa—ka)’ 2h) 


aoe 
u? sin a COS a 
that is, when 2 = ——~_———— 


gtkusina’ 
a Dap ee Se 
pret eS 5 kv ain a. 


dy _ Lee: 
Also from (197), if v= —o, apate tan a + Tae that is, 


the curve being produced backwards through the origin con- 
tinually approaches to a certain definite angle with the axis of «. 


302.] But the most important application of this theory is 
that of gunnery, in which the motion takes place in air, the 
3M 32 


ucosa 2wu?(cosa)? 3u(cos a)? at 
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resistance of which (at least approximately) varies as the square 
of the velocity ; and thus the following problem offers itself: 

A particle, or a spherical homogeneous ball, acted on by gra- 
vity, is projected with a given velocity w in a given line, in a 
medium of which the resistance varies as the square of the velo- 
city and the density is uniform: it is required to determine the 
circumstances of motion. 

It may be shewn, by a process similar to that at the com- 
mencement of Art.300, that the motion takes place in one plane; 
and therefore we may assume that plane to be the plane of avy. 

Let « = the velocity of projection; and let a horizontal and 
a vertical line through the point of projection be the axes re- 
spectively of # and y: let the axis of y be taken upwards: let a 
be the angle between the axis of x and the line of projection: 


2 
aud let the resistance of the medium be pa ; then, as the line 
of action of this is the tangent of the curve, its components are 
ds dx , ds dy 
k di and k it dt? 


and as k, see Art. 219, varies directly as the density of the me- 
dium, as the surface which the moving ball presents to the 
medium, and inversely as the mass of the ball, then, as the ball 
is spherical and the density is uniform, *& is constant. Thus the 
equations of motion are 


2 

aaa | 

dy ds dy ie 
Te caprh” Gan calteds 


Integrating the first of these, and taking the limits correspond- 
ing to ¢=¢ and to ¢=0, we have 


dx da 
he is ds ° ray ee om k © 
dei. (hie rh So cosa a.) ee 
dt 
dx aie 
Pt et oe a aa (199) 


Again from (198), and transforming the equations so that ¢ 
is not equicrescent, we have 

d®y dx—d?x dy _ 

dt? , 


* 


—gdx; 
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therefore from (199), 


d*y dx —d*x dy g 

eC a Tica aa 
dy dy? g nn 

at (14 34) = ween’ 83 POL) 


and integrating, and taking the limits corresponding to ¢=¢ 
and to ¢=0, we have 


= i eeey + log \oi + (1434) 


— tan a sec a — log (tan a+sec a) = aks 1); (202) 


ate g 
ku (cos a)? C 
and for convenience let us substitute, 


tan a sec a+ log (tan a+sec a) + are = UC yaeeue) 


(cos a)? 
so that (201) becomes, 


dy dy dy | dy?\2) __ g 
ve (142%) + log \7e + ea) ~ «ku? (cos Be aoe 
arr) 
Yeo 
d. 7 
Z we 7 aa = kdwx, (205) 
as (b+ gaa) +108 ae + (14 ga) § —° 
eh a 
is 6 We Oi all Laat gs ae (206) 
dy () , Wy" a \e + (ea i arma ae 
da\* da? 5 ld du?! § 


from which equations, were it possible to integrate them, # and 


y might be found in terms of 2 ; and if a were eliminated 


from the two integrals, the resulting equation in terms of # and 
y would be that of the required trajectory. 
But as the equations are not integrable, we must deduce 
from them in their present forms such results as are possible. 
Equating the values of e** which are given in equations 
(199) and (204), we have 


1 ‘dx 
(kg)? i _ dy 
A a 
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: : d. #4 
whence might the time be found in terms of oe also squaring 


(205) and (206), and dividing by the square of (207), we have 


dy? 
a = 2 no a a ; (208) 
dk dyy, , dy? dy dy? 4 
Cc RG eu) — log } 7 + (1+54) 
dy 
which equation gives the velocity in terms of “ 
303.] When tee tia 
dy (, , dy? § dy dy? i <ueyee 
ee ey 108 9 ath +(14+ 55 ss becomes de? 
so that (205) becomes, 
pee 
‘dx 
dx? 


k(#—a) = = , where @ is an arbitrary constant : 
therefore if a =—0o, x =a=a constant; that is, the line, 


whose equation is #=a, is an asymptote to the curve. Also 
under the same supposition from (208), we have 


(vel.)? = a (210) 


that is, the velocity of the projectile, as it falls down the 
descending branch of the trajectory, approaches to the constant 


a Ne 

limit (2) : : 
And at the highest pomt of the path, when — =0O, 
ene ent. 

vel)? = rae 


Thus the path of the projectile is a curve of the form deli- 
neated in fig. 124, where oa =a. 


304.] The case however frequently occurs in practice Helen 
the angle of projection is very small; and where the ball rises 


very little above the horizontal line; and therefore = being 
very small, we may throughout the path on the upper side of 


the axis of # neglect powers of “ higher than the first. In 
this case then 
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ds = dx; oo. 8 = x: 
so that (200) becomes, 


dy _ I ake dp » 
eo ~  &2 (cos ae” aoe: 
dy wi I 2k 
da ee oa 2 ku? (cos a)? i ies 
= ees WEE ce ak 2. Zhe __ : 
ee eet 2ku?(cosa)? 4k? u?(cos a)? “ Digs 
and expanding in a series the last term, we have 
2 2 
4) ays) ee a (212) 


2u? (cosa)? 38u?(cos a)? 
which equation, if the terms involving & are omitted, is that of 
a parabola, which is the path of the projectile in vacuo. It 
appears therefore that the ordinate of the actual curve is that 
of the parabola diminished by a quantity which is the sum of 
all the terms of the right-hand member of the last equation 
except the first two. 


Also from (199), & = w tos an é—** ; 


kucosat = e**—1; (213) 
which gives the time in terms of the abscissa. 
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CHAPTER XI. 


THE FREE MOTION OF PARTICLES, UNDER THE ACTION OF 
CENTRAL FORCES. 


Section 1.—General investigations ; determination of laws of 
force and other circumstances of motion in given orbits. 


305.] A central force is that of which the source of influence 
is at a certain point, towards which it attracts or from which it 
repels any particle of matter within reach of its action; and 
according as the action of it is attraction or repulsion, so is it 
called an attractive or a repulsive force. The forces, whose 
effects will be considered, are supposed to be functions of the 
distance between their centres and the particle on which they 
act, and not to be functions explicitly of either the time or the 
velocity ; the case in which the line of motion of the particle is 
coincident with that of the action of the force has been consi- 
dered in Chapter VIII; and it remains for us now to discuss 
the case in which the line of motion of the particle is inclined 
at any angle to the line of action of the central force. The 
principles and equations of Chapter IX are sufficient for the 
inquiry, and have indeed been applied to the subject in Arts. 
287, 288, 293, 295, in the form of rectangular coordinate reso- 
lution: but as the method of resolution into radial and trans- 
versal components is more convenient, and as formule different 
to any heretofore employed are deducible from them; and 
moreover as nature presents to us more instances of this than 
of any other kind of dynamical action, it is desirable to devote 
a separate Chapter to the inquiry: and in the course of it we 
shall take occasion to exhibit the first elements of celestial 
mechanics in the form of the simple elliptic orbit which a 
planet undisturbed would describe about its primary. 


306.] Let m be the mass of the moving particle, and let 
(x, y, %) be its position at the time ¢; let the centre of force, 
which we suppose to be fixed, be the origin of coordinates: and 
let P represent the central force, that is, the impressed velocity- 
increment in an unit of time: let 7 be the distance of m from — 
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the centre of force at the time ¢: then we suppose pr to be a 
function of 7; let p be attractive, so that the equations of 
motion in terms of velocity-increments are, 


a ah a 

afar a ve 

d?y Py 

ee [ (1) 
ad3z P2 

A ea) 


Now in the first place I shall shew that the moving particle 
is always in one and the same plane, and which passes through ~ 
the centre of force. 


From the second and third of (1) we have, 


d*z d?y 
ee a 
integrating y “os = h, 
similarly Pas —# =, *; (2) | 
ell dx 
aT a 


therefore multiplying these equations severally by wv, y, z, and 
oe het hgy+hgz = 0; (3) 
which is the equation to a plane passing through the origin, 
which is the centre of force, and in which therefore m always 
is. The orbit therefore of m, as the trajectory is called, is a 
plane curve. 

This fact too is evident by the principle of sufficient reason: 
because every reason which can be urged why m should move 
out of the plane, which contains the centre and two consecutive 
points of the path, on one side may be shewn to be equally 
valid, why it should leave the plane towards the other side. 

We may therefore, without loss of generality, suppose the 
plane in which m moves to be that of xy. 


307.] Let p represent the central force and be attractive; let 
the centre of force be the origin, (a, y) the position of m at the 
time ¢; =the distance of m from the origin: then the equa- 
tions of motion in terms of velocity-increments are, 
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Gaerne: SE 
dil pitier, 
4 
Ub ot, er" 
therefore multiplying the former by y, and the latter by x, and 
subtracting, (oy de 
—y—z = 0; , (5) 
“de dt? K 
: . aa dy : ; : 
therefore adding and subtracting aT a and integrating, we 
have 
: pl dx 
— 6 
2a ae ©) 
where fA is an undetermined constant. We proceed to ex- 
plain (6). 


If p is the perpendicular from the origin on the tangent, by 
Vol. I, Art. 186, (44), 
xdy—ydx = pds; 
therefore from (6), ue h 


aw Pp? (7) 


that is, the velocity at any point of the orbit varies inversely as 
the perpendicular on the tangent at that point from the centre 
of force. 

Also transforming (6) into its equivalent in terms of polar 
coordinates, we have 


ae aunts ae eee ae (8) 

y = rsing "* dy = drsin@+r cos 0 dé 
xdy—ydx = r*déo; (9) 

therefore from (6), r2d0 = hdt. (10) 


Now 7?d@ is twice the sectorial area which the radius vector 
of m describes in the time dt, and as it is proportional to 
dt by (10), we infer that the sectorial areas described by the 
radius vector of m are proportional to the times of describing 
them: or in other and equivalent words, Equal sectorial areas 
are described in equal times. Hence also it appears that 


h = twice the sectorial area described in one unit of time. (11) 


Let us give a geometrical proof and interpretation of the 
theorems (7) and (10). Suppose s to be the centre of force, 
fig. 125, p to be the position of m at the time ¢, and the element 
PQ to be its path-element in the time dt; and let ¢ be equicres- 
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cent ; and let sy =p be the perpendicular from s on Pq pro- 
duced. Now let pq be produced to Rk so that qr’= Pq; then if 
no force acted, m would at the end of the second dt be at x’; 
but suppose, when m is at q, the central force to act impulsively 
and to draw m over a distance q7 in the time dt; then at the 
end of dt, if R’R is equal and parallel to a7, and the parallelo- 
gram rR’ is completed, m is at R; by a similar process and con- 
struction it may be shewn that m is at T at the end of the third 
dt, and so on: now since p@=aQr, therefore the triangles sPaq, 
SQR are equal, and because srqQ, sRr’Q are on the same base 
sq and between the same parallels, sre=srQ; therefore 
SsPQ=sRQ: similarly it may be shewn that srqg=stR=svT, 
=...; and thus the sectorial triangles which correspond to 
equal d?’s are equal. And the same result is true in the limit, 
when the polygon which is drawn in the figure becomes a con- 
tinuous curve, and the central force acts continuously ; and thus 
under the action of a central force equal sectorial areas are 
described in equal times. 

Also let 4 = twice the sectorial area described in an unit of 
time: let pPe=ds, sPp=r, PSQ=d0, sy =p: then the triangle 
described in d¢ units of time is Psq; and the area of PsQ= : a 


see Vol. II, Art.123; and also is equal to : PQXSY 3h F 


~ 


h r2d6 pds : Be TOME fs 
a ies Rapa earstay at Cr bart OPT Aree 8 rT 
and therefore as equal sectorial areas are described in equal 
times, so does the velocity vary inversely as the perpendicular 

from the centre of force on the tangent. 
Also since a = fe , it appears that the ratio of the increase 


of 6 to that of ¢, varies inversely as the square of the radius 
vector at the point. 

Also if ¢ is the time during which the particle passes from a 
point in its orbit corresponding to 6, to another point correspond- 
ing to 0, then since 


ye 
1 

ee r2 dé; (12) 
h Joy 


whereby in a given orbit the time may be found in terms of the 
ZN 2 
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angle through which the radius vector of the particle has moved. 
The means of determining / in a given orbit and under a given 
absolute force will be shewn hereafter. 

Thus also if a= the whole area enclosed by a curve through 
which m has passed, and if r is the whole time, or the periodic 
time as it is called, 9 

A 
i ae 


308.] Again multiplying the first of (4) by 2dw, and the 
second by 2dy, and adding, we have 


(13) 


2dxd*x+2dyd*y 2P(e@dx+y dy) 
a (14) 
dt? r 
but since 2?+y? = 7’, . adex+ydy = rdr; 
2 2 
hl baddies oe ah lbs or (15) 


Let v be the velocity at a given point, at which r= R (say); 
therefore integrating (15), we have 


ds2 r 

SS 2 — —, °e 

Be Te OS af pdr; (16) 
(velocity)? = v?—2 | 9 dr. (17) 


Let v be the velocity at the point to which 7 corresponds : 
and let m be the mass of the moving particle: then 


mv2—mv2 = —2m| rar (18) 


and if Pp is a function of the distance of m from the centre of 
force, it appears from this equation that the increase of vis viva 
of the particle in passing from one point to another depends on 
the coordinates of the two points, and not on the path which 
the particle has described in the passage: the change in vis 
viva therefore depends only on the distance through which the 
force has acted in its own line of action. This is another 
instance of a general principle of vis viva which we shall have 
occasion to investigate hereafter. 

From (17) it appears that the velocity is the same at all 
points which are equally distant from the centre; for if r=R, 
the velocity =v: and thus if the orbit is a reentering curve, 
the particle always in its successive revolutions passes through 
the same point with the same velocity. 
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Now equating the values of the velocity (= a in (7) and 


(16), we have 2 
| pe = v2 | pdr; (19) 
therefore differentiating we have, 
= za —2rdr; 
h? dp 
- ~~ 98 dr’ (20) 
Andy, ols took ype (a 
u 
du? 
and Vol. I, Art. 221, Gages) = oe te ore 
—2dp d*u 
a = edu dd 48 aE - 


therefore (19) becomes 
oa mur Te tal (21) 
do? ; 
and thus from either (20) or (21) may the law of central force 
be determined, under the action of which a particle moves in a 
given curve. And from (12) or (13) may the time, which is 
occupied by its passage through a given arc, or through the 
whole curve, if the curve is closed, be found. And from (7) 
may the velocity at any point in the orbit be determined. 
Also because that part of the radius vector at any point of a 
curve referred to polar coordinates which is intercepted by the 
circle of curvature, or the chord of the circle of curvature, as it is 


called, see Vol. I, Art. 252, is equal to 2 oe , equation (20) gives, 


h? dr 
me Sees 
sc (vel.) SOLER 


yo chord of oe of CEMA (22) 
and comparing this with (383), Art. 220, it appears that a par- 
ticle at rest on the curve, and moving from it towards the centre 
of force under the action of the force continuing constant, 
acquires the velocity which the particle has in its curvilinear 
course, when it has moved through one-fourth of the chord of 
the circle of curvature. 

I may finally observe that the results at which we have ar- 
rived are deducible from the equations (37), (88), Art. 256, where 
the impressed velocity-increments are resolved into their radial 
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and transversal components: for here we have a central force 
only: therefore qa =0, and therefore from (39), Art. 256, 


2 
ae = a constant = h (say); 
d*r = 2 


A point in an orbit at which the curve is at right angles to 
the radius vector is called an apse; the radius vector at an apse 
is called an apsidal distance; and the angle between two con- 
secutive apsidal distances is called an apsidal angle of the orbit. 
The analytical character of an apse is manifestly 

du 
do 

309.] Examples illustrative of the preceding equations. 

Ex. 1. It is required to find the law of force, the velocity, 
and the periodic time, in an elliptic orbit, when the centre of 
force is in the focus. 

Let the equation to the ellipse, the focus being the pole, be 
a(1—e*) 
1+ecos 0’ 
1+ecosdé 
a(1—e?)’ 
du _ e sin 0 du —ecos 6 
do. *\\a(l—e?)” de? ~ a(l—e?)’ 

d*u 1 
6s a) oe a(1—e?)’ 

d*u 
ree LF Yh (“a 
h? u? 

a (1—e?) 
| h? 1 

—— a (1—e) pe > (25) 
therefore the force varies inversely as the square of the distance, 
and is attractive, as appears by its sign, and by the convention 
as to signs which was assumed in Art. 306. Let u Be the abso- 
lute force of the central force, then 
nee 
ae 


1b} or => ©. 


+a) 


Pr 


h2 


a(1—e?)’ h = {ua(l—e)}#; (26) 


and w= 
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so that A is given in terms of the absolute force, (which is the 
mass of the attracting body, or the sum of the masses of the 
attracting and attracted bodies, if the motion is relative), and of 
the quantities which determine the magnitude of the orbit. 


2 
Also since i = ue + a. 
nel 
~ a3 (1—e?)’ 
h2 
(vel.)? = p 
pw (2au—1) 
aalecnear aa an 1 (27) 


Tf r is the periodic time in the elliptic orbit, then, as the area 
of the ellipse = 7ab = wa? (1 —e?)3, therefore by (18), 
_ 2a? (1—e?)3 
{ua (1—e?)}# 


aa 8 


a2; (28) 


pe? 
therefore the periodic time varies as the square root of the cube 
(as the sesquiplicate power) of the major axis. As these results 
will come under consideration hereafter, it is unnecessary now 
to comment on them. 


Ex. 2. To find the law of force and the velocity in a parabola, 
the focus of which is the centre of force. 
Let the equation to the parabola be 

— 2a . 
~ 1+cos@’ 
so that 6 is measured from the line joining the focus and the 
vertex. 


a 


(29) 


is 


2 
h? u? ee a8 u) 
h?u? 
2a 
— h? 1 ° 
> 2a7r?’ 
therefore the central force varies inversely as the square of the 
distance, and is attractive. Let »= the absolute force ; 


(30) 


h= a, h? = 2ap; | (31) 
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h? 
(velocity)? = a 


du? 
= h? (u2 + a) 
2 
=. (32) 


Also let ¢ be the time during which the particle moves from 
a point corresponding to 4 to another point corresponding to 
6,,; then by (12), 


hse eas do 
6 


(4)2 Je, (1+ cos 0)? 
$ 4, 
= J (see 5) a9 
“ PH) {tan _ tan a (tan ale 3 (tan 3) : (33) 


And this value for ¢ may be expressed in terms of r, and 79, 
the focal radi vectores corresponding to 0, and to 6), and of 
the chord ¢ (say) which joins their extremities. 

For the sake of more convenient symbols, let tan sche 
tan Lo, = t); so that (383) becomes, 


2 
Pes) ae 


n aot ty, to + to” ) 


ae . (tn 4) (De 


By a substitution due to C. F. Gauss, let 


2 
1 4 ato 


i= (= ieaaG pee 


= CS) {On Sey (9 -2S2h he 


But if ¢ is the chord joining the extremities of 7, and 79, 


— 
<= 


C2 = 1,2 — 27,10 COS (8,—90) + 702 


(7p COS On — 19 COS A)? + (7p SIN Oy, —7o Sin Oo)?. 
Also wT, Ol 42,7), Yo =olla tek 


af 2 
1 tn sin 6, a Qty 


and cos On = TF = eres 
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and similar values are true for cos 4) and sin 6); therefore 
4a? (ty— toy | EY +1} 
A a? (t,—1o)? n°; 
c= 2a(t,—to) 1; 


tn? + to? 
Mmtrote = 2a \1 +25 + 4-0) n} 


C2 


{| 


I 
re) 
se] 
rwesr> 
3 
ob 
oe 
3 
| 
o” 
a\~ 
Rey 


22 
similarly M+tr—c = 2a i bn =} ; 
therefore ola in (34), 
ee sr aa a a (35) 


This Theorem is ines known by the name of Lambert’s 
Theorem. 


Ex. 3. If the equation of a hyperbola, of which the focus is 


the pole, is Rg). 
» E+ ’e cos 0’ 
Lg, h? sy , _ w(eau+1) 
then (oe Pe mah rss (vel.)? = 5 ; 


310.] Ex. 4. A particle moves in an ellipse about a centre 
of force in the centre; it is required to find the law of force, 
the velocity at any point of the orbit, and the periodic time. 

The equation to the ellipse is, 


cos 6)? sin 6)? 
\ a - ee = a; (36) 
d 1 ley 

Ur = (=: — -s) sin 6 cos 0, (37) 
ad? du 1 1 

u “a “ = (= = —) {(cos 6)?— (sin 6)2}. (88) 
But from (86), 1 1 
pene grt 
(cos 6)? “, (sin 6) 

= ——_——.,_ (sin 9)? = ————_; 

‘eRe Dele 
a Bb bans (ah 


therefore substituting these values in (88), and also from 
(37), we shall find ; 
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h2 
ee oe 
h2 
= age (39) 
therefore the force varies directly as the distance, and is at- 
tractive: and if »= the absolute force, h2=pa?6?. Also 


(velocity)? = p(a*?+6?—r?). (40) 
And if t= the periodic time, by (14), 
_ 2&7ab 
Caney 
nase (41) 
Te 


that is, the periodic time is independent of the magnitude of the 
ellipse, and depends only on the absolute central force. 

And the time in which the particle passes through an are 
which subtends a given angle at the centre may thus be found. 
Let the arc begin at the extremity of the major axis; then if 
¢ = the time required, from (12) we have 


pened | {igh ci Oe a 
pedo a? (sin 6)? + 6? (cos 6)? 


= ie tan! ( 


tan 6 
70nd \eaome) 


: (42) 


and thus if ae caper ; where ¢ is one-fourth of the peri- 


odic time: and thus the whole time is the same as that given 
in (41). 


Ex. 5. In the hyperbola described by a particle under the 
action of a central force in its centre, and of which the equa- 


tion 1s, (cos 0)? — (sin 6)? ; 
a — 52 — U 3 
h2 
SS err cee Se 


that is, the central force varies directly as the distance, and is 
repulsive: also 


(velocity)? = p (r?—a?+ 6?) ; (44) 
and the time from the extremity of the transverse axis 
Li penal dla (45) 


2 uz b—atan0- 
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311.] Ex.6. Let the particle move in a ciréle ; ands 
(1) Let the centre of force be in the centre : let aS ‘the wa- 
dius: then the equation to the circle is | 


% = a: i\, , BO \ 
1 du du ath Rule eo Aeneas! 
ng! in Bite & me OF aca! 
(velocity)? = —, = v? (say); 


therefore the central force is Satrilegd but varies inverse 
the cube of the radius as we pass from one circle to oe 
also the velocity is constant, and varies inversely as the radius : 
and if r= the periodic time, 
Rt DO at 
ve nh 
2 


Vv : : 
Also Pp = 7 > OW as v? is the velocity and a is the radius of 


2 
the circle, —, see Art. 255, is the centrifugal force: the cen- 


tral force is therefore equal to the centrifugal force in the circle ; 
the central force, that is, draws the particle towards the centre 
over a space equal to that by which the centrifugal force (so to 
speak) removes it from the centre: and as the velocity is con- 
stant, no part of the central force acts either to increase or to 
diminish the velocity in the circular path. | 

(2) Let the centre of force be on the circumference of the 
circle: and let the equation be 


r= 2acos8, et BCGO. 
du au : 
2a, = sec 6 tan 0, 2d ae = sec ¢ (tan 0)? + (sec 6); 
d?u 
dg? ss 8a27u>—Uu; 
p = 8a*h*u5 
x 8 a7 h? (46) 
[pe 


that is, the force varies inversely as the fifth power of the dis- 
tance, and is attractive ; and if » = the absolute force, = 8 a? h? ; 


ju 

Pa), sles ah IE 

b= Steg; 
ue 

also (velocity)? = —5~., 


302 
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And if tr = the periodic time, 
3 ora? 
ree as 78: 
pe 
And if ¢ is the time of the motion of the particle from the ex- 
tremity of the diameter to the point corresponding to 0, then 
2\2 sin 26 
Agel = 
t= 4a (2) (04 2829), 

(3) Let the centre of force be at any point within or without 
the circle: and suppose it to be at s, see fig. 126; and let c be 
the centre. of the circle, sc=c, cA=a, SP=1, SY== py ten 
because sc? = sp? — 2 sp.cp cos sPpc+cP?, 


c= r—2ap+a’; (48) 
bs 
dp 7 

oui See: 

+3 (r? + a? —¢?)3? 


3 


therefore from (20), pP (49) 


312.] Ex. 7. It is required to find the law of force, the velo- 
city, and the periodic time in, (1) the Lemniscata of Bernoulli : 
(2) the Cardioid. 


(1) 7? = a? cos 26. 


a?u? = sec 20; 


aus = sec 20 tan 20 
= du tan 26; 
ie = "¢tan 20; 
= fe i 180 20-421 (S00 26) 
Pe ae (50) 


and therefore the force varies inversely as the seventh power 
of the distance, and is attractive: and if = the absolute force, 
= 3h? a+, 
m= 

3 a4 


py. 
Thus (velocity)? = 303 


and if ¢ = the time from an apse, then from (12), 
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1 


t= (2) a [cos 26 d0 


= One sin 20; (51) 
and therefore the time to the node = (ay = and the time of 
describing one loop = (2) « , 
(2) the equation to the Cardioid is 
r= a(1-+ cos @) 


2a (cos a 


2au = (seo 5) : 


du 6 \2 0 
20 7, = (sec 5) tan 5 
6 
—— be rie 
a au tan 5; 
os utan ~; 
do ald 
d?u O6\2 4 6 \2 
yan w (tan 5 ) +5 (sees) 
= 3au?—u; 
3 ah2 
ged pai 2 (52) 


and therefore the force is attractive and varies inversely as the 
fourth power of the distance; and if » is the absolute force, 


Mo = Oh. A? ie we . 
3a 
Therefore (velocity)? = oe 
y= Burs 


And if ¢ =the time from the apse to the point corresponding 
to 6= 90, then 


zq2 [4 
Pea te. O [a + cos 092 do 
0 


32 
ig u2az (380 sin 20). 
=O fy tesa (3 (53) 
and therefore if 6 = 7, the time from the apse to the pole 
5 1 
= ae a; and therefore if tT = the periodic time, 


T = (8p05)? 7. 
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313.] It is required to find the law of force im, (1) the curve 
whose equation is, 7 = 2acos 0; (2) the curve whose equation 
2a 
1—ecos nd 
(1) The equation of the first curve in terms of w is, 
20uU = SeCNO; 


is, 7 = 


du 
2a aA = nsecnétan nde; 


n? sec nO (tan 6)? + n? (sec n6)? 
2aun*(8au?—1); 
Sarh?n? (1—n?)h? 
ea ctns 7 
and therefore the force varies partly as the inverse fifth power, 
and partly as the inverse cube, of the distance. 
And if ¢=the time in which the particle moves from the 
point corresponding to 6= 0, to that corresponding to 6 = 0, 
Pee Ae | (eos n0)* dO 
A Jo 
2a? sin 226 
As to (54) it is to be observed that the second term of the 
equivalent of p disappears, if »=1; and that in this case the 
central force varies as the inverse fifth power of the distance. 
Now if n= 1, the equation to the orbit is r= 2a cos 0; that is, 
is the equation of a circle, of which the pole is on the circum- 
ference and the prime radius passes through the centre: and 
when 0=0, r= 2a in both the circle and the given curve. A 
process of tracing such a curve, and of representing the motion 
of a particle on it, is hereby suggested to us. In fig. 127 
take a line sx for a prime radius; on it take sca=2a; and 
on sa as a diameter describe a semicircle sqa: then since 
7 = 2a, when 0 = 0, in the equation to the orbit, the point a is 
common to the circle, and to the orbit: let us suppose 7 to be 
less than unity: and let ap be the curve of the orbit: on it 
take any point P; join sp: then as psx = 0, sP= 2acosn.PSXx; 
let the angle psa’=n.psx, and make sa’=sa=2a; on sa’ 
as a diameter describe a semicircle; then the semicircle will 
pass through p, because by the property of the semicircle 
SP = s8a’'cos PSA’= 2a cos nO, and thus sp is the same for both 
the semicircle and the curve of the orbit. In the same manner 


d*u 


2a doz 


(54) 
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may every point p be shewn to be on a semicircle, the diameter 
of which has a varying position, and as psA=9@, Psa’=n0, 
therefore asa’ = (l—n)@: therefore while Pp has moved over an 
arc of the orbit subtending an angle 6 at s, sa’ has moved 
through an angle (l—~7)6: and therefore the ratio of the an- 
gular velocity of p, to that of the revolving diameter, is as 
1: 1—n; and, according to our system, sa’ revolves in the 
same direction as Pp moves. If however 7 is greater than 1, sa’ 
revolves in a direction the opposite of that in which sp revolves. 
In either case the moving particle m may be represented as 
moving in a semicircle, the diameter of which revolves about 
the pole s with an angular velocity bearing a constant ratio to 
the angular velocity of mm; and the orbit of m is for this reason 
called a revolving circle. 


(2) Again in the second curve which is given, 
2au = 1—ecosné; 


du 
24a— > = en*cosnée; 
do; 
h?n? 1 (1—n?)h? 
aces or, AL 


therefore the central force is compounded of two different forces, 
of which one varies inversely as the square of the distance, and 
the other varies inversely as the cube of the distance. 

Now the second term of the right-hand member of (55) dis- 
appears if nm = 1, and in that case the central force varies 
inversely as the square of the distance ; but if nm =1, the equa- 
tion to the orbit becomes 


a (56) 


I—e cos 6’ 
the equation to a conic, of which the focus is the pole, and the 
prime radius is the principal axis: and to fix our thoughts I 
will suppose e less than unity, so that the conic is an ellipse: 


now 1 o=0, 7= 7 =, in both the conic and the orbit curve ; 


so that if sx, fig. 128, is a prime radius, and the line sa is taken 


on it such that sa = , then a is a point common to the 


conic and the orbit. And to fix our thoughts, let us also sup- 
pose to be less than unity; and let us suppose the curve are 
to be that of the orbit, of which p is any point, and psx=9@: 
take an angle psa’= 70, and let sa’= sa, and produce 4's to B’, 
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so that sB’= ae and on a’B’ as a major axis with s as the 


focus, describe an ellipse; then the radius vector of the ellipse 
corresponding to the angle psa’ 

fa 2a 

~ 1l—ecos psa’ 

2a 
~ 1—ecosnd’ 
therefore the radius vector of the ellipse is equal to that of the 
orbit, and therefore the point » which is on the orbit is also on 
the ellipse. In a similar way it may be shewn that every point 
on the orbit is on an ellipse, the major axis of which has a 
varying position: and as psAa=0, psa’=70, therefore a’sa= 
(1—n)@; that is, as m has passed over an arc subtending an 
angle 6 at s, so has the major axis of the ellipse passed through 
. an angle (l—»)06; the angular velocity therefore of the former 
is to that of the latter as 1 : 1—n: and sa’ revolves in a direc- 
tion the same as that of m if n is less than 1, but in an opposite 
direction if m is greater than 1. In either case the moving 
particle may be represented as moving in an ellipse, the major 
axis of which revolves about the centre of force with an angular 
velocity bearing a constant ratio to that of the moving particle: 
the orbit of m is for this reason called a revolving ellipse. 
Also since in the orbit 


y = Le C0828 du nesinng- 
a) 2a ° ih ane ee 2a 
now if = 0, the corresponding point in the orbit is an apse: 


and the line drawn from the pole to an apse is the apsidal dis- 
tance: therefore the orbit has an apse, whenever sin n@=0O: 


that is, when 
27 


7 
6 = 0, Cae 0 eee 
therefore the angle between two successive apsidal distances 
vis 
pw 


314.] By processes similar to those employed above let it be 
shewn that in the orbits whose equations are the following, viz., 


2a 
(dj) r= end + e—ne? (2) r= a’, 
a 


ar Q’ (4) - 


asec n0, 
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the central force varies inversely as the cube of the distance: 
that in the lituus, whose equation is a?u? = 6, the force varies 
partly directly as the distance, and partly inversely as the cube 
of the distance: and that in the involute of the circle, of which 
the equation is, r? = a? +p’, 

her 

315.] As an accurate comprehension of the expressions for p 
(the central force) is of great importance in the understanding 
of the phenomena of the action of a central force, I think it de- 
sirable to insert the following proof which is founded on first 
principles. 
_ Let m be the mass of a particle moving in a certain orbit 
under the action of a central force, the impressed velocity- 
increment of which along the radius vector is represented by P: 
let p, fig. 129, be the place of m at the time ¢, and let pa = ds 
be the length-element described by m in the time dt; and let 
as be the length-element described in the succeeding dt. Now 
if no central force acted, m would in dt pass through qr in the 
line Pq produced, instead of passing through qs: but suppose a 
force, whose source is in 0, to act on m at q, and to cause it 
to pass through qv in the line go in the time dt; then at the 
end of the second dt, mis at s, as being the diagonal of the 
parallelogram of which qv and @r are two containing and 
adjacent sides; it is our purpose to estimate the effect of the 
central force as expressed in the deflexion of m from its recti- 


f iia —— 


linear path. 

We may consider the central force p to be constant during 
the time dt of its action on m, whereby it draws m over the 
space qv; and therefore by (31), Art. 220, 

2.OV == Pas. (57) 

Let au be the radius of curvature of the curve at q, and let 
qn be the projection of av on it: therefore, as it has been 
proved in Art. 257, if p= an, 

ds? = 2pxaQvn. 

Now QV = QN secoan 
ds* r 
ap p 
ds* dp | 
2p dr’ 
PRICE, VOL. Ill. a8 


(see Art. 251, Vol. 1.) 
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ds? dp 

dt? pdr 

an (58) 
p® dr 


ds? ak Ht ene 
because by reason of (7), on 2s a and this expression is the 


therefore from (57), P= 


2 


same as that before deduced analytically in Art. 808. The 
preceding process is nearly identical with that employed by 
Newton in Prop. VI, Section 2, Book I, of the Principia. 


Section 2.—The determination of orbits, and of their dimensions 
and position, when the laws of central force and other circum- 
stances of motion are given. 


316.] In the previous Section the law of force and other 
circumstances of motion have been determined, when the equa- 
tion to the orbit and the position of the centre of force have 
been given: it is our purpose now to inquire into the converse 
problem; and let it be observed, that for a complete determina- 
tion of the orbit, when the law and centre of force are given, 
four constants, or what are, by means of the limits of the integral 
or otherwise, equivalent to four constants are required: this 
is evident from the form of the differential equations (4), which 
are two simultaneous differential equations of the second order, 
and the complete integral of each of which requires two con- 
stants: or again the equation (21) contains an undetermined 
constant 2; and being of the second order, two more unde- 
termined constants will be introduced during the process of 
integration: and one other constant will be required in the 
integral of (12), by means of which the time at which m is at 
any point of the orbit may be found. The conditions which 
will for the most part be given in the following examples are, 
(1) the distance from the centre of force of the point where m 
is ‘at a given time; (2) the line in which m is moving at the 
time, and the inclination of that line to the corresponding - 
radius vector; and (3) the velocity with which m is moving at 
the given time: the time at which all these circumstances are 
given is called the epoch; and in terms of them, the constants, 
or the limits of the integrals, can always be expressed. 
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317.] A particle m is projected with a given velocity, in a | 
given line, from a given point, and moves under the action of a 
central force, which varies directly as the distance and is attrac- 
tive: it is required to determine the equation to the orbit, and 
the circumstances of motion. 

The plane in which m moves is manifestly that passing 
through the centre of force, and the point of projection, and 
which contains the line of projection. 

Let the centre of force be the origin; let rn = the distance of 
the point of projection from the centre of force; v = the velo- 
city of projection; and let us suppose that m is projected from 
an apse, so that the line of v is perpendicular to rn: then 
since generally 


the velocity = i ody gis 
p 
i ae VR, (59) 
Let ¢ = 0, when m is projected with the velocity v: let u= the 


absolute force of the central force: then since the force varies 
directly as the distance and is attractive, 


ae (60) 
Now from (21) we have, 


d? 
oe neue \ etl 


° : d*u ab 
therefore in this case ae +u= as? (61) 
multiplying by 2du, and integrating, and taking the limits cor- 
responding to ¢ =¢ and to ¢=0, and observing that 


hays tee) 


we have 
’ du? v2 Pm wR 
Wt TG ee wD a 
(the vel.)? = v?+pR? — 5 
= V?+p(R?—1?) ; (63) 


and therefore the velocity is the greatest and least, according as 
y is the least or the greatest. 
And replacing / in (62) by its value from (59), we have, 
du? 1 [be 
en pe Piet 
dgz + — 33 
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2V7R2 2v* BR? 


Q2udu 


v2— UR? \2 v2 R2\2) 2 
(Soe) — (w- Sa) § 
therefore integrating, and taking the limits corresponding to 
¢=¢ and tot=O, and assuming that the prime radius coincides 
with r, we have | 
2v? R2u?— (Vv? + wR?) 
v2 —pR? 

2v?R2u2—(v?+pR2) = (v?—pR?)c0s 20; (64) 


sin-1 — sin-!] = 26; 


and changing to rectangular coordinates, we have 
QveR?— (v4 wR?) (w?-+y%) = (v—pR?) (wy) 5 
2 2 | 
{+o} =1; (65) 
the equation to an ellipse, of which the centre is the origin; 


pede , Vv ere 
R = the semi-axis parallel to the axis of 7, —= the semi-axis 


parallel to the axis of y; and which is the orbit in which m 
moves. 
From (63) it appears that the velocity =v, when r=R; and 


1 Vv - 
= Rp, when 7=-~: these therefore are the velocities at the 
extremities of the principal axes of the ellipse. 

The point of projection is the extremity of the major or minor 
axes of the ellipse according as R? is greater or less than 
is 
—; orin other words, as 


v? is less than, or greater than, pr’. (66) 


Now suppose m to be placed at a point at a distance r from the 
centre of force and.to move in a rectilinear course towards it, 
then, as appears from Art. 232, the velocity of m when it arrives 
at the centre is Ru2; and therefore as the velocity of projection 
is greater than or less than this, so is the point of projection — 
the extremity of the minor or the major axis. 

And if the velocity of projection is equal to that which wont 
be acquired by m moving in the rectilinear path into the centre, 


then en, (67) 


and the orbit is a circle. 
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The periodic time is, by Art. 310, equation (41), equal to 
2a 
a 


5 


, and is independent of the magnitude of the ellipse. And 


ph 2 
if ¢= the time from the point of projection to the point on the 
orbit corresponding to 0, then as in (42), 


1 2 
P= = tan-1 (=! tan 0); (68) 
pb? Vv : 


and thus the circumstances of the orbit are completely deter- 
mined. 

I may observe that if the central force is repulsive, the sign 
of » will be changed throughout the preceding investigations ; 
and that the orbit will be a hyperbola referred to the centre as 
pole, of which the equation will be 


a by? 


and (velocity)? = v?+ p (r2—R?); (70) 


1 z 
iQ v+Rp? tan 6 


t= (71) 


242 “v—Rptand 

318.] In Article 233, (2), it is said that according to the 
principles of the undulatory theory of light, the force acting on 
a displaced molecule of ether, and bringing it back to its 
original position of rest, varies directly as the distance through 
which the molecule has been displaced ; and it is also said that 
generally the line of motion of the particle, when it is brought 
within the action of this force, is not in the line joining the 
particle and its original position of rest. Here then are the 
circumstances required in the preceding Article; a particle 
moves in a given line, with a given velocity, and is acted on by 
an attractive force varying directly as the distance: its orbit 
therefore is an ellipse; and the periodic time in the ellipse is 
independent of the magnitude of it, and depends only on the 
absolute force in the centre; therefore the ethereal molecules 
move in ellipses which are in planes perpendicular to the line 
of propagation of a ray, and if the absolute force of the central 
force is the same for all the ellipses the periodic time is the 
same, but if it varies, the periodic time varies inversely as its 
square root. Now in this case, as in that of rectilinear motion, 
the intensity of light is supposed to depend on the magnitude 
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of the ellipse, and the colour of light on the periodic time of 
the orbit: hence it appears that the variations of the intensity 
and of the colour are independent of each other; and this fact 
is in accordance with observation. 

Hence also we have a physical explanation of other kinds of 
polarised light: if all the major axes (say) of the ellipses of 
ethereal motion are parallel to each other, the light is said to be 
elliptically-polarised: if the ellipses become circles, we have 
circularly-polarised light: if the azimuth of the major axes of 
the ellipses rotates uniformly, we have another modification of 
the ethereal vibrations. The further investigations however of 
such changes must be sought for in treatises where the phzeno- 
mena of light are specially inquired into. 


319.] A particle m is projected with a given velocity from a 
given point and in a given line ; and moves under the action of 
a central attractive force, which varies inversely as the square 
of the distance: it is required to determine the equation to the 
orbit, and the other circumstances of motion. 

The plane in which m moves is manifestly that which con- 
tains the point of projection, the centre of force, and the line in 
which m is projected. Let the centre of force be the origin; 
v =the velocity of projection; r= the distance of the point of 
projection from the origin; a=the angle between r and the 


line of projection; then since generally the velocity =e and 
at the point of projection p = R sin a, Pp 


A 
Vie * ; 
R sina 
h = vRsina; (72) 


and let ¢= 0, when m is projected from the given point. 

Let »=the absolute force of the central force: then since 
the central force P varies inversely as the square of the distance, 
and is attractive, 


ie 2 
hat (21) b a tua 
so that (21) becomes 7 ar (74) 


Multiplying through by 2 du, integrating, taking the limits cor- 
responding to ¢=7 and to ¢=0, and observing that 
see 


(velocity)“s=-) h* (u24 762 
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du? ae me Ve 2 hu 2 


we have, pA See rah alee (75) 
therefore, (velocity)? = v?+2 mu — a 
Leal 

= v?4+2n(=—-); (76) 


and thus the velocity is the greatest or least according as 7 is the 
least or the greatest. 


In (75) replacing h by its value in (72) we have, 
du? é I 2 bu 2 


do? aes < (R sin a)? - (RV sin a)? a R3(v sin a)? (77) 
To express this in a simpler form, let 
pee oe VIR— 2p (Lancs ae ee 
G@vsna®—” wy (inaet @vsmai °3 ) 
so that (77) becomes 
2 
ae = c— (u—6)?; 
ae dd, (79) 


{8 (u—3)}4 
the negative sign being taken in the extraction of the square 
root, because we will assume that r and @ simultaneously in- 
crease and decrease. Therefore integrating, and leaving the 
position of the prime radius undetermined, so that it may be 
determined by means of subsequent considerations; and thus 
introducing an arbitrary constant y, we have 


cos-1“—_— = 0—y, (80) 
u = b+¢ cos (0—y); (81) 
and restoring the equivalents of 5 and c, 
_, CGAY oe oa ee is wh 
pie (RV sin a)? a v? (sin a)? 2 (Rv sin a)4 cos (d—y); (82) 


and this is the equation to a conic, of which the focus is the 
pole. For if e is the eccentricity of a conic, if r is the focal 
radius vector, and @¢=the angle between r and the principal 
axis, and measured, say, from that point of the conic which is 


nearest to the focus, 
1 l+ecos¢ | 


if 


r 2k ; 
and comparing this with (82), it appears that 


(83) 
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(v?R — 2) RV? (sin a)? 
Cates a (84) 
(2) O0-y=¢. (85) 


Now from (84) e is less than, equal to, or greater than, unity 
according as v?R—2y is negative, zero, or positive ;' the orbit 
therefore is an ellipse, a parabola, or a hyperbola, with the 
centre of force at the focus, according as v? is less than, equal 


to, or greater than, ae The interpretation of this -discrimi- 


nating condition is as follows. Suppose a particle to move in a 
rectilinear path from an infinite distance towards the centre of 
force; then the equation of such a motion is 
2 

oe ae (86) 
where x = the distance of the particle from the centre of force 
at the time ¢. Multiplying both sides of the equation by 2 dz, 
and integrating, we have 

dx* — Qp. 

df? es 
and therefore the square of the velocity at a distance x from the 


(87) 


centre = =. Thus it appears that according as the velocity 


with which the particle is projected at a distance rR from the 
centre of force is less than, equal to, or greater than, that which 
would be acquired by the particle moving from an infinite dis- 
tance to that point under the action of the central force, so will 
the orbit be an ellipse, a parabola, or a hyperbola, with the 
centre of force in the focus. The species of conic therefore 
does not depend on the position of the line in which the par- 
ticle is projected, but on the velocity of projection in reference 
to the distance of the point of projection from the centre of 
force. I may also observe that, by reason of (17), according 
as the velocity of projection is less than, equal to, or greater 
than, that from an infinite distance at the point of projection, so 
will it be at all poimts of the orbit. Thus if a particle moves in 
a parabola with the centre of force in the focus, the velocity at 
every point of the orbit is equal to that which would be acquired 
by the particle moving in a rectilinear path from an infinite 
distance under the action of the central force to the point on 
the orbit. This result has also been proved before in equation 
(32), Article 309. 
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And with respect to y, the undetermined constant which is 
introduced at the integration of (79), from (85) it appears that 
@é—y is the angle between the focal radius vector r and that 
part of the principal axis which is between the focus and the 
point of the orbit which is nearest to the focus; therefore y is 
the angle between the prime radius and that part of the prin- 
cipal axis; and therefore if y= 0, the principal axis is the prime 
radius. For the present I shall suppose this to be the case; 
and I shall consider each of the three conics separately. 


320.] Let us in the first place consider the ellipse in which 


! 2 
v2 is less than 3 


so that by reason of (84), if e= the eccentricity, 


Pavers (2 w—v?R) ck (sin a)” (88) 

2 
Now the equation of an ellipse, where r = the focal radius 
vector, 9 is measured from the shortest segment of the major 


axis, 2a@ =the major axis, e = the eccentricity, is 


wieeost — e-) * 

es l+ecosé’ 

] e 
TS 2 annie te 3.9 gg ee QO; 89 
e AS ob oF) es? eo 


comparing which with (82), we have e as in (88), and 
NA a Se 90 
a= 2u—V?R’ ( ) 
and thus the major axis of the ellipse is also independent of the 
angle between the line in which the particle is projected and 
the line joining the point of projection and the centre of force. 
Let 8 =the angle between the major axis of the ellipse and 


R; then from (82), u =-, when 06—y = 8, and we have, 


: RV? sin a cosa 

sin B= 5: (91) 
{u2— (2—Vv?R) RV? (sin a)?}? 

which equation determines the position of the major axis of the 
ellipse with reference to the given line rR. 

Thus the position and the dimensions of the elliptic orbit are 
completely determined, on the supposition that the initial cir- 
cumstances are given. Fig. 130 explains the several quantities 
which we have introduced. Let 3 be the point of projection ; 

PRICE, VOL. III. 32 
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sB=R; BY the line along which the particle is projected with 
the velocity v; ssy=a, the angle of projection; Bsa=8; sP=r; 
PSA=0; SY=SBSiN SBY=R Sina; if a=90*, the particle is pro- 
jected from an apse, that is, from one or other of the extremities 
of the major axis of the ellipse. 

It remains for us to investigate the time during which the 
moving particle passes from one to another point in the orbit ; 
and let us suppose ¢=0, when m is at that extremity of the 
major axis which is nearest to the focus. Now since the quan- 
tities which determine the magnitude of the ellipse have been 
expressed in terms of the initial circumstances of motion, we 
may assume that a and e are known ‘in the equation, 


eee 
ova 1+ecosé@’ Se 
and by Ex. 1, Art. 309, (26), 
h = {ua (1—e?)}3; (93) 
2 
therefore by (10), dt = “- d0 
2 
* Pee 8 (94) 
{pa (1—e?)}2 
— e?)3 
but from (92), do = BALE Shank A... ; (95) 
r {a®e?—(r—a)*}? 
at) (2) et eet SC) ee (96) 
KB’ {a?e*—(r—a)*}2 
t= (2 ah EEG USA 
MY Ja(l—e) {a®e?—(r—a)*}2 
ay? r—a r 
hag ie te ee a et (r—a)}3| 
@ E Se {a e?— (r—a)*} ial 
wh ay mt: agent Sy eek fe oi 2 
= (") } a 0s me {a®e?—(a—r)*} t; (97) 


which gives the value of ¢ corresponding to any value of r. At 
the farther extremity of the major axis, 7 = a(1l-+e), the time 


corresponding to which is the semi periodic time: therefore 


the semi periodic time = dies : (98) 
and at the extremity of the minor axis, 7 = a; in which case 
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and therefore the time from the extremity of the minor axis to 
the farther extremity of the major axis is 


alate 
ub 2 


the periodic time = 


And thus 


j (99) 
the same result as (28). 


321.] The expression for the time given in (97) admits of the 
following simplification: let 
a—r 
cos-! ——_ = 4, 
ae 


r = a(l—ecosu); (100) 
u being an auxiliary angle, the geometrical meaning of which 
we shall presently investigate: then substituting in (97), we have 


a\2? ’ 
¢ = |—)} {jau—ae sinu 
(i) { 
a? 
ee atare Sn it}; (101) 
and for convenience of notation, let 
ae (102) 
pe n 
nt = u—e sinu. (108) 
Hence when wu is increased by 27, that is, when the particle 
has passed through the whole orbit, ¢ is increased by ae ; ae 


therefore is the periodic time of the orbit. 

As r and ¢ are given in terms of w, let us investigate also the 
relation between @ and w; equating the values of 7 given in 
(92) and in (100), we have 

l—e? 
1+ecos 0 
(l—e) (1+ cos wu) | 
1l—ecosu 


= l—ecosu; 


1+ cos é = 


eared git ssehs naka) Eis 008,04) 
l1— ecosu 
1— cos 6 1+e1l—cosu 


T+ cos@. J—e 1+ cosu’ 


tan gf (= a ay tan ~. (104) 
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The value of ¢ in terms of @ is so complicated that itis unne- 
cessary to insert it. The geometrical meaning of these several 
quantities is interpreted by the aid of fig. 131. On the major 
axis aca’ of the elliptic orbit, describe a semicircle: let p be 
the point on the ellipse corresponding to which are sP=7, 
psa= 60; let the ordinate pm be drawn, and let it be produced 
so as to cut the circle in q: draw ac to c the centre of the 
circle. Let ca=cq=ca =a: then by a property of the 


ellipse, 
SP = @—€.CM; 


r = @—ae COSQCM 5 (105) 


therefore comparing this with (100), ecm = wu. 

When a particle moves in an elliptic orbit under the action 
of a force in the focus, it is evident that as equal areas are 
described in equal times, the angles abutting at s are not de- 
scribed uniformly; and for this reason angles measured from 
sa are called anomalies ; 0 is called: the true anomaly, u the 
eccentric anomaly, and nt the mean anomaly. 

From (99) it appears that the periodic time of m in the 
elliptic orbit is independent of the eccentricity of the ellipse, 
and is therefore the same as that in a circle whose radius 1s a; 
but in this latter case e=0, r= a, 0=u=nt; thus equal angles 
are described in equal times, and the particle moves uniformly in 
the circle: hence n¢ represents the arc of the circle aqa’, which 
would be described uniformly by a particle in the same time as 
that in which the elliptic arc is described, both the particles 
being together at a; and therefore also at a’, because then 
u=7 and sinu=O, and thus from (103) the time from a to 


‘d 


TT F - 
A= 73 0 Is called the mean motion of m: now as these two 


particles start from a simultaneously and in the same direction, 
one along the circular and the other along the elliptic orbit, the 
latter is before its mean place from a to a’, because sin uw is 
positive in the first two quadrants, and therefore u is greater 
than nf; and is behind its mean place from a’ to a, because 
sin wv is negative in the third and fourth quadrants. It is for 
this reason that nt is called the mean anomaly, and also 
that u which depends on the eccentricity is called the eccentric 
anomaly. Also as the velocity varies inversely as the perpen- 
dicular from the centre of force on the tangent, the velocity at 
A in the elliptic orbit is the greatest, and at a’ is the least: the 
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particle therefore leaves a with a velocity greater than its mean 
velocity, and therefore gets before its mean place, but is at a’ 
at its mean time: and as it leaves a’ with a velocity less than 
its mean velocity it is behind its mean place, until its velocity 
increasing it arrives at a’ at its mean time and with a velocity 
greater than its mean velocity. 

One case of elliptic motion under the action of a force vary- 
ing inversely as the square of the distance requires notice. 
Suppose e=0, that is, suppose the orbit to be a circle; then 
from (88) we have 


{4—RV? (sin a)?}?+4 R? v4 (sin a cos a)? = 0; 


which can be satisfied only when a= 90°, and v2? =": in which 
R 


case m is projected at an apse; and if p’= the central force at 
the point of projection, at: and therefore 


gaaV? 
P= — 


R 
2 
but by (81), Art. 255, is the centrifugal force at the point 


3 


of projection; therefore at that point the central force is equal 
to it: if therefore m is projected from an apse with a velocity 
such that the centrifugal force is equal to the central force, the 
particle continues throughout its motion at the same distance 
from the centre of force, and the orbit is a circle. We shall 
hereafter point out the general cause of this circumstance. 


322.] Let us in the next place consider the parabola in 
which, see Art. 319, Tate 2 i 
v= —. (106) 

R 
Now the equation to the parabola, of which 4a is the latus 
rectum, and the focus is the pole, and the line from the focus 
_to the vertex is the prime radius, is 
2a 
a 1+ cos 6° eal 
and comparing this with the form which (82) takes, when 


v?7R = 2p, we have, 
1 


— 2x (sin a)? - 
a= r(sina); (109) 


u + cos 0}; (108) 


ui 
and if 8 =the angle between the vertex and r, then u= = 
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when 6= £8; in which case, from (108), 8 =180°—2a. Thus 
the position and latus rectum of the parabola are completely 
determined. If a= 90°, the particle is projected from an apse, 
and therefore from the vertex of the parabola. 

The time has been found in terms of @ in Art. 309. 


323.] And lastly let us consider the hyperbola: in which 
v? is greater than a 
and if e is the eccentricity of the curve, 
(v?R—2p) RV? (sin a)? 
ee ee 
Now the equation of the hyperbola, if 6 is measured from 


the extremity of the transverse axis which is nearest to the 
focus where the pole is, is 


e? == jp (110) 


5 Ga 
= ete e Se 
] e 
= g(a tele ae (112) 
comparing which with (82), we have 
Petite Secciacit. (118) 4 


v7 R—2p ; 
and if 8 is the angle between the transverse axis and Rr, 8 may 
be determined by a process similar to that by which equation 
(91) is found. 


Thus the position and size of the orbit is completely deter- 
mined. | 


And the time may thus be found. The equation to the 
hyperbola being (111), we have, as in Art. 309, 


h = {na(e?—1)}2. 


Therefore by (12), Art. 307, if ¢ is the time from the vertex 
of the hyperbola, 


4 r? do 
=i, {wa (e?—1)}* 


= (2) iP rdr 


a(e-l) {(r+a)?—a7e?12 


3 2 2 qe b 
= (¢) XG 4a)—ate ta log" FAH eee tay) 


To simplify this expression, let « be the Napierian base, and let 
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rta+{(r+a)?—are}2 lh 
ae | a ite 


e ) 
b= 4 ~(e"—e-") —u -. (115 
hy € & ( oO) 


Hence, in conclusion, it appears that if a particle is projected 
with a given velocity, and moves under the action of a central 
force which varies inversely as the square of the distance, the 
path which it describes will be either an ellipse, a parabola, or 
a hyperbola: and that the species of curve depends on the 
velocity of projection. The physical application of the preceding 
results is deferred to Section 3 of the present Chapter. 


324.] A particle is moving under the action of a central 
force, which varies inversely as the cube of the distance: it is 
required to determine the nature of the several orbits which it 
can describe. 

Let us suppose the force to be attractive, and » to be the 
absolute central force: so that for the central force we have, 


P= = == [hs (116) 


Let v= the velocity of m at a point whose distance from the 
pole is R; and let a= the angle between r and the line in which 


m is moving: so that Famers, oe (117) 


and thus f/ is given in terms of known quantities. Substituting 
(116) in (21), we have 


doz" ~ 18 
And multiplying by 2du and integrating, and taking the 
limits corresponding to r = r and to r= Rk, we have 
du? [ 
i) AAO ae) BE Oe aR ae ee SEM 
h ( 72 +4 ) Vv pu = 
2 i738 ae 
Gus = ae u2+ eee A . 
do? h? h? R? 
Now if a particle moves in a rectilinear path from an infinite 
distance, under the action of a central force which varies in- 
versely as the cube of the distance, towards the centre of force, 
then if v is the velocity at a distance x from the centre, 


(118) 


so that v2n?—p is positive, zero, or negative, according as the 
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velocity corresponding to R is greater than, equal to, or less 
than, that acquired in moving from an infinite distance. 

Now (118) admits of different cases, according as the coeffi- 
cients in its right-hand member are positive, zero, or negative ; 
and replacing 2 by its value in (117), we have 


u—h? = p—v? RR? (sin a)?. , (119) 
(1) Let p—h? be a positive quantity; and let 


u—h? 
fe 


(a) and suppose v?R? to be greater than »; and let 


—— 2. 
=n; 


Qiao 
—- = nic’; 
so that (118) becomes, 
2 
Co = (ube) 
iis 2 = § fen —e-no-v}, (120) 
(8) suppose v?R? =p; then »—h? = v?R?(cos a)?; and (118) be- 
comes 
5) ad 2 
“ia = (COL aa: 
ele (121) 
(vy) let v?R? be less than ».; and let 
v2 R2— ive 
her? A 
so that (118) becomes, 
du? ; 
do2 =n (u2—c?) ; 
] Cc ; 
tb |e ig fen) 4 emmy (122) 


(2) Let p—h? = 0; so that from (119), . = v? R2(sin a)?; and 


therefore v2w—p (cot a)? 


A2R2 R2 ” 
so that (118) becomes, 


du _ cota 
hip Cn eae 
Bt R tan a_ 


(123) 


Oey 
which is the equation to the reciprocal spiral. 
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(3) Let »—h?, that is, 1»—R*®v?(sin a), be a negative quantity ; 
and let 


p—h? 
therefore v?R?—y, is a positive quantity: and let us therefore 
suppose v?R?— 
an Ea 
so that (118) becomes, 
du? 
Wa = n* (c?—Y?) ; 
1 
Le as c cos n (O—y). (124) 
If the central force is repulsive, the sign of » must be changed; 
Be pts Ae 272 
in which case, if re = —n?, and i = n*c?, equa- 
tion (118) becomes, du2 
— = n? (c?—u?) ; 
do 
1 
“= =e cos n (0—y). (125) 


There are therefore generally five different orbits in which a 
particle may move under the action of a central force which 
varies inversely as the cube of the distance, and to which the 
equations are, if the prime radius is judiciously chosen, 


24 2a 


5 SECT a) SG) end e=n8? 
a we eve’ Ye 20 
age oe ~ cosnd- 


One case of the preceding requires notice: in (2), wherein 
p= h?; if v? R? = p, then cot a= 0, and the equation of the orbit 


becomes, ay yr | 


ere Oe dee Exige 8 
r=R; (126) 
which is the equation of a circle, the centre of which is the 
pole. Since in this case 
aati 
wh as 
From these results it appears that, since cot a=0, m 1s pro- 
jected in a line perpendicular to xr; and at the point of projec- 


v2 R2 = he; 


; see Ge LenS 
tion the centrifugal force, of which = is the representative, is 
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equal to the central force, that is, to 5 ; and as the orbit 1s cir- 


cular, this equality of the central and centrifugal forces will 
hold good at every point of it. 


325.] A particle is moving under the action of a central 
force which varies inversely as the fifth power of the distance, 
and is attractive: it is required to determine the nature of the 
orbits. | 

Tet x be the distance from the centre of the point of projec- 
tion, a the angle between r and the line of projection, v = the 
velocity of projection: then 

h=vRsina; 
and thus / is given in terms of known quantities. And for the 
central force we have, 


Pr = = pus 
so that (21) becomes, d?u r pus 
eet}, cameras 
du? ee U 
27. soe 8 Ps Diet sy peeees URS i le aL 
: (aa +) y 2 ~ 2p? 
ip? 4 
as _ = —h?y+v? — 54 (127) 


Now suppose v? — 57 = 0, in which case the velocity of 


projection is equal to that acquired at a distance R in moving 
towards the centre of force from an infinite distance, then (127) 


becomes, du? _ wut 
U6? 27 
Let OL = a*, and substituting wu =—, we have, 
—d 
4 " — dé ; oe cos-} — = 0—y; 
(a*—7r*)2 a 
r = acos(0—y), (128) 


the equation of a circle, on the circumference of which the pole 
is, whose diameter is inclined at an angle y to the prime radius, 
and of which the diameter is a. 

Again (127) may be integrated when the right-hand member 
is a complete square ; in which case, we have 
p h* 


ee = —: 
yy cach AT A 
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and therefore (127) becomes, 


du _ 2 we h? 
an: i (5) (2p)? 
= 2 
= (5) fur 
h? is (5) (uta, 
if a? = —; —a 
H log ——“ — 2*(-»); 


i Te 1—e2@-y)_ 
= Sees Gan 
which is the equation to the orbit. 


326.] Let us now consider certain general properties of the 
equation (21) of central orbits. We have 


d?u P 
. 2 
If at all points of the orbit, p = h? u3, then Le = 0, and we 


have the orbit (123) of Article 324, that is, the reciprocal 
spiral. But if there is an apse at any one point of the orbit, 


du : ae A : ; 
=, = 0 at all points, and the orbit is a circle: in which case 


0 
ry: 
P= 7 
_ (velocity)? 
te r 
= the centrifugal force, (131) 
since r is at every point of the orbit perpendicular to the tan- 
gent at the point. Hence, whatever is the law of force, if the 
particle is moving at an apse, and its velocity and distance from 
the centre are such that the centrifugal force is equal to the 
central force, the particle moves in a circle. In this case the 
result is the singular solution of the differential equation (180), 
because it arises, not from any particular values given to the 
arbitrary constants of integration, but from the variable P in 
the original equation being replaced by a constant quantity. 
We have had instances of these singular solutions in the pre- 
ceding Articles. 
327.] The equation of the orbit can always be found in terms 


of r and 6, if the central force Pp varies inversely as the xth 
ZR2 


492 CENTRAL FORCES. (ga. 


power of the distance, and if the velocity of projection is equal 
to that acquired at the point in moving from an infinite distance 
towards the centre of force. 

uv 


In this case, dime pu” ; 
so that (130) becomes, 
du heels 
We t4% =F," : (182) 


Now to calculate the velocity acquired in moving from an 
infinite distance to a point at a distance r from the centre of 


force ; da a de Qu 
ey aOR Jee "dt? ~ (n—1) x")? 
therefore if v is the velocity at the distance R, 
v? cf (138) 


¥ (n —1) R”-1 ; 
and integrating (182), and taking the limits corresponding to 
r=r and to r=R, we have 


Pan 2p 


D 
OP Baca S Oe eo: pest tem hy pl ee 
h (a +uU ) v= Tae | u (n —1) R”-1’ (134) 
therefore by reason of (188), ) 
du? 2 
at! = ean a 
Cau n—3 
Let h?(n —1) =a > 
teh to Bags — dé; 
(a"-3 unl —_.y2)2 
Si honey Aeee aan = a6; 
u 2 {ar-3—y-(n-9)} 3 
n—-3 
—d.u 2 n—d 
(gut yg ceoyA Sy dé ; 
bona 
cos-} = a (o—y)5 
a2: 
ers Ni ieteeee —3 
r?2=—-a?2 cos 5 (0—y); (186) 


which is the equation to the orbit: also (135) shews that the 
velocity at every point of the orbit is equal to that which would 
be acquired in moving to that point from an infinite distance. 
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e 2a 
ieee yeets GOS.07 


n = 3, then by means of (135), r = a?, the Logarithmic Spiral. 


wae Fe the equation of a Parabola. 
n=4, r= 5 (1 + cos @), the equation of a Cardioid. 
m=9d, r= acos 8, the equation of a Circle. 

3 
2 = 6, r® = 5 (1+ 0s 36). 


m= 7, r? = a* cos 20, the equation of a Lemniscata. 


and so for other values of n. 


328.] If the form of P is 


A? 
= 5 +f (6) (187) 
= pus +ku2 (6), 
where f(@) represents any function of 0; then equation (180) be- 
comes 
? d2u [i k2 
ar t(i-f)u =a: (138) 
d*u 
ay, 
or 702 +n?u = a*f(9); (189) 


which is a linear differential equation of the second order, and 
of which, by Art. 352, Vol. II, the integral is, 


“= = co { sin no | f(0) 0s n@ dd — cos no] f0) sin n0 do | 
r n 
+csin(nO—y); (140) 
where c and y are constants undetermined, and dependent on 
the initial circumstances of the motion. 

Suppose f(@) = 1, so that the central force, see (137), varies 
partly inversely as the square, and partly inversely as the cube, 
of the distance, then (140) becomes 

1 a? ' 
2 a + ¢ sin (nO—Yy) ; 
which represents a revolving conic: see Art. 313. 
And if (6) =1, and p=0, so that n = 1, then 


: = a*+c sin (@—y) ; 


which is the equation of a conic. 
And the differential equation (130) can always be reduced 
to simple quadrature, if the central force is a homogeneous 
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function of the second order in terms of x and y, because in 
that case _ 
=. 
Also again if X 
Pp. ae + er 


— pud+—; 
d*u bu a 
then deez + = h2 + 343° 
du I pe 
doz + (1— qa) & = gag 


therefore multiplying by 2du, integrating, and introducing an 
arbitrary constant, 


du? 1 Fee 
aot a aes 
the integral of which is of the form 
Ties u = a+kcos2n(d—y). (141) 


If n= 1, that is, if 1 =O, the central force varies directly as 
the distance, and (141) is the equation of an ellipse, the centre 
of which is at the centre of force. 


329.] Some few problems are added, so that the results of the 
preceding Articles may be exhibited in forms somewhat different 
to those which have been already discussed. 


Eix.1. A particle m moves under the action of a central 
force ; and its velocity varies inversely as the nth power of the 
distance from the centre of force: it is required to determine 
the law of force, and the equation of the orbit. 

Let v and v be the velocities at the distances r and R re- 
spectively ; and let — k 

Cis tes 
ey 
then by (16), Art. 308, 
k? r 
—v? = —2 i} pdr; 


yan 


therefore differentiating, 
2 nk? nk? 


7 pant eg ee 2P; ee . pantl? 


which gives the law of attracting force. 
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Also since du? 
(velocity)? = h? (uw? + atl , 
du? 
k2y2” — f? (w+ 5); 
of which the integral is, 
k 
pr — 7, 08 (n —1) (0—y). (142) 


Ex. 2. A particle m is moving in an ellipse, at the focus of 
which is the centre of force, and as m passes successively 
through the apse which is nearer to the centre of force, the 
absolute force is increased in the ratio of n to 1; it is required 
to determine the nature of the orbit after p passages through 
the apse. 

Since m moves in an ellipse, the velocity at every point of 
the orbit, and therefore at the apse, is less than that due to an 
infinite distance; see Art.319. Now the velocity at the apse 
is always the same, see Art. 308, in the successive passages 
through it, whatever is the value of the absolute force: and 
therefore if the absolute force is increased, the velocity at it 
becomes proportionately less and less than that acquired from 
an infinite distance ; the orbit therefore is still an ellipse. 

And as the velocity at the nearer apse is unchanged, by the 
increase of yp, his the same in the orbit after the pth increase 
as it was in the original ellipse. Let 2a and e be the major axis 
and the eccentricity of the original ellipse, 2 a, and e, those of the 
final ellipse: then equating the values of h, see (93), Art. 320, 


pa(l—e?) = n?ya, (l—e,”) ; 
also as the distance of the apse from the focus is the same in 


both orbits, a(1—e) = a, (1—e,), 


l+e nP (1+ .e,), 
which gives the eccentricity of the final ellipse. 


Thus as 7 is greater than unity, the eccentricity becomes less 

and less, and = 0, when ieee sy 
i log 2 

in which case the orbit is a circle: and as the revolutions con- 
tinue, the orbit again becomes an ellipse, but the apse which 
was the nearer becomes that farther from the focus: and ulti- 
mately, when p=co, that is, after an infinite number of revo- 
lutions, e, = —1; in which case from (90), 2a, becomes equal 


>) 
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to the distance between the focus and the apse, and thus the 
particle falls into the centre of force. 


Ex. 3. A particle under the action of a central force which 
varies partly inversely as the cube, and partly inversely as the 
fifth power, of the distance, is projected from a given point with 
the velocity which would be acquired in motion from an infinite 
distance, at tan-! 2? with the distance, and the forces are equal 
at the point of projection. It is required to determine the orbit. 

Let Rr be the distance of the point of projection from the 
centre of force: and let 


pe oi 
P= 7 tps 
= pur+ pu; 
and since the forces are equal at the point of projection, 


eo Pp . 
Ro RS” oe f= WRF 


Let v = the velocity of projection: therefore 


Bo 
wt QR! 
OM 
2RA* 
h? = v?R? (sin tan-! 27)? 
=a. 
The equation of motion is 


v2 = 


h? (ie -+ uw) = putpue; 


di 
du? Sn 
2 eee Ee a! Le 
h (+0?) v2 feu? + Tae 
du ye 

2 pee D 4 

R24 

= wwe ; 
du? R? R , 
—<—S= os — ——— 4 oes c= S 0 22), 
do? 2 ime aa | —- 


if x coincides with the prime radius. 


Ex. 4. A particle is projected from an apse, and moves under 
the action of an attractive central force which varies inversely 
as the seventh power of the distance; it is required to find the 
orbit, the velocity of projection being equal to 37 ?v,, where 
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v- is the velocity with which a particle projected from an apse 
would describe a circle about the centre of force in its centre. 
io 
yt 
therefore if v = the velocity of projection, x = the distance of 
projection, by Art. 326, 


In this case, P= = pu’; 


Brasil, : pope 
‘ee Re? le BReo? 

h? = v2? R?2 

5%) fe 
3R* 
The equation of motion is, 
du : 
ne (TS +u) = pt; 


du* Moke 
ne (Fa +) — ah = Bw 5 
du? 


do 
eer te R7cOs 2 0, 
if the prime radius corneas with R: and this is the equation 
of the lemniscata. 

Ex. 5. From an apse at a distance a from a given centre of 
force, which varies as any power of the distance, a particle is 
projected with a velocity very nearly equal to that which would 
be required for a circular orbit; it is required to determine the 
value of the radius vector which corresponds to the apse next 
to the point of projection. 

Let P the force be represented by u? (wu); so that the equa- 
tion of motion becomes, 


du _ $@ 
de “= Aaa (143) 
Now if v, is the velocity for a circular orbit at the distance a, 
ga 
ag p (-) yi 


Let the velocity of projection =v; and let v= (1+ e)v,, where 
e is a small quantity ; 
(l+e) 1 1 
v=" 4(-), 12 = (L+eag(-). 

Let a’ be the value of the radius vector corresponding to the 
next apse; then from the equation of motion (143), by integra- 
tion we have, 
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ne (Se +u2) —v? = hen 2/9 du ; 


but heey when a therefore 
do a 
(1+ e) ih (1+ e}? ‘ 
FO" ag (2) — CEO 6 (2) = af * genau; 


and taking the = - differential, we have 


a+es 4 (2)— 5 4(2)-9(2)-5# (2) = —20(2) 


sfo()-Lo()}+4(d)+10() =a6(Qaron 
= 29(-) (1—2e), 
omitting powers of e higher than the first 
a eh, 4ed () 
eon 1d 71 
? at! 
1 
26 ¢ (- 
(i eT rg ciitt te (144) 
6(2)- 495) 


If the force varies inversely as the square of the distance, 
then p(w) = pw (say); and 
= a(lit2 ey 
Ex. 6. A particle moves under the action of a central force 
which varies as any power of the distance, and describes an 
orbit which is very nearly a circle; it is required to find the 
angle between two successive apsidal distances. 
Let the law of force be represented by wu? f(u), so that 
Pa eee) 
Let a be the value of u at the point whence m is projected ; and 
let the velocity of projection be to that corresponding to a cir: 
cular orbit as 1: 1+e; 
(de ee = fi(u): 
and let the particle be projected from an apse, so that 


h? = aa e)~?. (145) 


Since uv is always nearly equal to a, let 
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a } Cy CCE ee 
“= at+e2; Wa = ae’ 
f(u) = f(a+z) 
== f(a) +f'(a) z, 


neglecting terms involving higher powers of z: so that the 
equation of motion becomes, 


h? (Se +042) ae A) 


= f(a) +f"(a) z, 
q2 
“a +(1- 29), = a Be ae: 


and substituting for h? from (145), and neglecting terms in- 
volving e?, e°, ... and ez, ... because e and z are infinitesimal, we 


have 9 ) 
and if 1 — va =n, we have 
d?2 
— 4 ns = ea; (146) | 


the integral of which is 


z= asin (nd— Saath saas 


and therefore the angle between two successive apsidal distances 


eee Oe (147) 
ie RESON 
f@ 
If the force varies inversely as the nth power of the distance, 
then cate 
fu) = pur, 


fu) = p(n—2) ur; 
therefore the angle between two successive apsidal distances 
7 
i Gara (148) 

and therefore if n = 2, that is, if the force varies inversely as 
the square of the distance, the angle between two successive 
apses = 7. 

If n = —1, the angle a5 ; which accords with the results of 
Art. 317. 

The preceding example is Prop. XLV, Section IX, of the first 
Book of Newton’s Principia. 
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Section 3.—The Elements of Physical Astronomy. 


330.] The science of physical astronomy consists in the 
application of mechanical principles and equations to the mo- 
tion, figure, and other circumstances of the celestial bodies ; 
and, as such, it has been called Celestial Mechanics, or, as 
Laplace has named it in his great work, Mécanique Céleste. It 
is the most important application of the two preceding Sections ; 
and I propose therefore to investigate the process by which our 
equations, deduced as they are from the abstract principles of 
dynamics, may be so applied; and also to prove some few ele- 
mentary astronomical theorems which are immediately conse- 
quent upon them. I must observe that the explanations will 
be of motions as they are, and not as they appear to us on the 
surface of the earth: we are upon one of the planets which 
circulate about the sun, as secondaries about their primaries; 
and we are therefore subject to displacement; and to displace- 
ments of two kinds: one of which is due to the absolute motion 
of the earth in space, by reason of which its centre is carried 
forward about 19 miles every second of time, and the distance 
between its places at an interval of six months is about 190 mil- 
lions of miles: and the other is owing to the diurnal rotation 
of the earth about its own axis, so that as the diameter of the 
earth is nearly 8000 miles, a person at the equator suffers a dis- 
placement to this extent in the course of every 12 hours, and of 
an observer at a place the latitude of which is A, the displace- 
ment is 8000 miles x cosA: these effects are called parallax : 
the former is the annual, the latter the diurnal, parallax: so 
that the motions and displacements of the heavenly bodies do 
not appear to us to be what they actually are. Thus another 
planet appears to us to have a motion sometimes in one direc- 
tion, sometimes in another, and at other times appears to be 
stationary. In the following account, to anticipate the sequel, 
the sun, which is the centre of our system, will be supposed to 
be at rest, and the planets will be supposed to circulate around 
it; and the system of reference is said to be heliocentric. 

Now the equations and results which have been proved in the 
preceding pages are, as I have said, founded on principles of 
the abstract science of motion: thus from the relation of moving 
matter to time and space have the cinematical principles -been 
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deduced: inertia has been assumed to be a property of matter 
as the subject of motion, and on it has been founded the prin- 
ciple of equalizing impressed and expressed momenta. Instances 
also have been quoted wherein cosmical matter fulfils these con- 
ditions, and, as the laws of inductive philosophy authorize, a 
property which is proved to be true of some is extended to all 
cosmical matter. Other members of the solar system however 
do not admit of direct experiment, and therefore the proof is, in 
a great measure, a posteriori. In the preceding pages these 
properties have been applied to various kinds of laws of im- 
pressed momenta: some have had their source at an infinite 
distance, so that the lines of action of the impressed momenta 
on a particle in its different positions are parallel: of some the 
source has been in a point or centre at a finite distance, which 
can be conveniently taken as the origin of reference: and thus 
we have shewn that the pure science 1s comprehensive enough 
for ali kinds and for all laws of force. But as our object now 
is, the investigation of the motion of a system of bodies which 
exist in cosmos, the questions which first meet us are, What is 
the nature of the force which acts on these bodies? is it a cen- 
tral force? or is the centre, if there is one, at a distance so 
great that the lines of action of it must be considered parallel? 
And again, if the acting force is a central force, with its centre 
at a finite distance, what is the law of force? is it attractive or 
repulsive? is it periodic; that is, does the law of it change from 
time to time? and at regular intervals? and is it a central force 
varying as some power of the distance only? and what is the 
law according to which it varies? does it vary inversely as the 
square of the distance? or according to what, if any, power of 
the distance? And what is its absolute force? is that constant 
for each one body in its orbit? is it the same for all bodies in 
their orbits? or is it periodical? Surely to all these questions 
the reply must be sought in observation. Hypotheses non finga- 
mus. Although when the nature and the law of force, which 
the Almighty Creator has impressed on cosmical matter, is 
known, we do perceive wisdom and fitness in it; yet it is not 
our prerogative to assert that such or such must be the law: it 
may be that the law of the inverse square of the distance is 
simple, because then spherical and spheroidal shells attract an 
internal particle equally in all directions, see Arts. 18], 185 ; 
because then a sphere composed of a series of concentric 
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homogeneous shells attracts an external particle with an effect 
the same as if it were condensed into a particle at its centre, 
Art. 178: because it is the law of attraction of matter, when 
none of the influence is lost in the process of propagation, 
see Art. 183: because it is that law for which the angle be- 
tween two successive apsidal distances is 180°, see Art. 329: 
yet no one of these reasons, nor all collectively, are of cogency 
such as to necessitate the existence of that law. We are there- 
fore compelled to have recourse in the first place to observation, 
by which we may detect such facts as will enable us to discover 
the mechanical laws of which they are the effects. The neces- 
sary observation was made by John Kepler with marvellous 
industry and ingenuity, and the three laws which he discovered, 
and which have since been known by the name of Kepler’s Laws, 
constitute the basis on which mechanical principles are applied 
to the solution of the problem of planetary and lunar motion. 
John Kepler was born in 1571: Galileo, to whom we owe the 
law of inertia, and therein the first correct principles of mecha- 
nics, was born in 1564: and Newton in 1642. Thus when 
Galileo had first stated in a true form the fundamental axioms 
of mechanics, and when John Kepler had enuntiated those laws, 
which, when translated into mathematical language, as we shall 
just now do, are pregnant (approximately) with all the results 
of physical astronomy, was born that great philosopher, Sir 
Isaac Newton; for whom it was reserved to construct the 
general science of which Galileo had given the axioms, and to 
apply it to the explanation of the solar system, the observed 
laws of which had been discovered by Kepler. This is one, and 
_ perhaps the most remarkable, instance of a great genius being 
brought into the world exactly at the time when, so to speak, 
the materials of his work were ready. The Greek geometers 
had sufficiently examined the properties of conics in addition to 
the ordinary elements of geometry: Galileo had laid the foun- 
dation of dynamics; Kepler had enuntiated the planetary laws: 
it remained for Newton to assimilate these elements, and out 
of them to form that structure of physical astronomy which the 
Principia contain: D’Alembert, Lagrange, and Laplace subse- 
quently elaborated, and well nigh completed, the work which 
he began. . 

331.] Kepler’s observations were at first chiefly confined to 
the planet Mars; and after long and assiduous study of its 
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motion he enuntiated the first two of the three following laws : 
and subsequently his observations were extended, and he enun- 
tiated the third law. The first two laws were extended by him 
analogically to all the planets: the third law he discovered from 
a comparison of the numbers which a table of the quantities 
corresponding to the several planets exhibited. And however 
unsatisfactory his proofs of these laws may seem to us, yet 
modern astronomy has completely verified them. 
The three laws are— 


I. The sectoreal areas described by the radius vector of a planet 
in its motion about the sun are proportional to the times of de- 
scribing them. 

II. The orbits of the planets are ellipses, in one of the foci of 
which is the sun. 

Ill. The squares of the periodic times of the planets are propor- 
tional to the cubes of the semt axes major (or mean distances*.). 

Let us translate these into their mathematical equivalents, and 

deduce from them such mechanical laws as they contain. 

(1) By law I. equal areas are described in equal times: 
therefore when the areas and times are infinitesimal, the law 
still is true ; in which case we have 

r7d0 = hat: (149) 
and changing to rectangular coordinates, 


y= eh y?, a tan-1 2 
Aes x2 dy—y da 
nr en 


so that (149) becomes, xwdy—ydx = hd; 


therefore differentiating, 


d*y 7x 
TO oom Er Sis 
dx d?y 
2 df. = 
lament (150) 
2 y r 


* In astromony if a quantity contains periodic and non-periodic terms, the 
value of it, when the periodic terms are omitted, is called its mean value. 
Thus the focal radius vector of an ellipse is, (100), Art. 321, 7 = a(I —e cosw), 
where cos u is a periodical quantity: and thus a is the mean value of r: a@ is 
for this reason called the mean distance. 
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if p= the resultant expressed velocity-increment, and tends to 
diminish w and y; 
2 2 
ie ee (151) 
that is, the resolved expressed velocity-increments along the 
axes are the resolved parts of a central force p; the force there- 
fore, under the action of which the planets move, is a central 


force, of which the place of the sun is the centre. 


(2) Since the orbit is an ellipse, having the sun’s centre, 
which is the centre of force, in one of the foci, let the equation 
to it be, a (1 pee e?) 

DS SS ee 
1+ecos 6 
If therefore p = the central force, by Art. 308, equation (21), 
d*u 
P= h? yx? daz +4 
h2 U2 

pare (1 — e?) 

— h? 1 . 

~ a(l—e®) r?’ 
and thus the central force varies inversely as the square of the 
distance. And therefore from Kepler’s second law we infer, 
' that the planets move about the sun under the action of a force 
in the sun’s centre which varies inversely as the square of the 
distance: this law is called the law of gravitation, and the 
planets are said to gravitate towards the sun. 

(3) Let r=the periodic time in the planet’s orbit : then the 
third law asserts that 


(152) 


Reverie 
where ¢ is a constant. Now if »=the absolute central force, 
from (152), 

tae yl eoetyn h? = pa (1—e?). 
Also from (18), Art. 307, 
ats Clee) 
ee a 
nein sa” 


me 3 


mp2 


iv 
and equating this to the value of r? given by Kepler’s third 


law, we have 2 
= =. (153) 
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and since c is constant for all the planets, so is uw: that is, the 
same absolute force in the centre acts on all the planets ; and 
modified by the distance of the planets retains them all in their 
orbits about the sun. And here I cannot but quote the elo- 
quent words of Sir John Herschel: “Of all the laws to which 
induction from pure observation has ever conducted man, this 
third law of Kepler may justly be regarded as the most remark- 
able, and the most pregnant with important consequences. 
When we contemplate the constituents of the planetary system 
from the point of view which this relation affords us, it is no 
longer mere analogy which strikes us, no longer a general 
resemblance among them as individuals independent of each 
other, and circulating about the sun, each according to its own 
peculiar nature, and connected with it by its own peculiar tie. 
The resemblance is now perceived to be a true family likeness ; 
they are bound up in one chain; interwoven in one web of mu- 
tual relation and harmonious agreement; subjected to one per- 
vading influence, which extends from the centre to the farthest 
limit of that great system, of which all of them, the earth in- 
cluded, must henceforth be regarded as members*.”’ 

Thus from these three laws of planetary motion we infer, 
(1) the nature of the force acting on the secondaries of the solar 
system ; viz., it is a central force, of which the source is in the 
sun’s centre: (2) the law of the central force: viz., it varies 
inversely as the square of the distance: (3) the fact that the 
absolute central force is the same for all the planets: and the 
proper work of physical astronomy is to deduce from these 
dynamical facts the results which they contain: the nature of 
the problem therefore is the same as that of those which have 
been investigated in the present Chapter. 


332.] The preceding laws however are only approximately 
true; it is assumed in them that the sun is fixed, and the 
motion of only one body about the sun is supposed: whereas 
the sun is attracted by, and moves towards, the other bodies of 
its system: and the motion is relative, not absolute: thus 
as the absolute central force in Art. 293 is the sum of the 
masses of the attracting and the attracted bodies, so if a is the 
mean distance of a planet’s orbit, and 7 is the periodic time, by 
(28), Art. 309, 


* Outlines of Astronomy, Art. 488, 4th Edition London 1851. 
PRICE, VOL, III. 3 T 
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it Qraz 
(at +m)? 
and thus (the periodic time)? varies directly as the cube of the 
mean distance, and inversely as the sum of the masses of the 
sun and the planet. In the solar system however the numerical 
correction of Kepler’s third law thus introduced is too small to 
be of any importance, the mass of Jupiter, the largest of the 
planets, being much less than a thousandth part of that of the 
sun. Again in the first two laws we have assumed one body to 
be moving about the sun, and attraction to exist between these 
two bodies only; whereas all the planets attract each other ; 
and thus the elliptic orbit of each becomes disturbed. The 
method of investigation however in these and similar problems 
is, firstly to seek a solution in the simple, although maccurate, 
form; and subsequently to correct it by the introduction of 
other elements which enter into it. Thus the elliptic motion 
of a planet is a first approximation to the actual orbit : and sub- 
sequently we prove that the size and position of the ellipse 
undergo certain changes, the magnitudes of which can be ex- 
pressed in terms of the time. 

Hereafter it will be shewn that when a body of finite dimen- 
sions moves In space, and its particles are under the action of 
many forces, so that it has motions both of translation and of 
rotation; so far as the motion of translation is concerned, we 
may consider all the impressed forces to be applied, each in its 
own intensity and in its own line of action at the centre of 
gravity of the body, and the motion of translation of the centre 
will be the same as it is in the actual motion of the body. By 
virtue of this theorem therefore we may consider the planets to 
be condensed into their centres of gravity, and thus to move as 
material particles about the sun. 


(154) 


333.] The motion of the centre of gravity of a planet is, by 
virtue of Art. 306, in one plane, which also contains the centre 
of the sun. ‘Thus if lines are drawn from the centre of the sun 
to the centre of the earth in all its positions, and if these lines 
are produced to the heavenly vault, it is found that all of them 
are in one and the same plane; and the plane in which the 
centre of the earth moves is called the plane of the ecliptic: to 
it, for the present, the motions of the other planets are referred. 
Also the fixed stars which are in the plane of the ecliptic are 
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called ecliptic stars. Of the ellipse in which the centre of the 
earth moves, the mean distance is about 95 millions of miles, 
aud the eccentricity is 0.0167836* ; so that the distance of the 
centre of the ellipse from the sun is about 1604442 miles; the 
eccentricity however is of such a small amount, that if the orbit is 
drawn with a major axis of 10 feet, and a circle is also drawn on 
the major axis as a diameter, the difference between the two will 
not be sensible at any part of the curves. Suppose now in fig. 132 
the plane of the paper to be the plane of the ecliptic; and let us 
suppose the path which the centre of the earth describes about 
the sun to be (approximately) a circle, of which the centre is s, 
the place of the sun. The position of the plane of the ecliptic 
having been determined by observation, it is found that the 
earth’s axis is always inclined at the same angle to that plane: 
that is, as the earth moves in its path about the sun, the axis 
about which it rotates always points (approximately) to the 
same star in the heavens: and this star receives the name of 
the polar star: the stars being at a distance so great that, 
neglecting small variations, the earth’s axis during the whole of 
the earth’s orbit about the sun being produced passes through 
the same star: hence we infer that the earth’s axis is parallel 
to itself through the whole of the orbit: but as the polar star 
is not in the normal to the ecliptic, it appears that the axis of 
the earth’s rotation is not perpendicular to the ecliptic: the 
mean value of the angle between it and the normal to the 
ecliptic is found to be 23° 2730". Now this fact gives rise to 
the seasons, and to the varying lengths of the day and the 
night on the earth: thus, in fig. 132, let s be the sun, and let 
A, B, Cc, D be four positions of the earth in its orbit: p@ being in 
each position the polar axis of the earth. It is evident that as 
the polar axis always retains its line parallel to itself, in two 
positions of the earth’s orbit it is at right angles to the line 
drawn from the centre of the sun to the centre of the earth: let 
these positions be a and c; and at another position, say B, the 
angle between the polar axis towards the north, say Pp, and the 
sun’s radius vector is the least acute angle, being 66° 32’ 30”; 
and at another position, p, the angle is the greatest obtuse 
angle, being equal to 123° 27’ 30’. It is evident also that the 
positions a and c are at the extremities of a diameter of the 
earth’s orbit, and that 8 and p are at the extremities of another 
* See the synoptical table in Herschel’s Outlines of Astronomy. 
A 
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diameter, which is perpendicular to the former. As the sun 
illumines only that part of the earth which is turned towards it, 
so is one half of the earth always enlightened, and the other is 
darkened: now in the position a, the diametral plane, which 
divides the enlightened and the darkened parts, passes through 
the two poles: and therefore as the earth during 24 hours 
revolves uniformly on its axis, so does every place on its surface 
describe half of its path in the light of the sun, and half of it 
out of it: thus the length of day and night is equal at every place 
on the surface of the earth; and hence the term equinox ; and 
the earth in such a position is said to be at the equinox. Asc 
is the other place in the orbit where the sun’s radius vector is 
perpendicular to the earth’s polar axis, so is c also the other 
equinox : the preceding circumstances are, it is to be observed, 
the physical definition of equinox ; those positions of the earth in 
its orbit, at which the earth’s polar axis is perpendicular to the 
heliocentric radius vector of the earth’s centre. Let a be the 
position of the earth at the vernal equinox; c its position at 
the autumnal equinox. 

Thus B is the position of the earth in the summer, when 
Pos 1s 66° 32’ 30”, and which is called the summer solstice : in 
this case, as the earth revolves about its axis, the north pole Pp, 
and all places within the circle described by B as the earth 
revolves, are within the enlightened part of the sphere during 
the whole of a revolution; so that the north pole and all places 
within the circle (the geographical arctic circle) which is distant 
23° 27’ 30” from the pole, have continual light for 24 hours: 
and the south pole @ and all places within 23°27’ 30” of the 
south pole (within the geographical antarctic circle) are in the 
darkened part of the sphere, and so have night during the 24 
hours: and for all other places, the day decreases as we pass 
from the arctic to the antarctic circles, at the equator the 
length of the day being evidently 12 hours. It appears there- 
fore that the north pole has during the summer continual light 
for six months, and that the south pole has continual darkness. 
In the fourth position, viz. p, of the earth, all the above phzeno- 
mena are exactly inverted, the north pole and all places within 
the arctic circle are immersed in total darkness during the 
whole diurnal revolution, and all places within the antarctic 
circle have continual light; and we have the phenomena of 
the winter solstice. 
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334.] If the earth were a perfect sphere, the equinoxes and 
the solstices would every year take place at the same points of 
the path of the earth: but as the earth is an oblate spheroid 
and revolves about its polar axis, and as the axis is not perpen- 
dicular to the plane of the ecliptic, the sun unequally attracts 
the protuberant masses at the earth’s equator, by reason of the 
difference of their distances from the sun, and thus produces a 
change in the position of the axis of rotation. The resultant 
effect of this inequality of attraction is to cause the equinoxes 
and solstices to take place at points in the orbit about 50.4” in 
advance of the point of the previous year: let us confine our 
attention to the vernal equinox, that viz. when the earth has the 
position a. A similar effect is also produced by the attraction 
of the moon; and another of smaller amount, and in an oppo- 
site direction, by the planets. Thus the position a takes place 
each year 50.2” nearer to p than it did in the preceding year. 
As the earth’s axis has the same mean inclination to the 
normal of the ecliptic, the effect of this shifting of a, or of 
the precession of the vernal equinox, as it is called, is a 
change of the polar star; and so that in the course of as many 
years as 360° contains 50.2”, that is, in the course of 25868 
years, the pole of the earth will describe a circle in the heavens 
about the pole of the ecliptic, the angular radius of which is 
23° 27’ 30”; and thus the polar star is continually changing. 
After a lapse of 12000 years, says Sir John Herschel, the bright 
star a Lyre will become the polar star of the earth. In addi- 
tion to this regular precession of the equinoxes, there are also 
in the mathematical expression certain periodic terms, by reason 
of which the axis is sometimes in advance of, and sometimes 
behind, its mean place: and sometimes nearer to, and at other 
times farther from, the pole of the ecliptic. These variations 
are called Nutation; but I am unable with the present data to 
give a more complete account of them. 

Now a certain line passing through s is required from which 
angles may be measured: it might at first sight be thought 
that the major axis of the earth’s orbit would serve the pur- 
pose: but by reason of the disturbing action of other bodies 
which circulate about the sun, the position of the major axis 
changes so much that it is ill adapted to such an use: and the 
line which is best suited is that which passes through one of 
the equinoxes or one of the solstices: and it is usual to take 
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that which passes through the vernal equinox: that is, the line 
drawn from s to the centre of the earth at the position a. The 
fixed stars in the plane of the ecliptic have been divided into 
twelve equal parts, each consisting of 30°, and which are known 
by the names of “the signs of the Zodiac:” and the constella- 
tion Aries began at the position of the vernal equinox at the 
time when the names of the zodiacal constellations were given: 
but by reason of the precessional motion of the equinox, the 
vernal equinox has now passed out of the constellation Aries 
and is nearly at the beginning of Pisces; the line however 
drawn from the centre of the sun to the centre of the earth at 
the vernal equinox still bears the name of “the line drawn 
through the first point of Aries,’ and the earth at the vernal 
equinox is said to be in “the first point of Aries.” Angles 
measured on the plane of the ecliptic from the line drawn 
through the first point of Aries are called Longitudes, and 
those perpendicular to the plane of the ecliptic are called Lati- 
tudes ; these terms heing used heliocentrically, and thus afford- 
ing a complete system of spherical coordinates. The effect of 
the precession of the equinox is to increase the longitudes of all 
the fixed stars annually by 50.2”; and thus the values of these 
quantities given in the astronomical tables become yearly far- 
ther and farther removed from the true values. 

335.] Although the orbit of each planet is in a plane con- 
taining the sun’s centre, yet all the orbits are not in one and 
the same plane: neither do all the planes of the planets in- 
tersect the ecliptic in one and the same line: and therefore 
for the determination of the plane in which a planet moves in 
reference to the ecliptic it is necessary to know (1) the angle of 
inclination of the plane of the planet’s orbit to the plane of the 
ecliptic: (2) the longitude of the line of intersection of the two 
planes; this line of intersection is called the line of nodes ; the 
point at which the planet passes through the plane of the eclip- 
tic in its passage from the south to the north of the ecliptic 
being called the ascending node, and the other being called the 
descending node. Tor the determination of the position of the 
orbit in its own plane, it is necessary to know the position of 
the major axis of the ellipse with reference to the line of nodes: 
the points in the orbit which are at the greatest and least dis- 
tances from the sun, and which are of course the extremities of 
the major axis, are called the aphelion and the perihelion of the 
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planet ; and the position of the major axis is usually determined 
by means of the angle between the line of nodes and the peri- 
helion distance; but as the inclination of the planes of all the 
larger planets to the ecliptic is very small, the projection of this 
angle on the plane of the ecliptic is very nearly equal to the 
angle itself in its own plane: and as we are obliged to have 
recourse to approximations in all problems of-this kind, “the 
longitude of perihelion” is commonly given; which is the angle 
between the line of Aries and the perihelion distance, and 
which is measured on the plane of the ecliptic as far as the line 
of nodes, and on the plane of the planet’s orbit from that line 
to the perihelion distance. Again, the magnitude of the orbit 
is determined by means of the semi major axis or mean dis- 
tance and the eccentricity. These five quantities, which are 
called ‘“‘elements” of the orbit, viz. the inclination, the longi- 
tude of the ascending node, the longitude of the perihelion dis- 
tance, the mean distance, and the eccentricity, completely de- 
termine the plane, the position, and the magnitude, of the ellipse 
in which a planet moves. For the determination of its position 
in its orbit at a given time, two more elements are required : 
(1) its position at a certain given time: (2) the mean motion, 
which assigns mean velocity; or, and this is equivalent, the 
periodic time: this last element, see equation (154), Art. 332, 
requires a knowledge of the mass of the planet. The time at 
which the position of a planet is given is called the epoch, and is 
in the ordinary tables of planetary elements taken to be Jan. 1, 
1800. The other element is the mass. Thus these two together 
with the preceding five are sufficient for the complete determina- 
tion of a planet in its orbit: the first five and the seventh must 
be found by means of observation: the sixth is evidently arbi- 
trary, and must therefore be conventionally assigned. 

336.] Now the problem of the planetary theory in physical 
astronomy is, the determination of the position of a planet at 
any time, when its position at some previous time is known. by 
observation or otherwise: and the simplest form of the problem 
is, when the planet is assumed to be moving in its own plane 
about the sun, and to be undisturbed by any other body: and 
this is the only form that I shall venture to enter upon in this 
treatise; so that the inclination, the longitude of the line of 
nodes, and the latitude of the planet will not enter into con- 
sideration ; we have therefore to determine (1) the angular dis- 
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tance of the planet in its own plane from a certain fixed line in 
that plane, which I shall assume to be the perihelion distance, 
the epoch being the time at which the planet is in its perihelion ; 
and (2) the planet’s radius vector, in terms of the time which 
has elapsed since the epoch. And from Art. 821, the equations 
which connect these quantities are, 


nt = u—e sin4y, (155) 
6 Tere w 

tan 5 = (=) ta 9? (156) 
yr = a(l—e cos 4), (157) 


which are three transcendental equations; in the first w and ¢ 
are connected; and in the second and third 6 and r are given 
in terms of w; our object therefore is so to express uw in terms 
of ¢ from (155), that we may be able to express 6 and 7 in terms 
of ¢t also. The problem is known by the name of Kepler’s 
Problem. 

We know by observation that the eccentricity of the orbits 
of all the larger planets is very small; so that the functions 
which require expansion may be expressed in ascending powers 
of e, and thereby terms involving powers of e higher than, say, 
_the third may be omitted: n, it will be observed, is given in 
equation (102), Art. 321; and as the motion is relative, if 
m =the mass of the sun, m=the mass of the planet, a= the 
mean distance, 


felegs Sees (158). 
Qe 
We must in the first place expand 0 in terms of uw. In (156) let 
MS a 
; Otel 1 a 
and since (—1)?tanv = Font een A 
2eVv—-14 ] 
therefore from (156), 
hod dar ei antes mt 
= m+1)e%"-1_ (m—1 
oo egv=1 — Sit Aaa eee (159) 
stale (m+1)—(m—1) en" 
Let ai 


ies) caer pe Sal 
eov—l —_ Lavere Ae7™ ; 
1—Aerv=1 ” 
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therefore taking the logarithms of both sides of the equation, 
OS HT = u/—1 + log (1— de") — log (1 — dew) 


TN aN aie or ie ar Gatien 


ea Ve Lee eNS iar 
+ fren /Ty  etuvaty 2 out 4 
== urn —1+d(er"=1— e-uV-1) 
2 ae a4 3 ae ie. 
+ (MA 6-80) 4% (eu vT_ gs) oa 
= ur/—142r/—I sin u 
Aa, 3 
a ay /—1sin 2U+ 2 / —l1sin 8u-+...; 


¢= w+2{rsinu+ > sinQu 4% sin Bu + ...}. (160) 
But se. m— | 
m+ 
me ene) (1— 2)" 
(i+ e)3+(1—e)3 
1—(1— e?)? 
rp e 
gee 
= at ge te (161) 
Thus to express 0 and r in terms of ¢ we must find sin u, 
sin 2u, sindu,... and cosw in terms of ¢ by means of (155); 


and for this purpose the theorem of Lagrange, see Vol. I, 
Art. 82, is adapted, being indeed discovered for the solution of 
this very problem. 
337.] Given u=nt+esinw, it is required to find w, sin u, 
sin 2u, sin 3u, ... cos wu, in terms of ¢ and e. 
If y = 2+ xo y), : (162) 
then by Lagrange’s theorem, 
; x 
fy) =f0 +f © $@F 
ey ee 2” lf OGO) ae 
+ gil OOP rat gal OOP rast 
and comparing (162) with w=nt+esinu, we have, by means 
of this series, : 
Gael atm di 
df me z+sin 25 aa qg om Z)* i + a3 (sin 2)? 12.3 oven 
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gi ya, Mere 

it gq, tos 2 (sin 2) bT9 + os 
a 
dz 


sin y = sin 2+ Cos 2 sin Z 


2 
sin 2y = sin2z+2 cos 22 sin z a + — {2 cos 224(sin “}T5t e 


1 


: roe he ee 
sindy = sin3z+3 cos 32 sinz— + —{3 cos 3z(sinz)?} toate 


1 dz 
ee ene @ i fe oe! 2 Ae 
cosy = cos z— (sin Z) 1 7q, (sn Z) i2 ap (sin Zz) T2387 me 
Therefore substituting 
2 3 
“= nt -+sinnt—+ sin 2nt 19+ sin 8n¢—sin nt) — sae 


D 
sin w = sinnt+sin ant 5 +(3 sin 8nd —sin nt) + on 


sin 2u = sin 2nt+(sin3nt—sinnt)e+... 


sin 3u = sindni+... 


2 
cos u = cosnt—(1—cos 2nt) 5 + (3 cos 3nt—38 cos nt) — + ae 


therefore substituting these values in (157) and (160), and also 
replacing A by its value from (161), and omitting terms involv- 
ing powers of e higher than the third, we have, 

5 e? 


6 = nt+2esinnt+ v1 


3 
sin Qnt+55 (18 sin 3n¢—8 sinnt) +... ; (163) 


2 3 
ry = a{l—ecos nt-+5 (1—cos 2nt)— =< (cos 3nt—cos nt) +...}, (164) 


which give us the true anomaly, and the radius vector, in terms 
of the mean anomaly or the time, the approximations being car- 
ried correctly as far as terms involving the cube of the eccen- 
tricity; and omitting periodic terms, we have for the mean 
values of 6 and 7, 


0 = nt, (the mean anomaly), (165) 
e2 
pie a(1+5). (166) 


If the line from which the angles are measured is that drawn 
through the first poimt of Aries, so that we have longitude in- 
stead of anomaly; then, if 6 is the longitude of the planet at 
the time ¢ measured in the manner explained in Art. 335, and 
if o is the longitude of the perihelion measured in the same 
manner, @ in (163) must be replaced by 9—@; and if the 
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time begins, that is, if ¢= 0, when the planet is at a place whose 
mean longitude is ¢«, then in (163) and (164) n¢ must be re- 
placed by nt+e—o. It is unnecessary however to write down 
the preceding equations when these substitutions have been 
made, as the form of them is of course unaltered; e€ is called 
the epoch. 


338.] The excess of the true anomaly at any time over the 
mean anomaly, that is, 0—nz?, is called by astronomers the equa- 
tion of the centre; and is positive or negative according as the 
planet is in advance of or behind its mean place: the equation 
of the centre evidently is zero at perihelion and at aphelion. 
It is necessary however to investigate the point in the orbit at 
which it isa maximum. Since at this point 


d(é—nt) = 0, (167) 
and since by: (10) Art. 307, (93) Art. 320, and (102) Art. 321, 
77d0 = hdt 
= na? (1—e?)? dt, (168) 


therefore from (167), 
a? (1—e?)?—r? 


d(@—nt) = —-—_——_——— dé = 0, 
a® (1 — e?)2 


if r= a(l—e?)*; (169) 
that is, when 7 is a mean proportional between the two prin- 


cipal semi-axes. And to determine the corresponding maximum 
value of the equation of the centre, let r represent it; then 


E = 0—nt; 


= 0d—u+esnu. (170) 
But from the equation to the ellipse, and from (169) 
igade 0.8 
es RRM BS? 
Tae ele 
eeepc arctpog: ty +40 (171) 
Also from (157) and (169), 
_e,3e 
cosu = mi -| 39 9 
an e 87e 
(SS Say MENT ve 
e 
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3 
Aa oe (173) 


48 
which is the maximum value of the equation of the centre. 
And since from (172) it appears that u is at the corresponding 
point less than 90°, it follows that the equation is a maximum 
at a point before the planet comes to the extremity of the minor 
axis. It may also by a similar process be shewn that in the 
passage of the planet from aphelion to perihelion, the equation 
of the centre is a maximum at a point between the extremity of 
the minor axis and the perihelion. 

Also since mean time depends on the earth’s mean position 
in its orbit, that is, on nt, the equation of the centre is the dif- 
ference between true solar time and mean solar time, in so far 
as the difference is due to the varying velocity of the earth in 
its orbit: for this reason 0—n?¢ is also called the elliptic in- 
equality. 


339.] It is necessary for us still to consider certain properties 
of parabolic orbits, because there is reason to suppose that some 
comets move either in such orbits, or in ellipses of which the 
eccentricity is so nearly equal to unity that the orbits appear to 
us, so far as our calculations go when the comets are within 
observation, to be parabolic. 

The elements of a parabolic orbit are (see Art. 335) only six 
in number; the inclination and the longitude of the line of 
nodes are required as in the elliptic orbit, whereby the position 
of the plane of the comet’s orbit may be determined. The lon- 
gitude of the perihelion distance, the mean motion, and the 
epoch are also required; and as the eccentricity is unity, the 
perihelion distance is sufficient for the determination of the 
magnitude of the orbit. 

Let us investigate the relation between the time and the angle 
measured from the perihelion distance which is due to the time 
in an elliptic orbit of which the eccentricity is nearly unity ; 
that is, when the orbit is nearly parabolic. 

Let 6 =the angle measured from the perihelion distance, and 
7 = the corresponding radius vector, so that 

OP ea (1 — e?) 
~ d+ ecos 0° 
Let p = the perihelion distance, so that 
p = a(l—e); 
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r= p(1+e) (1+€e cos 6)-!: (174) 


and if ¢ = the time during which 6 from perihelion is described, 
then from Art. 309, (26), 


h? = wa (1—e?) 


F = pp(l+e); (175) 
fe do 
h 
p2(l+ e)2 do 
[2 L+e}(coss) — (sins) ¢) 
2 p?(1+e)2 dé 
He \a+e) (cos a + (l—e) (sing) 
0 
a sec —} d.tan — 
Soages oe _(se05) a.tany (176) 


pw? (1+ 3 \14x(tang) . 


’ l—e eae 
i — ee and which is therefore a small quantity, when e is 


nearly equal to unity. Therefore expanding (176), and omit- 

ting terms involving powers of & higher than u3, and integrating 
between the limits 6 = 6 and 6 = 0, we have, 

2p? 6° 1~2 6\3 £(2—38) g\> 

= ——_*——. + tan = + —,— (tan ~) — ——.~——~ (tan = 

w2(1+ e)2 3 ( 5 ( an 5) 


2 2 


n?(3—A4z) 6\? Ans 0\°) 
If the orbit becomes a parabola, then e=1, s=0; and we 
mee Dios en ag cate eae 
ie Sa a le LaNe hae 
t= } tan 5 +5 (tan5) t; (178) 


which result is the same as that before investigated in Art. 309. 


The preceding expressions are those commonly used for the 
calculation of the true anomaly, and also of the true longitude 
in the case of comets which move in ellipses of eccentricities 
which are nearly equal to unity, or in parabolas. In the actual 
use of (178), the determination of @ in terms of ¢ requires the 
solution of a cubic equation which has only one real root. And 
to avoid the difficulty of the solution, a table is formed contain- 
ing the values of ¢ corresponding to the values of 6 in the para- 
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bola whose least focal distance is unity; and this being multi- 
plied by p? gives the time corresponding to the anomaly 6 in 
the given parabola. 

As it is very uncertain whether any celestial bodies move in 
hyperbolic orbits, it is unnecessary for us to develope the equa- 
tions which express the relation between the time and the lon- 
gitude in such orbits. 


340.] It remains for us still to indicate means by which the 
masses of the planets may be determined, at least approxi- 
mately, from the laws of elliptic motion. 

If r=the periodic time of a planet about the sun, a= the 
mean distance of the planet’s orbit, if m and m are the masses of 
the planet and of the sun respectively, then by (154), Art. 332, 


a eke Taz 
(m+)? 
Let 1 be the periodic time of another planet of which the 
mass is m’ and of whose orbit the mean distance is a’; then 


(179) 


sige Qa’? : 
(mm! + mM)’ 
p2 a\i m+n 
v2 (7) m+M Bic 


But by Kepler’s third law, the squares of the periodic times 
vary as the cubes of the mean distances; and it is found by 
observation that this law is true with very slight variations ; it 
follows therefore that the second factor in the right-hand mem- 
ber of (180) is nearly constant: and thus the masses of the 
planets must in comparison of that of the sun be so small, that 
the preceding process does not enable us to determine the ratio 
between them. 

Suppose however the planet to have a satellite; and m’ to 
be the mass of the satellite, a being the mean distance of its 
orbit about its primary, and 1’ being its periodic time: then if 
m is the mass of the planet, 

a 27a’? 
(m + m')> 
therefore from (179), 
ls (Es pedaall 
ye M+m ~ 


(181) 


Now if m is so small in comparison of m (the mass of the sun) 
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that it may be neglected without very great error; and also if 
the mass of the satellite be similarly small in comparison of the 
mass of the planet ; then (181) becomes, 


BA (so) otee (182) 


and thus 1, 1, a, @ having been determined by observation, the 
ratio of m to Mis known. When this method is applied to the 
determination of the mass of Jupiter by means of its fourth 


satellite, it is found that 
M 


1066.09? 


and thus may the masses of all the planets which have satellites 
be compared with the mass of the sun. 

The masses however are only compared by this process: no 
one is absolutely determined : and to accomplish this object it 
is necessary to find the mass of at least one: and the one 
which naturally offers itself for the purpose is the earth: hence 
arises the necessity of direct observation of the figure, magni- 
tude, and density of the earth. Many processes have been 
devised ; but the most reliable is that of direct geodesic mea- 
surement: and arcs of meridian have been measured in England, 
France, Russia, India, and the south of Africa: and from them 
the form and the magnitude of the earth have been deter- 
mined. The density has been directly investigated by means 
of Dr. Maskelyne’s observations with the pendulum near to the 
Schehallien mountain in Scotland*. And also by experiments 
with leaden balls, which were conducted by Cavendish, and 
have been subsequently repeated with great care by the late 
Mr. Baily, in the time intervening between Oct. 1838 and May 
1842; and from these experiments it appears that the mean 
density of the earth is equal to 5.66 times that of distilled 
water. But this is not the place for entering into a detailed 
explanation of such experiments and observations. The article 
on the Figure of the Earth in the Encyclopedia Metropolitana, 
by Mr. Airy, the astronomer royal, contains all necessary in- 
formation on the former subject: and for that on the latter I 
must refer the reader to the Philosophical Transactions, and to 
Vol. XIV of the Memoirs of the Royal Astronomical Society. 


Mm. = 


(183) 


* See Philosophical Transactions, 1811. 
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SecTIoN 4,.—The polar equation of motion of a disturbed planet. 


341.] In Article 295 we have calculated the equations of 
motion of a particle m relatively to m, when both of the par- 
ticles are acted on by another particle m’, the law of attraction 
of all three being that of the mass directly aud of the square of 
the distance inversely. As the problem is evidently that of the 
moon moving about the earth, both being acted on by the sun, 
which is a disturbing body, it deserves farther consideration ; 
and I therefore propose to indicate the process by which equa- 
tions (162), Art. 295, are transformed into their equivalents in 
terms of polar coordinates. 

Let us suppose the earth to be the central body m, relatively 
to which the motion of m, the moon, is calculated: let m’ be 
the mass of the sun: let the plane of the ecliptic be that of wy, 
so that the sun is always in that plane, and therefore its z-ordi- 
nate is zero: let the positions of m and m’ at the time ¢ respect- 
ively be (x,y, 2) and (a, y’): let r and 7’ be the radii vectores 
of m and of m’: firstly let the acting forces be resolved in and 
perpendicular to the ecliptic, which is the plane of vy; and, to 
fix the thoughts, let the supposed system be represented in 
fig. 183; Pe being the place of the moon, and Pr’ that of the sun 
at the time ¢. Let the velocity-increments acting on m in the 
line perpendicular to the plane of wy be called the orthogonal 
velocity-increments. Let on =p, the moon’s curtate radius 
vector; NoM=09, the moon’s longitude; P’om’=@’, the sun’s 
longitude; also let s = the tangent of the angle pon, which is 
the moon’s latitude; let p = the impressed velocity-increment 
on m in tbe plane of the ecliptic along on, and acting to di- 
minish on; similarly, let r= that which is in the same plane, 
and is perpendicular to on, and tends to increase 0; s = that 
which is orthogonal, and tends to diminish the angle Pon, and 
thus to bring the moon nearer to the plane of the ecliptic. 
Then using the notation of Art. 295, if .=m-+mM, 


P= Adega (a) | 
fe rm sno (& — eos 0 (*) A (184) 


~ 
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And since 
e aya anes ( 
y =p sind oa esti Oe C2 
and since s = tan Pon, so that 
2 =a 08 (186) 
we have ; 
d? “hy 
Ca csd+ Sh sin +P = 0 | 
Cx. 2 | 
Tz sind — 4 cosd4n = 0 a (187) 
d7z | 
Gp hae 


Let us first consider the equations as they refer to the pro- 
jection of the moon’s path on the plane of the ecliptic; for 
which purpose, from the first two of (187), we have 

d*p de? 


ae, hag +7 =| 
26 dp ad : of (188) 
Pen ge ap TEES 
Multiplying the last of these equations by p, we have 
, 40 dp dé 
Cama ie! dt. de, 
d/ , do 
do dé 
3 = peso, PE A he 
2p°>tdd = 2p Ai d(p a); 


therefore integrating, and introducing an arbitrary constant h?, 
the meaning of which will have to be determined hereafter, we 


have, do\2 

(0?) = A?+ 2} p*r do, (190). 
CE (es I Tae oe 

fe Cn Oe 191 
dt? p* ar p4 Pp tT do ( ) 

Let p= * therefore 
do” — f,24,4 ry ed 192 
77 ame de 7s 0: (192) 


By means of this equation we can eliminate ¢ from the first 
of (188); and let us assume 6 to be equicrescent in the new 
equations. Since l 
p=—s 
u 
PRICE, VOL. III. re 
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dp _ 1 du 
am m iy ae 
a , 10 du | 
— ae ao 
dp _ _ j,dddtu dd _ du d (,,d6) 
dt ~~? dt de? dt do dt \" dt 
LP 1 d’u de? du. 
— ew do? dt? = dd u’ 
therefore from (188), 
du do? du 7 . 
(so u) og + tu — pu = On (193) 
and substituting for ee from (191), we have 
P T du 
2 ae. Eiaeh 0 
aS a er (194) 


which is the differential equation of the moon’s curtate radius 
vector in terms of the longitude. 


Again, taking the third equation of (187), since 


nara | 
= ps = a 
dz — (u _ 5%) 2 40 
at i Wp ae Laer mare 
d?z = ( d2s a , 40? fo ee ie 2), 
ait \" de ° doz)? ag do do) dt \P at 
and substituting from (189), (192) and (194), we have 
S—PS t ds 
d?s ue ae aD 
Woz AMC ep ee (195) 


=A). 
re ae 


which is the differential equation to the moon’s motion in 
latitude. 


342.] In respect of the three equations (191), (194), (195) it 
is to be noticed that: the values of P, 7, s, as given in (184) and 
taken from Article 295, involve both the mass and the coordi- 
nates of the place of m’, the disturbing body: with this dif- 
ference however, that 7 and s are functions of these quantities 
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only, and that Pp contains also the quantity / a , which is the 


radial impressed velocity-increment of m on m; and thus, if the 
disturbing body is omitted, the first two equations become iden- 
tical with (10) and (21) of the present Chapter. Now when 
substitutions are made for p, r and s in terms of the polar co- 
ordinates of m and m’, the preceding equations are not inte- 
grable; and we are obliged to have recourse to a method of 
approximation ; and for this end, the disturbing function Rk is 
first expressed in terms of the polar coordinates of m and m’, 
and its partial derived-functions are expanded in ascending 
powers of small quantities, the values of which must be given 
by the observed data of the problem; thus, for instance, the 
mean distance of the sun from the earth is nearly 400 times as 
great as the mean distance of the moon; if therefore the dis- 
tance of the earth from the sun is assumed as the standard of 
comparison, the distance of the moon from the earth will be 
such that higher powers of it may be neglected. And after 
these expansions have been performed, the integration-process 
takes place. But it is beyond the object of the present work to 
enter on these investigations. 
Equation (195) however, when the disturbing forces are 
omitted, requires consideration: for we have, 
ds 
do 
whence integrating, s = ksin(@—y), (196) 


<~+8=0; 


where k and y are two constants introduced in integration. 
Now s is the tangent of the latitude, and @ is the longitude 
of the moon measured from the first point of Aries; and thus 
y is the longitude of the ascending node. Suppose then, in 
fig. 134, nap to be a right angled spherical triangle, P being 
the place of the moon, n the ascending node, and n™ the plane 
of the ecliptic, then nm = 6@—y, Mp=tan~-'s; and by Napier’s 


rules : 
y sin NM = tan MP x cot PNM, 


or, sin(@—y)=sxcot PNM; (197) 
on comparing which with (196), tanenm =A, that is, 1s con- 
stant; and therefore the moon moves in a plane making a 
constant angle with the ecliptic; or, in other words, the moon 
would move in a plane, if it were undisturbed. 

Aexe 2 
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343.] In concluding the subject of central forces, and of the 
present Chapter, I propose to investigate some problems which 
are connected with them: and in the first place one which re- 
fers to certain conditions under which it has been imagined the 
system of the sun, earth, and moon might have been framed ; 
and which is such, so it has been supposed, that more lght 
might have been received by the earth from the moon during 
the night than in the present configuration. The following 
problem however is that which gives rise to the speculation : 

Three particles or bodies m, m, m’ attract each other directly 
as their masses and inversely as the squares of their distances, 
and move in one plane; it is required to determine the relations 
between them, so that the equations of motion of the latter two 
relatively to the former one may have the same form as those 
of two particles mutually attracting each other according to the 
same law, and may consequently admit of complete solution. 

Let m be the mass of the particle relatively to which the mo- 
tions of the other two are to be calculated; let the plane in 
which they move be that of wy; let the positions of m and m’ 
at the time ¢ be (a, y), (2, y’); and 7, 7’ their distances from the 
origin, at which o is; and, to fix our thoughts, let us assume r 
to be greater than 7’; let p= the distance between m and m’; 
so that the equations of relative motion of m and m’, see 
Article 295, are severally 


d2 Y pick 
7 r p 

aiz t bd Lm t= 0 | 

da (M+m')x’ MES east 

qt ge tm tat FS figs: 

(mM +’) y/ a / | 3 (199) 

ON Be FST IEE ad A home SEN 

dt hes +m) 5+ p? t= 0 | 


But if the motion of m were that which it would be under the 
action of a single particle placed at the origin, its equations of 
motion would be of the form, 


d*x ke 


CEM He Th 1 ; 
dt? dit? iy 5 
iy NOE ee ( oe 
dt? poe Ay 
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where k is a constant. Now on comparing these with (198), we 
have , , , 
27-2 kx 


73 p° re? 
a yee) key 


where ’ is another undetermined constant; therefore elimi- 
nating k’, we have 


; ae fel 1 
(yx’ —xy’) (<5 = 3) a0) (201) 
By a similar process, from (199) we may deduce the equation, 
r ta: 1 
(yu — avy) (= ae oy) = 0; (202) 
which may be satisfied in either one or the other of two ways: 
Nese cll 
(2) r= r= p. (204) 


344,] Let us consider the first case; it is manifest from 
(203) that the three particles are always in the same straight 
line; and we have 


ite I 
a’ a y a ed >) 
and also aa r—r'; 
so that the first of (198) becomes 
ae Te m v2 mr? 
= 9 
Ara ee So) m+ op Fae A mat = 0. (209) 


Now if this motion of m is to be the same as it would be under 
the action of a single central force emanating from the origin, 


the coefficient of 5 in (205) must be constant, and therefore 


/ 
— = a constant. 
a 


Let us then assume the following: let 
atu), (206) 

where p is an undetermined constant; therefore 
v= w(1+p); aga Se 


; (207) 
e p= pr 
and (205) becomes, 


d2x Y r 9 ] 
Ba Sirsa oy )M+m+m (1+ p) (14+ =) =U: (208) 


526 MOTION OF THREE BODIES. [ 344. 


By a similar process the first of (199) becomes 


a? a’ (1+ p)\ eee 
Ge tae ye tm) (+p)? +m (1— =P) — 0; (209) 
az dx 
and from (207), a (1+ p) ae ; (210) 
therefore, equating the coefficients of oO we have 
r 
] 
M+m+m’' (14 p)? (1 a, 2) 
Z (le 
= (w+) .p)" +90 (2) = 


which after expansion becomes, 
(m +m’) p> + (8M+2m’) p*+ (8mM+4 m’) p?— (m' + 3m) p* 

— (2m' + 3m) p—(m+m') = 0, (212) 
which is an equation of the fifth degree, and accordingly has 
one real root; and as the result is +0 when p=oo, and is 
negative when p = 0, the equation has a real positive root. Now 
the second equations of (198) and (199) will lead to the same 
equation. Thus the three particles will be always in a straight 
line, and their distances will be in the constant ratio given in 
(206): the paths therefore of m and m’ will be conics similar to 
each other, and similarly placed with respect to the position of 
mM, which is in the focus of each. For such a motion the initial 
positions and circumstances must be in accordance with the 
preceding conditions. 

In ellipses described about a centre of force in the focus the 
squares of the periodic times are as the cubes of the mean dis- 
tances; in this case however that law cannot hold, because the 
orbit described by the exterior particle has necessarily a larger 
mean distance, and yet the same periodic time. 

Also for such a motion to be possible the circumstances at 
the initial or other epoch must be consistent: that is, the initial 
velocities of the two masses must have lines of action parallel 
to each other, and be directly as the distances of the particles 
from the central particle; because Ae (207), 


CEE ie ae 
iy _ s (213) 
Se eye - a0 | 


345.] This re has acquired some consideration from 
the use which has been made of it in the argument concerning 
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final causes. For if we suppose the three bodies m, m’, m to be 
respectively the sun, the earth, and the moon, then, assuming 
the mass of m, the sun, to be unity, we have 


ele 1 1 
p s29G80'— SS «B29680 x 68.5 
As these numbers are very small, so will a value of p deduced 


from (212) also be very small: we may therefore, without any 
great error, substitute for (212), 


(214) 


(3M+m') p? —(m+m’) = 0, 


ei (ame ° 
3 

wrod: 

~ 100 
that is, the distances from the sun of the earth and the moon 
would, in geocentric opposition, under the preceding assump- 
tions, be as the numbers 100 to 101. And if these bodies were 
in such a position and at such relative distances, their magni- 
tudes are such that the moon would never be eclipsed, and 
therefore she would always be full to the earth. It has been 
supposed that under such an arrangement, assuming that the 
moon were made by the Creator solely for the purpose of giving 
light to the earth, more light would have been given than under 
the present system; or, in other words, it is presumed that the 
benefit of the moon to the inhabitants of the earth would have 
been greater, if she had always been in geocentric opposition in 
this assumed system; and thus if turning as she does the same 
face to the earth, the other face had never received the light of 
the sun. But would such a system be stable? subject to per- 
turbations from the planets &c. it would necessarily be: would 
these perturbations be confined within certain small limits? or 
would they go on increasing, and finally attain such magni- 
tudes that the whole system would be permanently overthrown ? 
This question I proceed to examine, and for the solution I am 
indebted to M. Liouville; it is contained in a paper appended 
to the Connaisance des Temps for the year 1845. 

Let us suppose some slight derangement to take place; and 
to simplify the calculation I shall assume that the bodies m’ 
and m do not leave the plane of vy; so that the equations of 
motion are (198) and (199). 


(nearly) ; (215) 


028 MOTION OF THREE BODIES. [ 345. 


Let us suppose that the relation of x and y to 2’ and y’ is of 
a form similar to those of equations (207), that is, let 


v= (1+ p) (+o) | (216) 
y = (1+p) (y+) 


where p is a constant as heretofore; and ¢ and 7 are the incre- 
ments of # and y’ due to the action of the disturbing forces. 
When t=0, £0, os . 
small. Our object is to determine the values of € and 7 as ¢ 
increases ; because if they continue small, or involve periodical 
quantities only, the assumed system is stable: but if they in- 
definitely increase, the deviations of # and y from the relations 
assumed in (207) become greater and greater, and the system 
is unstable. We must therefore investigate the differential 
equations on which ¢ and 7 depend, and assuming these quan- 
tities to be small, we shall neglect squares, cubes, and the 
higher powers of them and of their products. 

Let us suppose the mass of the sun to be the unit-mass: so 
that m=1; and let us calculate the differential equations which 
refer to m’, the earth, viz. (199). Now 


are not absolutely zero, but are very 


2 ia (+p) @+ 
re (+p) {(a'+82+ (y+ 0)7}8 
i a + € 
(1+ p)? 7’? \ + hl) se) 
lip flats {1- Srey) 
HW we dlp a 
atl eATie et Sie katate! Oe Di le {3 ne sa eery oy 
(letin)\to.2oek (1¢h) 2438 73 
Sunilarly, 
2— a aa oe Veet 2 ee ad ; 
p3 pers pir 2 Ve 
and substituting these in the first of (199), we have, since M=1, 
dz’ , m m\ a 
ae + (Ltm + oo aa) 9 


m m (1+ p) dar (ve+ yn) _ 
of ta + pyre p78 je re f=0. ar 
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m 


Let i up Nl a cd = 7/2. 
+m’ + Giant enienie wail (218) 
so that (217) becomes, 
d2x’ a m m(1 +p) Ba (w—+y’ 
Fr aca peer imme tS et (219) 
From the first of (216), 
dx d*z dt 


) 


4 


“Lv 


and substituting in the first of (198), we have 
ae ae 5} 1+m  m(1+p’) 
dP de Tat PaaS 


am Mok _ 8a (v—étyn) 


By reason of te when m = 1, and from (218), 


poe : 2 
+,  m(Al+p*) —- lim + ib Ly m2; (222) 


+p)" pe +p) es hen ogee 
so that (221) becomes 
aE na 1l+m m 3a’ (v—ety'n) _ 
ee geek as je SOt = 0; 28) 
from which subtracting (219), we have, 
ag l-mp_ , m+m(1+p)) ( ee a 
geo te te {= 0. 22 
HM CS Ae Oe 
Let oak ac® tks n? ; (225) 
and therefore we have 
Hee. 3 av (a €4+ y'n) E 
at ma = et =" (226) 
By a similar process from the second of (198) and of (199) we 
have d2 2 3 
; n,m 3 yf (aE + yn) 
Be ah cas 


These equations in their present forms are not susceptible of 

integration, and we are obliged to have recourse to a process 

of approximation. For this purpose we must first express 2” and 

y in terms of ¢ under the supposition that the system is not 

deranged: in this case we have from (219), if we put €=7=0, 
d2x n'a’ 0 | 


3 
et (228) 
ke as <. 
ae te = 8) 
PRICE, VOL. III. 3 Y 


and similarly 
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whence by integration, as in Article 288, we shall arrive at the 
equation of a conic, which is the path of m’ when undisturbed. 
Let us however assume the conic to be a circle of which the 
radius is unity, so that 7’=1; in which case the solution of 
(228) is, 


zv’ = cos (nt+7) } (229) 


y = sin (n't +7) 
where 7 is a constant dependent on the origin of the time. In 
(226), replacing r’ by 1, we have 


d¢€ 2 / / , 
aA” {€—34 (wf+yn)} = 0 
2 (230) 
ae +m? {n— By (a E+y'n)} = 0 
Let wetyy = u L, (231) 
yf—2@yn =v 


so that;‘as a’, y’ are functions of ¢, the substitution is-equivalent 
to the replacement of the original system of rectangular axes 
by a new system which moves simultaneously with m and m’ in 
their relative motion about mM. Now from (229) 


dx! ae 
fe (282) 
dy = 2’ 
aree J 
edie, CE Mariah aee 
df ces ne edi mae 
(233) 
DO NN gia” ay Se 
dh ya a Wit a 


and differentiating again and substituting from (230) we have, 


2 
i PUSS CES STN zi 


2 
dt dt (234) 
uy Lay lee (n?—n'2)v = 0 
dt dt re cae 


which are two simultaneous differential equations with constant 
coefficients. 
Let us assume two particular integrals of these equations to be 
i eree oe Vio Ae", 
where a and a are two undetermined constants. And elimi- 
nating a, we shall have, 


a* + a? (2n'2— n?) — (n? —n'?) (2n?+n'?) = O, (285) 
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an equation whence a? may be determined; and the two values 
of a? will have the same or different signs according as n?— 1’? 
is negative or positive. In the case of the sun, the earth, and 
the moon, p, m, and m’ are small fractions, and approximately 
from (218) and (225) n’=1, n= 2, so that n?—7n’? is positive ; 
and therefore one value of a? is positive and the other is nega- 
tive. Therefore the solutions of (234) will contain functions 
of ¢ consisting partly of periodical quantities involving circular 
functions, and partly of exponential quantities; the former may 
be confined within small limits; the latter will increase indefi- 
nitely as ¢ increases, and therefore the values of w and v will 
not be small; hence also the values of € and 7 will not continue 
small, and the system will depart more and more from the state 
which it had when ¢ = 0, and thus will be unstable. 

And if we substitute the preceding values of » and n’ in 
(235), a? is greater than 2; and since the time of the earth’s 


id 


revolution about the sun is, see (229), 2s = 27m, it is plain that 


e* will increase with great rapidity; and thus the system will 
be very quickly overthrown. Under the supposed arrangement 
therefore, the moon would leave the earth, and the end which 
the suggesters of the hypothesis now considered had in view 
would be lost. I may also observe that the system would be 
unstable if the moon were placed in a position between the sun 
and the earth, in which case the moon would always be new 
to the earth; and the system would no more be continued in 
this state than in the other. 


346.] Let us next consider the second case in which the 
equations of motion of one disturbed particle moving relatively to 
another are of the same form as those of a single particle under 
the action of a central force; that is, let us suppose equation 
(204) to be satisfied. 

In this case a, 
and therefore the three particles are during the whole of the 
motion at equal distances apart: they are therefore at the three 
angles of an equilateral triangle; and the equations of motion 
of, say, m become, 


| (236) 
SUMP AMON oi V0' gif 
df? 73 J 


3X 2 
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and the equations of motion of m’ are similar. And as these 
equations, when integrated, express a conic, it follows that the 
paths of m and m’ are conics relatively to m, the position of 
which is in the focus of the paths of m and m’; the initial cir- 
cumstances of m and m’ must of course be consistent with this 
permanent arrangement; and we must always have, 


dr dr’ = dp 


Maro OORT 

347,.] Lagrange in the Mécanique Analytique, second part, 
Sect. VII, Chap. III, Art. 83, remarks that a conic, say, an el- 
lipse, which would be described by a particle under the action 
of a force varying inversely as the square of the distance and 
tending to the focus of the ellipse, or under the action of a force 
varying directly as the distance and having its source in the 
centre of the ellipse, may also be described under the action of 
three similar forces which have their sources in the two foci and 
in the centre of the ellipse respectively ; and he makes this re- 
mark, after he has proved that such forces yield a particular 
integral of the differential equation which expresses the motion 
_ of a particle under the action of two central forces, which vary 
inversely as the square of the distance, and whose centres are 
in two given points. This fact however is only a special appli- 
cation of the following more general law : 

If many particles 7, m2, ...m, which are respectively under 
the action of the force P), P2,... PR, are projected from a given 
point with the velocities respectively v,, V2,...V, along the same 
line and in the same direction; and if each of these particles 
describes the same path; then one particle m, projected with 
the velocity v from the same point, along the same line, and in 
the same direction as the m’s, will describe the same path, if 
the initial vis viva of mM is equal to the sum of the initial vires 
vivee of the m’s; that is, if 

MV? = V1? + Mg V2" + ... + Mn V7? (237) 


Let (#, y, 2) be the position of m at the time ¢; so that its ex-. 
pressed momentum-increments along the coordinate axes are 


d?a d*y dz 
de? qe ™ Ga 
and let xj, ¥1, %, X2, Ya, Za, -.. Xn» Yn, Z, be the components of the 
impressed momentum-increments of the several forces Pj, Po,... 


p,; and let n be a certain normal force, the direction angles of 
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the line of action of which are a, 8, y, and which is such that m 
under the action of it and the p’s describes the required path. 
Then the equations of motion of m are 


ad*x 

ar Te) = X1+X2,+...+X,+Ncosa = Sx Nicos a. 
dy 

Mo = Y¥itY¥2+...+Y,+NcosB = 3.Y+Ncosf >. (288) 
az 

M at i Z1-+Za+...+Z,+N COS y = ag, COST 


Multiplying these respectively by 2 dx, 2dy, 2dz, and supposing 
the velocities of M, 7m, mz,...m, at the time ¢ to be v, v1, V%,... Uns 
We have d.Mv? = 2dxv3.x+2dys.v+2dz %.z, (239) 
because dx cos a+ dy cos B+ dz cos y = 0. 


But the equations of motion of m,, m2, ...m, under the action 
of their respective forces yield the following equations: 


d.m, vy? = 2 (x, dx+y, dy + Z, dz) > 
A. MeV = 2 (Xz dx + Yo dy + % dz) L (240) 


DAU eka lk + ¥,0Y + Zz) 
so that (239) becomes | 
d.mv2 ='3.d.mv2 = d.z.mv?; 


and therefore taking definite integrals, with limits corresponding 
to ¢=¢ and to ¢=0, we have 
MO = Sn"; (241) 
and therefore at all points of the path of m its vis viva is equal 
to the sum of the vires vive of the m’s in their separate motions. 
Hence it follows that the normal force nN assumed in equa- 
tions (238) is zero, and consequently m, under the action of the 
several impressed momenta which act on m, m2,...m,, will de- 
scribe the same path as each of the m’s. This general propo- 
sition is due to M. Ossian Bonnet, and is given in the notes 
appended by M. Bertrand to the edition of the ‘“ Mécanique 
Analytique” of M. Lagrange, Vol. IT, 1855. 
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CHAPTER XII. 


THE CONSTRAINED MOTION OF PARTICLES, UNDER THE 
ACTION OF GIVEN FORCES. 


Section 1.—The motion of a particle constrained to move on a 
given curved line. 


348.] Tue subjects of motion thus far have been particles 
not constrained by any geometrical conditions; they have there- 
fore been free to take in space such paths as are due to the 
action of the impressed forces: it remains now to investigate 
the motion of particles which are constrained; that is, which 
are subject to certain geometrical relations: such is the motion 
of a particle in a small tube, either smooth or rough, and the 
bore of which is supposed to be of the same size as the particle: 
of a small ring sliding on a curved wire, with or without fric- 
tion: of a particle fastened to a string, or moving on a given 
surface. The principles of the science which were investigated 
in Chapter IX are of breadth sufficient for this inquiry. For 
in addition to the impressed momentum-increments on the 
moving particle, there will in general be a normal pressure or 
reaction of the curve or surface, arising from the deflexion of 
the particle from the path which it would have under the action 
of the impressed forces alone: and this pressure together with 
the expressed momentum-increments will be equal to the im- 
pressed momentum-increments. 


349.] In this section I propose to consider the motion of a 
particle constrained to move on a given curve; such as that of 
a particle in a tube, or of a small ring on a wire, or of a par- 
ticle fastened to a string. And, to take the general case, I shall 
suppose firstly the curve to be in space, and the motion to be 
free from friction. 

Let the equations to the curve on which the particle, of mass 
m, 18 constrained to move, be 


Fy (a, Y, 2) = 0, Fg (a, Y, Z) — 0; (1) 
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and let (x, y, z) be the place of m at the time ¢: let x, y,z be the 
coordinate components of the impressed velocity-increments ; 
let k be the normal pressure, and let a, 8, y be the direction 
angles of its line of action; so that the equations of motion are 


dx 

mr = MX—Reosa | 
dy 

na = mY—RCOSB +; (2) 
dz 

M ae = Ce Ose 


and dividing by m, whereby the equations become expressed in 
terms of velocity-increments, 


LEE See 

dt? = tone | 

oF R | 
ar = Y— 70088 Le (3) 
dz 


dpe = 2 — — cos y J 
The line of action of Rr cannot be definitely determined; we 
know no more of it, at present, than that it is perpendicular to 
the tangent of the curvilinear path at the place of the particle ; 
so that we have , 

dz cos a+ dy cos 8+ dz cos y = 0: (4) 
neither do we know the direction in which R acts. 


Now multiplying the equations of (3) severally by 2 dz, 2 dy, 

2dz, and adding, we have 
2 dx d?x + 2 dy d*y + 2dzd*z 
di? 

Let the circumstances of motion be considered at the times ¢ 
and ¢); and let us suppose that x dv + y dy +zdz is such a func- 
tion of wv, y, ¢ as to admit of integration; and let v and vp be the 
corresponding velocities; then integrating (5) we have, 


t 
v2—ve = a/ (x dx+yvdy+z2dz), (6) 
to 


= 2(xdv+ydy+z2dz). (5) 


whereby the velocity is found by simple integration at any 
point of the path. 


Also since 
d’s  d*x dx | d*y dy | dz dz 


Gh ta diego) dis ds. di® ds? 
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d2s ce eae lh alee (7) 
dt? ~ ds 
and is therefore independent of the resistance of the curve ; ‘the 
velocity-increment therefore of the particle along the curvi- 
linear path is the same as if the particle were moving freely 
along that path. 


92 
And since v? = aoe we have from (6), 


+ ds 
t 3 
{ve+2/ (xdw+tydy+z dz)}# 
to 


whence the time may be found in terms of the coordinates of 
the particle at ¢ and fo. 

And the normal pressure on the curve may thus be found: 
multiplying (3) severally by cos a, cos B, cos y, we have 


dt = 


(8) 


— = (x — FF) cosa+ (v— SY) cos a + (x — 2) cosy. (9) 


Now suppose the line of action of the normal pressure to be the 
principal normal: then if p =the radius of absolute curvature, 


ee ee pp alae cos y 

men er ow + dendsit 7 "ndenile? 
the double sign referring to the value of p, and which is to be 
positive or negative, according to the direction in which it is 
measured, so that it may finally bear a positive sign, because it 
is an absolute length. And replacing in (9) cos a, cos 8, cos y by 
these values, we have 


= xcosa+ycos 8+ 2ZCc0Os y 
\a ad de d*y didy aaa at 


a ds ds * dt? ds ds * dt? ds ds 
2 
R = m)xcos.a+y cos B +2008 y+ "-t. (10) 
p 
2 
° is the centrifugal force; see Art.255: thus if the normal 
p 
pressure on the curve acts along the radius of absolute curva- 
ture, it is equal to the algebraical sum of the resolved parts of 
the impressed momentum-increments along that radius of abso- 
lute curvature and of the centrifugal force. 
And the normal pressure is along the principal normal when 
the curve is described by the moving particle without the action 
of any continually impressed forces: for in this case, 
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dx R 7 
ante eae ces | 
d*y Biss 
ap = Theos P ms 
d2z R 
Hie ae 
dx d*x + dy d*y + dz d? 
oe eee’ = — = {dv cos a+ dy cos 8+dz cos y} 
amt 8 


ds? : 
a = (velocity)? = a constant. 


Therefore dt = kds, and therefore s and ¢ are simultaneously 


equicrescent : and cos a, cos £, cos y are severally proportional to 
dx d*y dz Bs ih : 
Ws?’ aa ds?’ and are therefore the direction cosines of the 


principal normal. 


R is, it will be observed, a pressure or a momentum; and is 
therefore compounded of two factors, of which one is mass and 


e e ed . R ° 
the other is velocity ; and as Rr varies directly as m, — is velo- 
m 


city. Thus equation (9) is homogeneous, and is formed in terms 
of velocity : equation (10), on the other hand, is formed in terms 
of momentum or pressure. It is convenient to have a distinctive 
name for the velocity, which is lost or gained by reason of the 
motion being constrained, and I shall call it the reaction of the 
curve: so that reaction is the pressure on the curve of an unit- 
mass; and the pressure of m on the curve is the product of the 
mass and the reaction. 

Equations (7) and (9) or (10) are the tangential and normal 
components of the velocity-increments, and the result is there- 
fore equivalent to a tangential and normal resolution. 


350.] If however the motion takes place wholly in one plane, 
we may take that to be the plane of wy, and the general for- 
mulz become simplified. Thus the equations in terms of velo- 
city-increments along the coordinate axes are, 


dx _ R dy) 

de® ~*~ mds | Ab 
ae rR dx {’ 

fie eer 
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and if the velocity-increments are resolved along the tangent 
and the normal, 
ds -\d*xdxr, d*y dy 
at? ~~ dt? ds " di® ds 
dx dy 


and integrating with limits corresponding to ¢ and f, we have 
t 
v2 — Vv)" = 2) (xdxv+ydy). (18) 
to 


Also if we multiply the two equations of (11) severally by dy 
and dx and subtract, we have 


7 § dy oe eh 
oy A diD Sp ds ds dt? 
dy an 
— a eh a ait a Sc 4 
apa cr (14) 


if p is the radius of curvature of the curve at the point (a, y) ; 
and the correct signs must, where an ambiguity exists, be de-_ 
termined by the circumstances of the problem. 

And if the system of radial and transversal resolution is taken, 
and if p and q@ are the radial and transversal impressed velocity- 
increments, as in Art. 256, then 


dr GG sy , Brag 
a. de? =m ds. 


: 4 1s 
Ld (440) gp Bae | ae 
r dt dt na m ds J 
and integrating these we have for the velocity, 
t 
v2 — v7 = af fedr+ardéo}. (16) 
to 
einen dr pate a 
Soy ° as eres tab ( 


We proceed now to give examples in which these principles and 
formule are applied. 

The most simple is manifestly the motion of a heavy particle 
moving on a smooth inclined plane; the motion of it along the 
plane has been considered already: viz. in Section 2, Chapter X, 
wherein the tangential component has entered into computa- 
tion: and for the normal component we have, if a is the inclina- 
tion of the plane to the horizon, 


R = mg cosa; 
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that is, the pressure on the plane is the same at all points of it, 
and is independent of the velocity with which the particle moves 
down the plane. 


351.] Ex.1. From a given point on a parabola a particle is 
projected with a given velocity u along the concave side of the 
curve, and is acted on by a force in the focus which is attractive 
and varies inversely as the square of the distance; it is required 
to determine the circumstances of motion. 

Let the equation to the parabola be 

2a 
ee 
1+ cos 0’ 
which in terms of 7 and p becomes 
p* = ar; 


let ¢ be the initial distance of m from the focus; then @=0, and 
therefore from (16), 


whereby the velocity is known at every point of the curve. And 
from (17), v2 sp rd 


R 
m p x? ds 


az a 
= tT aE ; 
ah b 


and thus the pressure is known at every point of the curve; 
and since m is to move on the concave side of the curve, 1? 


2 
must be greater than ay and if uw? is less than at m must 


2 
move on the convex side; and if u? = ae the pressure on the 


curve is zero at all its points; and rightly so; because (—*) 


is, see Art. 319, the velocity acquired at the point of projection 
by m moving from infinity under the action of the central force ; 
and thus under these circumstances the parabola would be the 
unconstrained orbit. 


Ex. 2. A particle moves on the convex side of a parabola, 
and is tied by an extensible string to a point in the focus; the 
unstretched length of the string is equal to the focal distance ; 
the particle is placed at rest at the extremity of the latus 

OZ 2 
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rectum; it is required to determine the subsequent circum- 


stances of motion. 
2a 


" ~ T+ ¢08 6 

Let + = the tension of the string, so that vr is the central force 

acting on m; then, if 7 is the distance of m from s at the time 
?, and if e is the coefficient of elasticity, 


(18) 


yeaa (ler ay 7, on ee 
ea 
and therefore from (16), 
ds? va—r 
dt? re Ee ae an 
2 — 
=syar-Fts (19) 
2 
and from (18), ds? = — 
and substituting this in (19) we have 
aie ee (ae)? dr vy 
{(r—a@) (2a—r)}? 
2r—3a 


t = (ae)? cos—} ae 


therefore when 7 = a, t= 7 (ae), and this is the time which the 
particle takes in passing from the extremity of the latus rectum 
to the vertex; and the velocity is a maximum when 7=4a, 80 
that the particle passes on from the vertex to the other ex- 
tremity of the latus rectum, at which it comes to rest; and this 
oscillatory motion continues, the period of an oscillation being 
27 (ae)?. 

Ex. 3. A particle moves on the convex side of an ellipse 
under the action of two forces parallel respectively to the axes 
of # and y, and which vary respectively as the cubes of the cor- 
responding coordinates : the particle is placed at rest at the point 
(A, k); it is required to determine the pressure on the curve. 


In this case. x = ae Y= —-F; 
Lv Y 
therefore from (13), 
ds? ude dy 
ge == —2/(E +) 
/ mM we 


S| 
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Let the equation to the ellipse be 


wy? y? 
at By : 
Then 
oy ea i 
a? y? (aty? + b4x2)% a y? h2 k2 (a4y? + b4n2)8 


Ex. 4, A particle moves on the convex side of an ellipse, and 
is under the action of (1) two central forces varying inversely 
as the square of the distance, and whose sources are at the foci, 
and (2) a central force varying as the distance and whose source 
is at the centre of the ellipse; it is required to determine the 
pressure on the curve. 

Let 1, #2, be the absolute forces severally of the foci and 
of the centre; and let the centre of the ellipse be the origin. 
Let 71, 72,7 be the distances of m at the time ¢ from the two 
foci and from the centre respectively, and let 7’), 7’2, 7” be the 
initial values of these, that is, when ¢=0; and let vo be the 
initial velocity. Then 


ieee) at Ae) 


ry Tae he 
MY = bey 
Y= — —— —— =; 
MY rp re 
21 2hs 214 2p 
pee agen A ee RE [A ae 
v 0 Bete elias a, oe Ps + ry rs 
(7, 12)® 
Also 7? = a?+62—7,75, and peace ray 
R es pa 2 bo 71 9 
——p = wr yr ; —— — Uo". 
m ° ie oe ary args : 


If v, vi, V2 are the velocities with which a particle m being 
projected from the given point would freely describe the pre- 
ceding ellipse under the action of the preceding forces acting 
singly, then 


, / 
Yr M271 
9 ed, 9 Mi’ 2 Sees ee 
— V ——— V = . 
ve = P1712; l= ary ’ 2 ar’s 
Rp 2 2 2 2. 
so that P= v2 4 yy24 Ve? — U0" 3 
if therefore Vol = V2 +24 V2", 


then k=O, and the particle would describe the ellipse freely. 
This result is a particular application of the general Theorem 
of Article 347. 


542 MOTION OF A PARTICLE IN ONE PLANE. [352. 


352.] Let us now consider another form of the same problem 
which is more simple than the preceding, and more general in 
application; that, viz., of a heavy particle moving on a given 
plane curve. 

Let the axis of 2 be horizontal, and the axis of y vertical ; 
so that the equations of motion are, 


ae Rn dy ) 

tt Vag taathedsy if 

3 (20) 
d*y oR da 


a ~ 9" im ds 
Multiplying these by 2dz and 2dy respectively, adding, and 
integrating, we have 
v?—vo? = 29 (Y—Yo) 5 (21) 
that is, the excess of the square of the velocity at the time ¢ 
over that at the beginning of the time varies as the perpen- 
dicular distance through which the particle has moved, and is 
independent of the path which it has taken. This is a particular 
case of the general principle of vis viva which we shall discuss 
in the following Chapter. 
Again, multiplying the first of (20) by dy and the second by 
dx and subtracting, we have 
R dx  dyd*x—dxad*y 
= in ~ Tas * dt? ds 
But if p is the radius of curvature of the curve at the point (2, y), 
05°20 deta (=) 
d*x dy — dy dx 
ds? ; 


3 
d?x dy—d*y dx = Bat 


R 
| ee a ; (22) 
the ambiguity of the signs depends on the position and the 
direction of curvature of the curve ; they are therefore for each 

particular problem to be determined by its circumstances. 
Now he 
ds 


' the curve, and * is the centrifugal force: the reaction there- 


is the resolved part of gravity along the normal to 


fore is equal to the algebraical sum of these two quantities. 
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We shall sometimes find it convenient to employ the system 
of tangential and normal resolution; the choice however of the 
method must depend on the particular application of it. 


353.] The motion of a heavy particle on a cycloid. 

Let the base of the cycloid be horizontal, and let the curve 
be in a vertical plane; and firstly let us suppose the vertex of 
the cycloid to be its lowest point, as in fig. 185; om=a, Mp=y; 
so that the equation of the curve is, 


Te versin-1— + (2ax—x?)3. (23) 
Let the particle m move on the concave side of the curve, and 
be at P(#,y) at the time /¢, and at rest at x (h,k) when ¢=0. 


Then the normal pe is the line of action of r, and the equations 


of motion are dx ok dy 
Fycece pa age ae S 
ay R ax is ") 
ice m ds 


whence, as heretofore, multiplying the first by 2dz and the 
second by 2dy, adding and integrating, and observing that 
v= 0 when x =/h, we have 
ds? 
dt? 
similarly, multiplying the first of (24) by dy, and the second by 
dx, and subtracting, we have 


= 0 = 29 (h—x); (25) 


R dy wv? 

tee ya ee 26 
mds p fe 
dy ax ds 


PE, 8 re 
{2a—xv}2 xv (2a) 


p = {8a(2a—2)}?. 
If op=s, and m is descending to the lowest point of the 
curve, and if ¢ is the time of m descending from » to 0, then 


from (25) we have, 5 l ic ie 
(2g)3/n (h—w)? 


i? Que dx 
i 9) Jn (ha —x*)% 


2 ) [ versin~? tI 


I 
= | 
Fm 
i) 
SS 
Nee Ke 
= 
ras) 
me 
—S 


544 MOTION OF A PARTICLE ON A CYCLOID. [ 353- 


the time of descent of a particle to the lowest point of the curve 
is thus independent of h, and is therefore the same for all par- 
ticles starting from different points of the cycloid. 

And since the velocity of m at o is (2.gh)2, and has therefore 
its greatest value, and since by (25) v=0 when w= 4, it follows 
that m having passed through o ascends the other branch of the 
cycloid, and reaches a point x’ at the distance / above the hori- 


3 
zontal line through 0; and the time of the ascent is 7 (7) : thus 


the time of a complete oscillation from k to K’ is 27 Cr and is 


thus independent of the point on the curve at which the motion 
commences. 

This property of a curve is called Tautochronism, and the 
cycloid is accordingly called a tautochronous curve. 

The result (27) may be arrived at so shortly by the following 
process that I do not hesitate to insert it: 

Let us resolve normally and tangentially : then we have 


d*s ee 
ft es 
From the equation to the cycloid, s?= 8az, 
dx 8 
ds ~ 4a’ 
kt Da Sex, 
dt? Aa?’ 


which is a linear differential equation ; and of which the general 
integral is git 
‘§ = ACOS \(4) tral, 


where a and a are undetermined constants of integration: let 
/ be the initial value of s; then since a = 0, and s=/ when 


t=0; therefore a=0, and a=/: so that the complete solution is 
= g\* 
s = lcos (~) i (28) 
Also from (26), substituting by means of the equation to the 
cycloid, R mt g (2a+h—2zx) 
mM ~ {2a(2a—a)}2’ 
which assigns the pressure on the curve; and if = 2a, that is, 


if m begins to move from the extremity of the base of the cycloid, 
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R 4a—2Q4\3 

ae pak 
and if x = 0, that is, at the lowest point of the curve, 

By mg, 
that is, the pressure is twice the weight of the particle. 
If the plane in which the cycloid is, and in which m moves, is 

inclined to the horizon at an angle a, and is smooth, the pre- 
ceding results are applicable, if we replace g by g sin a. 


354.] A particle m may have the cycloidal motion of the 
preceding Article, if we suppose it to move in a smooth tube, 
or an open canal, bent into the form of a cycloid. We may also 
obtain a path of the required kind by the following arrange- 
ment. Let the particle m be fixed at the end of a perfectly 
flexible and inextensible string, which we shall assume to be 
without weight, of length 4a; and let the upper end of this 
string be fastened at a point c, see fig. 135, in a vertical line 
through 0, where oc=4a; from c to B and from c to B’ let 
two cycloidal arcs be drawn, equal to oB or os’; then Bop’ is 
the involute of cs and cs’; and therefore the end of a string of 
the length 4.a fastened at c and wrapping round cs and cp’ will 
describe the cycloid Bop’. 

Now when a heavy solid body oscillates about a fixed hori- 
zontal axis it is called a pendulum; and when a heavy particle 
is attached to the axis by means of a string or a rod, without 
weight and inextensible, this arrangement is called a simple 
pendulum; and althongh such a system never can be perfectly 
attained, yet approximations may be made to it which are near 
enough for practical purposes, and by means of it the incidents 
of pendulums may be compared. 

Suppose then the particle m to be fixed at one end of a string, 
whose length is 4a, the other end being fastened at c, fig. 135 ; 
and suppose the plane of the curves to be vertical; then if cs, 
cB’ are such surfaces or cheeks that the string may be wrapped 
round them, m will move in a cycloidal path, and we shall have 
a cycloidal pendulum. The time of the oscillations will be the 
same, whatever is the point whence m begins to move; and if-] 
is the length of the string, 


: l 
the time of an oscillation = 7 (") : (29) 


Also the tension of the string corresponds to the pressure on 
the curve of the preceding Article, and we have 
PRICE, VOL. III. 4A 


046 MOTION ON A CIRCLE. Ecce 


the tension of the string = mg 207 aa ; (30) 
{2a (2a—2x)}2 


and therefore, if «= 0, 
the tension at the lowest point = 5 (2a+h). 


355.] As another example of cycloidal motion, let us suppose 
a cycloid to be placed in a vertical plane with its base hori- 
zontal, as in fig. 186; and let us suppose m to be projected from 
the highest point with a given velocity along the convex side of 
the curve; it is required to determine the subsequent motion 
of m. 

Let Pp, (2, y), be the position of m at the time ¢; let u= (2gh)? 
be the velocity of projection. The equations of motion are, 


he a R dy 
d® ~~ m ds’ 
dy _ x de 
dt? m ds’ 
ds? 
qe v2? = 2g(h+2), 
R dy v* 
me Tee Ne 
g 2a—-h—2e 


(2a)? (Qa—a)? — 

So long as rR has a positive sign, m is in contact with the 
cycloid; but when r= 0, the particle leaves the curve; and 
being heavy and moving freely describes a parabolic path; 
this takes place when h 

C= Oa 9° 


in which case v?= 29 (a =f 5) ; and the line of motion of m at 


that time makes with a horizontal line an angle whose tangent 


(= )" and the latus rectum of the subsequent parabolic 
path is Qa+h)? 
ea 


356.] The motion of a heavy particle on a circle. . 

Let the plane of the circle be vertical, and let its radius be a; 
let it be placed, as in fig. 137, with the origin at the lowest point, 
and with its axis vertical; so that the equation of the circle is 
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y? = 2ax—2x’; 

Te ae dv ds 
a—2.. ya’ 

and the equations of motion are 
dx R dy dy 
Ge i! im ds” de? 
Let the initial position of m be (h, k), and let the velocity of 

m at that point be v; then 

ds? 
dt? 
Hence it appears that the velocity is a maximum when xv =0, 
that is, at the lowest point of the curve; and the velocity = 0, 


when vo? 
v=h+ 29 ’ 
Vo" 
29 
and if this is not the case, then the velocity is a minimum when & 
has its greatest value, that is, at the highest point of the circle. 


-= v2? = 29 (h—x)+0,?. (31) 


subject to the condition that h + is not greater than 2a; 


R Ws 07 
a 7 {at+2h—B0 +00}, (33) 


which gives the pressure on the curve. And if the circular 
motion of m is caused by the fastening of m to a string of 
length a, the other end of which is fixed at the centre of the 
circle, then r isthe tension of the string, and we have, 


the tension = AF {a4 2h—B2 +0}. (34) 


If %=0 and h= 2a, that is, if the particle moves from rest 
from a, the highest point of the circle, then, at the lowest point, 


when == 0, R= 0707, 


and is therefore equal to five times the weight of the particle. 
Now to find the time taken by the particle in its descent to 
the lowest point. From (81), if op =s, so that s decreases as ¢ 
increases, 
FPP ah ties emer Es 215 1° 
{2g (h—a) + vo" 5? 
ana oh ws (35) 
{2anr— x}? {2g (h—2) + V0" }? 
4A 2 


O48 MOTION ON A CIRCLE. Rive 


This element-function does not generally admit of integration. 
In the case in which 
A + Yor —— 2a, 
29 
that is, in which the particle comes to rest at the highest point 
of the circle, (35) becomes, 


dt = oe 


(29)* 23 (2a—zx)’ 
whence by integration, and observing that ¢ = 0 when z= h, we 
have , ued 1 a AY 2 

t= — 5 (2) log CAE (2) tog SO 
g (2 a)? — x2 g (2a)? — h2 

357.| Let us however return to the general expression 
(35) for dt; and to simplify it, let us suppose the initial velo- 
city to be zero, and h to be the vertical abscissa to the point 
whence m begins to move; then 


(36) 


2 


adx 


(37) 


~— (2y)2 (h—a)? (2ax—x)?” 
this expression does not admit of integration. If however the 
radius of the circle is large, and the greatest amplitude to which 
m raoves is small, we may expand (37) in a series of terms in 


ascending powers of ~, and thus approximately find the inte- 


gral; and it is necessary to have recourse to this method, be- 
cause the problem is that of a circular pendulum; and in the 
applications of it to the purposes of time-measuring it 1s desir- 
able to know the extent of error which arises, if we assume one 
term of the series to be the measure of the time of descent of m 
from its highest to its lowest point. Let tT be the time of an 
oscillation, that is, from wv =A, through x =0, tox =h; then 


arf? dx / x \3 
Zo = al (ha — x?) loa! ss 
2 (h ( Lay Tdor ine 32 
* (“yf 14+5 ga tae aalt 
PLO Geek) fe ada 
Pee Oe (sa) ae OM 


This series consists of terms each of which is of the form 


h m 
pee and by Art. 51, Vol. IT, 
0 (hv—x*)? 
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i av” dx 2m—1, Bo pm—V lay 
Jo (hx — a?) 2m Jo (hx —x?)* 
(2m —1) (2m—3)...5.3.1 he [’ dx 
2m (2m—2)...6.4.2 Jo (ha —x?)? 
_ (2m —1) (2m—8)...5.3.1 
2m (2m—2)...6.4.2 


r= (6) {1+ (5) ga + (oa) (Ga) + 
1.3.5...(2n—1 i 
( aces ) a f of 89) 


which is the complete expression for the time of an oscillation. 
If A is very small in comparison of a, the radius of the circle, 


hea 


and if we neglect all powers of dq? 


tol~ 


a 
er () (40) 
which is an expression of the same form as that for the time of 
an oscillation in the motion of a heavy particle on a cycloid ; see 
Art. 353 ; observing however that @ here is equal to 4a in that 
case. And if we include the first two terms of (89), we have, 


pan(2) {14 ht. (41) 


If 2a is the angle at the centre which measures the oscillation, 
2 
h = a(1—cosa) = 2a (sin 5), 


so that the difference between the expression for T given in 
(40) and the whole expression varies as the square of the angle 
of oscillation; and that between (41) and (39) varies as the 
fourth power of the same angle. 


358.] This motion of a heavy particle in a circular arc is 
approximately realized by attaching the particle to the end of a 
very thin and light straight rod, which, turning about a fixed 
point at its other end, moves in a vertical plane. This arrange- 
ment in its perfect state, (which however can never be reached,) 
is called a simple circular pendulum. [If / is the length of the 
rod, the time of an oscillation is approximately given by the 


formula, Ing 

a. Tt), (42) 
() 

when the angle of oscillation is very small. 
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The pressure on the curve becomes in this case the tension 
of the rod. 

The formula (42) is applied to the determination of gravity 
at the different places of the earth’s surface. Let Lt be the 
length of a pendulum which vibrates seconds at the place to 
which g applies; then 


L\2 

Li ee, 

() 

Gas 1 LG (43) 

from this formula g has been calculated at many places on the 

earth. The method of determining t accurately will be ex- 
plained in a future part of the treatise. 


Equation (42) is also employed for the determination of (1) the 
height of a‘mountain, and (2) the depth of a mine. 


(1) Let 7 be the mean-radius of the earth’s surface considered 
spherical; let 2 be the altitude of the mountain above the sur- 
face, and g and g’ the values of gravity on the earth’s surface 
and the top of the mountain respectively: then, by Art. 179, 

g rh\? 
2 oj 

Let n = the number of oscillations which the seconds’ pendu- 

lum at the top of the mountain makes in 24 hours, 


en 
IJ 
24 x 60x60 _ ey 
ilps. 
r+h (u\2 
= % (") 
h 24x 60x 60 1 
r n . 


whereby / is given in terms of 7, the radius of the earth. Let 
us, for the sake of an example, suppose the pendulum to “lose_ 
10 seconds in a day ;” that is, to make 10 oscillations less than 
it would make on the surface of the earth. ‘hen 

n = 24x 60 x 60 — 10, 


and r = 4000 miles (approximately) ; 


b4, X60 x 60 

h = 4000 6036010 3 
) i ee 
* ELLOS sneer t te 
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, — 4000 ie 
= 94%6 x60 approximate y 


.4626 of a mile. 


(2) Let x be the radius of the earth’s surface, as in the last 
case: and let 4 be the depth of the mine: let g and g’ be the 
values of gravity on the earth’s surface and at the bottom of 
the mine. Then, by Article 181, 


FAAS 
J r—h 
Let » = the number of oscillations which the seconds’ pendu- 
lum at the bottom of the mine makes in 24 hours; therefore 


l= x(2), 


24 x 60x60 _ (ej 
ae LE ae or 
ui g 
aa n(——) (ab 
ia (——); 


ts Paci 
yoves 24 x 60 x 60 § ’ 
whence h may be found in terms of 7, the earth’s radius. 

359.] If the arc through which the 40d of a circular pendu- 
lum vibrates is very small, the time of an oscillation is deter- 
mined by means of tangential resolution more easily than by 
the preceding process. 

Let 2a be the angle which the arc of oscillation subtends at 
the centre of the circle; let 6 be the angular distance of m from 
the lowest point at the time ¢; and let s be the arc correspond- 
ing to 0, so that, if a is the radius of the circle, 


$= ae; (44) 
then, if we suppose s to decrease as ¢ increases, the equation of 
motion along the tangent is, 

d*s 


ae = 9 80 8; (45) 
2 
and in terms of @, = = — - sin 6. (46) 
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Multiplying by 2d0, integrating, and taking the limits such 
do 

that ae O when 0=a, 

do? 2g 

— = — ~ 47 

af ; (cos 8 — cos ze (477) 
This expression cannot be again integrated in the form in which 
it stands: cos 6 may however be expressed in a series, and the 
integral may be approximately found. If the oscillations are 
small, so that 6 and a are small, then expanding cos 6 and cos a 
in powers of 6 and a respectively, and omitting terms containing 
the fourth and higher powers of these quantities, we have 


Bam (2) ae; 


(a2— 62) a 
and since 6=a when ¢=0, 


bam (2)'c0s— es 


and when O0=—a, t=a7 ei 


which is the time of an oscillation. 


Using the same notation, the equation of the normal compo- 
nents is, when the particle moves as the 40d of a pendulum, 


R = the tension of the rod 
; a 
=m 9 cos 0 + oe 


mg {3 cos 0—2 cosa}. 


If m is projected from the highest point of the circle with a 
velocity due to the height h, and along the concave side of the 
circle; then if 6 is the angle subtended at the centre of the 
circle by the arc which m describes in the time /, 


(velocity)? = 29 {h+a—acos 6}, 
R= m9 \=* 42-8 .0s a1. 


Hence it appears that the particle will leave the curve if h 
and @ are such that the following condition is possible; viz. 


2h+a 
cos @ = = ; 
De 


If n = O when the motion begins, then h = 5 ; in which case 
at the lowest point of the circle, R= 6mg. 
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360.] Two or three problems are added in other circum- 
stances of constrained motion on curves than those assumed 
above. 


Ex.1. A parabola is placed with its axis vertical, and its vertex 
the highest point; a heavy particle is projected from the vertex 
along the concave side of the curve with a given velocity: it is 
required to determine the subsequent circumstances of motion. 

Let h be the height to which the velocity of projection is due: 
and let the equation of the parabola be 


YU = LOR: 
the equations of motion are, 
dz R dy d*y R dx 
ae ~ 9 in ds’ di? ~ ~ im ds’ 
(velocity)? = 2g (x+h), 
v2 d. 
Ot ars 
= mga? a = 
(a+ x)? 


Therefore the pressure on the curve = 0, if h=a: that is, if the 
velocity of projection at the vertex is equal to that acquired in 
falling from the directrix ; and in this case the pressure is zero 
at all points of the curve: the parabola is therefore the trajec- 
tory of m moving freely. This is apparent from the investiga- 
tions of Article 282. 


Ex. 2. A heavy particle descends down a curve in a vertical 
plane: it is required to determine the equation of it, when the 
pressure on the curve is the same at all its points. 

Let r be the constant pressure: / the altitude to which the 
velocity of m at the origin is due; a= the angle which the tan- 
gent to the curve at the origin makes with the vertical line, 
which I shall take to be the axis of x: then from the equations 
of motion we have, 


ney Seas AE: ou 

ve = 29 (h4+2), nami +99 ; 

If s is equicrescent, then from equation (18), Art. 236, Vol. I, 
pee os oS: 
Diatas sda” 


and substituting this in the preceding equations, we have 
PRICE, VOL. III. 4B 


D04 CONSTRAINED MOTION OF A PARTICLE. [ 360. 
R dx dx dy t, 
2Q(h+a)e 2Q(h+ x)? ds 


therefore integrating, and taking the assigned limits, 


mg) (hrayra. i 


1 1 1 d 1 ° 
R{(h+x)?—h?} = mg {(h-+a) —h? sma}; 


“ ay ty h? (mg sin tia) (48) 
s my mg (h+2)# 

whence, if ds is replaced by its equivalent in terms of dy and 
dx, the equation to the required curve may be found. It is 


called the curve of equal pressure. 


Ex. 3. A heavy particle m moves from rest on a curve, and 
the pressure on the curve varies as the mth power of the vertical 
distance through which the particle has moved; it is required 
to determine the nature of the curve. 

In this case, vi = 202, 

ds’ 


if k is conveniently assumed : te by a process similar to that 
of the last example, we have 


k n+g 2 dy ‘ 
TTT OF Re ay 
whence we have, ; 
dy .— 2" {ay int “de, (49) 
which is integrable by rationalization, see Art. 44, Vol. II, when- 
ever — at or AX is an integer 
2n Qn : 


Let »=1; and let : = a: then (49) becomes after integration, 


(y +a) +02 = a’. ki 
If n = —1, the resulting equation is that of the catenary. 


Kix. 4. To find the equation of a curve, which is such that a 
heavy particle m moving on it may describe a given are in the 
same time that it would describe the corresponding chord. 

Let us take polar coordinates, and let the origin be the point 
at which the motion begins: let (7, 0) be the place of m at the 
time ¢, the prime radius vector being vertical. Then for the 
motion on the curve we have, 
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Ee 2 OF 7 cos 8, Sed posit Tait ali 
dt? (29)2/0 (rcos 6)?" 
and the time in which m would describe the chord 
pI ( 2r ‘ 
Ag cos 07 ’ 
fe (ar? +77 d0?)* _-, i. Ee 
0  (rcos 6)2 cos 0/ * 


and differentiating, 
(dr? + 7? 62)? _ iste ip dr cos 0 +7 sin 6 d6 
ri (cos 6)? : 


(r cos 6) r 
cos 26 = dr 
ae 6 


r? = a? sin 26; 
which is the equation to a lemniscata, the axis of which is in- 
clined at an angle of 45° to the vertical line through the origin. 


361.] I proceed now to the investigation of curves which 
possess certain general properties, and which are suggested by 
the preceding inquiry. And first of the general equation of 
tautochronous curves. 

It appears from Article 353 that the cycloid, in either a ver- 
tical or an inclined plane, with its base horizontal, is such that 
the time taken by a heavy particle in moving down the curve 
to its lowest point is the same whatever is the point on the 
curve from which the particle begins to move. Our object now 
is to inquire whether any other curve besides the cycloid pos- 
sesses this property of tautochronism for heavy particles in 
vacuo; and we shall also extend the inquiry to forces of other 
kinds. 

Let the impressed forces be resolved tangentially; and let t 
be the tangential component at the time ¢ of the impressed 
velocity-increments, and tending to diminish s as ¢ increases ; 
let s be the arc measured from a certain point on the curve 
chosen as the origin, and let a be the initial value of s: then 


ds2 a 
We — 2/ T ds, (50) 
so that the time of passage from a to s is given by the following : 
t= sf ff rash Mas (51) 


4B2 
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Now this definite integral must be independent of a when 
s=a; it must therefore be of the following form: 


[fray a= 90 
-{foay'=290) 
foam fev ay 


and taking the s-differential, 
i ia a Ba Pd Pe 
-r= F442), (52) 


which is the relation between tT and the equation to the tauto- 
chronous curve. But the equation to the curve must be inde- 
pendent of a; and therefore 


a} e (Zt 


must be independent of a; whence we infer that 


nis \0e 2 a? 
1 (y= Ee 
where kis a constant. Substituting this in (52), we have 
T= ks; (53) 
whence we infer that the tangential force which acts on the 
particle must vary directly as the length of the path to be de- 
scribed by the particle to the origin. Of the action of a force 
varying according to this law we have already had examples in 
Art. 232, where the particle m describes a rectilinear path to 
the origin, in Art. 239, and in Art. 353. 
From (53) and (50) we have 
ds? 
dt? 
let us suppose that the particle is moving towards the origin, 
and that 7 is the time from s=a to s=0, then 
—ds 


(a? —s?)3 


0 
L s 
Ket m | cos~! 4 

Aa 
T 


9? 


= k(a?—s?); (54) 


k? dt = 
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T 7 
(co he 9 and k — Ar? 5 
2 
so that from (53), T= 73°. (55) 
T 


362.] Some examples of tautochronism are subjoined. 


Ex.1. Let the impressed velocity-increment be that of gra- 
vity ; and let us suppose the axes of coordinates and origin to 
be taken so that the axis of & is vertical, and s=0 when 2=0; 
then 


dx 
ee re 
2 
therefore from (55), g = = ac = 
T 


therefore integrating, and replacing the constants by another 
constant 8a, which is chosen conveniently, 
elt: a)? dx 


x 3 
2 


$7 = Saz, s = 2(2azx)?, ds 


n x 
whence y = aversin-! a (2an—x)?, 


which is the equation to the cycloid ; and which is therefore the 
only tautochronous curve of a heavy particle in vacuo. 

Also since only the length-element of the curve and the 
vertical distance of the initial above the terminal point of the 
particle’s motion are involved in the preceding investigations, 
the result will be the same if the vertical plane, in which the 
cycloid is, is wrapped round a vertical cylinder. 


Ex. 2. Let the origin and axes be taken as in Ex. 1, and let 
the force be parallel to the axis of v, and = wz; 


T pa iicaty Ei rom as S2: 
er One Tee ear Ot 
whence we have ultimately, 
y = Ba, 


where f is an arbitrary constant: this is the equation of a 
straight line. 


ix 5. Letitia" a; and let the origin and axes be the 
same as before ; 


2 nm +1) 7? 
[en OG = 73 84s, eit Ee SE 
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dy = (—1+4 k? #"-1)? da, 
where k? is substituted for other constants. Now if x is small, 
y will be imaginary, unless n —1 is negative. Let n—l=—m; 
then _m ; 
dy = x 2(k?— 2x”)? da, 


which is integrable by rationalization, whenever either 


or 
4 2m 
er is an integer. Thus let eat =1; or let m=z, then 
m 2m 3 
dy = x3 (k? — v3)3 dx, . Y= — (k2— x3), 


ys “ie v2 oe k*, 
which is the equation to an hypocycloid; see Art. 179, Vol. I. 


Ex. 4. Suppose the force to be an attracting central force 
and to vary inversely as the square of the distance; it is re- 
quired to find the equation to the tautochronous curve. 

Let 7 and p be the radius vector and the perpendicular on 
the tangent of the path of m at the time ¢: and let the central 
attracting force be 


Dla 5 
pa’ 
ie ley 
and since ds = asi - 
lla ed Es 
therefore from (55), 
7 rdr 


nda es ge NY Sel tN wee I 
d.-3 (r?— p?) pra (2 pas? 


Be rig gry re ar 
yc ney a Eber (ieeegy 1h = et ae 


whence integrating, and introducing the arbitrary constant c, 


2 ; 2 
Sp) = 55 \- = =, 


272 (ec r 
m2? 
p = fr? — Quer (r—c), 


which is the equation to the tautochronous curve. 


363.] In the simple problem of tautochronism under the 
action of gravity m vacuo, the following process is more easy. 
From (25) we have 
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adil by 5 baa ie gl aie as 
at (2g)t4o (h— a) 


therefore expanding the denominator, 
sig are i: Ns 
a te {h by jah fray Goh a4... 
3...(2n—1) 
2.4...20 
But this series must after integration be homogeneous in terms 
of x and h, and of no dimensions, because under this circum- 
stance only will / disappear in the definite integral. Therefore 
taking the general term, 


= +}. 
[ards = Korie sa: 


ont) pant de; 
2 
8 = (2n+1)kx?; 
which is the equation to the cycloid with its base horizontal. 
The cycloid therefore is the only tautochronous curve for 
gravity in vacuo. 


erh-omrb 4... } ds. 


ads = 


364.] If there is a family of curves similar and similarly 
placed, all of which originate at a common point, and if heavy 
particles move down these curves from the common point, the 
locus of the points, at which all of them are at the end of a 
given time, is called the synchronous curve of the family of 
curves. One and the most simple case of this class of curves 
we have had already in Art.271, where the circle is shewn to 
be the synchronous curve of a series of straight lines in either 
a vertical or an inclined plane originating at a given point. 

If the given point at which the curves originate is taken as 
the origin, and the axis of @ is vertical, and that of y horizontal, 


then (#, y) being the place of m at the time /, and & ~ being its 


velocity, ds? : 
ova 
Sie “Gas (56) 
0 (2ga)e” 


whence may the time be found, when ds is expressed in terms 
of x by means of the equation of the curve. Now the equation 
of any one of the curves contains an arbitrary parameter, by 
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the variation of which the several individuals of the family are 
determined ; and by the elimination of this variable parameter 
between the equation of the curves and (56) will the equation 
to the synchronous curve be found. 

For an example let us take a series of cycloids, placed in a 
vertical plane with their vertices downwards, a common starting 
point, and their bases along the same horizontal line: then the 
equation to them is, @ being variable, 


y = aversin—! - — (Qaxr—x)2 ; (57) 
and if ris the common time down all to the synchronous curve, 
T= (7) versin= ; 


between which and (57), if a@ is eliminated, the resulting equa- 
tion in terms of 2 and y will represent the required synchronous 
curve. 


365.] We proceed now to a problem of a more interesting 
character: viz., the general problem of Brachistochronism: the 
object of which is to determine the nature of the path which a 
particle under the action of certain given forces takes, when 
the time of that passage is a minimum: or if the particle moves 
in a tube, it is required to determine the form of the tube, when 
the time along it is less than that along any other tube. 

In this section I shall suppose the motion to be along a tube, 
and not on a surface, and if x, y,z are the coordinate-compo- 
nents of the impressed velocity-increments, I shall suppose 
xdx+ydy+zdz to be an exact differential: so that x, y, z are 
functions of x,y,z only. The meaning of this restriction will 
be explained in the following Chapter. By equation (6), 
Art. 349, if the velocity at the initial point is zero, 

2 1 / 
p= oe == 2/ (xdxvx+ydy+zdz); (58) 
using the notation of Vol. II to indicate the limits of the defi- 
nite integral. 

The problem evidently requires the Calculus of Variations ; 

and since, ds 


ds 
pee aie Oe a 
lds 
2] iad ey 


and ¢ is the function of 2, y, z (according to the assumption 
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above made) which is to be a minimum: and v is given by the 
equation (58); and no other general condition is given. Some 
conditions must be given at the limits; for the curve may be 
drawn either between given points, or from one given curve to 
another given curve. 

Let (21, ¥1, 21) (@o, Yo, 2) be the terminal and initial positions 
of m; which, if the points are fixed, do not admit of variation: 
but if they are on given curves, the variations to which they are 
subject must be consistent with the equations to the curves. 
Taking the variation of (59), and equating it to zero, because ¢ 
is to be a minimum, we have 


1 
t= 0=0f S 
9 Uv 


= [fe ds sv 

te: (7) ye 

_ [olde dy 

=| \ (Gate + 3 doy +a) 


_ & (xdw+-vdy +282) , (60) 
because from (58), 
vov = xov4+Ydy4+262; bs, ae 
and integrating by parts the former part of (60), we have 


_ flyde dy dz | 


_[Mlas cat +55) be + (42h 4B) yt (0. = $75) az; (62) 


v ds 
and each of these, the integrated and the unintegrated parts, 
must separately be equal to zero. As to the integrated parts, 
if the limits are fixed points, they admit of no variation, and 
the expression vanishes identically. If the limits are on given 
lines, the expression shews that the brachistochron cuts both of 
them orthogonally. 

As to the unintegrated part ; since no relation is given be- 
tween # y and z, the coefficients of 52, 5y, 5z must separately 
vanish: and therefore 


v ds 


PG RE SES 20'9 5) 

v ds v3 | 

dy yds _ ; 63 
d.—. —3 =0 ’ (63) 
dz z ds 
Grae) S 


PRICE, VOL. III. 4¢ 
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* 


and expanding the first terms of these equations, and multiply- 
ing by v, we have, 
de dxdv | xds 0 7 
“ds ide vonihind? | 
dy dydv_— yds _ 64 
d. 5 sings REE bad oe a (64) 
dz dzdv_ ads 
“da els ates ON 
Let p be the radius of absolute curvature of the path: then 
by Art. 325, Vol. I, 


2 dx? dy\? dz\? 
(at) (at) ae (65) 
also, dea ,de dy ,dy , dz Lez dz 20 


ds ‘ds ‘ ds ‘ds ‘ ds ‘ds de 
arn nate lan es the equations (64) severally by d. 758 


d.— 2 ine —— , adding and substituting, we have 


— 3 
ds*_— ds dx dy dz 
+a ysag trad +a2d. + =a (66) 


But if A, yw, v are the direction-angles of the radius of absolute 
curvature, or, which is the same thing, of the principal normal, 
Art. 326, Vol. I, 


Bota IS tages _ ee 
cosA = Ts d= COS = 7 das COS =e d.z 
so that (66) becomes 
2 
= T(E COS A+¥ COS W+7 C05 p) ae (67) 


and therefore, in absolute magnitude, the centrifugal force at 
every point on the brachistochron, is equal to the resolved part 
of the impressed velocity-increment along the radius of absolute 
curvature. This is a general property of brachistochronous 
curves, and is one by which the path may in many cases be 
found when the laws of the acting forces are given. 

If the brachistochron is a plane curve, the centrifugal force 
is equal to the normal component of the impressed forces. 

This general property of the unconstrained brachistochron 
was discovered by Euler. 


366.] We will now consider some particular cases of brachis- 
tochronous curves. 
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(1) Suppose the velocity of the particle to be constant; so 
that x = y=z=0: then also dv=0, and from (64) we have, 


dx dy dz 
d= =0 dact=0, a =0; 
LU—X re Y—Yo Pe Z—Z0 : 


M—% Yi-Yo %1—2 
which are the equations to a straight line. 

(2) Let gravity be the only acting force; and let its line of 
action be parallel to the axis of z; UGE x= y—Op7—77 
therefore also v2 = 2g(z—2). 

And following a process parallel to that of the last Article, 
equations (63) become, 


dx dy dz  gds 
d. Pat Pola sau ()) Gia —_— O:; CAs + “V3 _ >» 
and integrating the first two, 
dx dy ; 
vds © ods P3 
de _ dy. 
dinaue 2D ” 


and therefore the motion takes place in a plane perpendicular 
to that of zy; let the plane be that of xz; so that all the terms 
involving y disappear, and we have 


dx dz ds 
spon pi — =~ = 0; 
ef v ds ie s v ds TI a 
from the first of these 
] 
sal = a constant = - (say), 
v ds (4 g a)? 
where a is an arbitrary constant : 
so that os —0, when z= 2%; that is, the curve is vertical at 
fs 
the point (2, 20) of departure of m. 
And since ds? = dx? + dz", 
we have ra (g—2) dz 


(2aG@—a)—@—20)} 


—*9 _ (2.4 (z—2%) — (2o—#0)*}#; 


wa 2 
L—-Xy = aversin= 


which is the equation to a cycloid, whose base is horizontal, 
and starting point is (2,20). Let (#0; 0) be the origin; then 


the equation becomes, 
tt 
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ih Seca versin-? = — (2az—2")3; (69) 


a is still undetermined. It is however to be such that the 
point (x, %,) may be on the curve, so that for its determination 


we have, Zn : 
Ly, = a versin= —.— (2 Zn —Zn2)? . 
a 


(3) To find the brachistochron when the force is a central 
attracting force, and varies inversely as the square of the 
distance. 


Z i tty 
In this case te 2u(-——), 
Sats 
PY tem dp’ 
and the normal component of the impressed force = 5 z ‘ 


So that by the general property (67) we have 
2dp | _ mdr 


ee 
Pp iio 


2 
r 
lo Ps + lo = QO; 
5 G2 or ‘ 
yet 
pa rare 
where c? is an undetermined constant. 


367.] Thus far the tubes or curves on which the particle has 
been constrained to move have been fixed; the tube however 
may move in the time during which the particle moves in it, 
so that the actual motion of the particle in space will be com- 
pounded of the motion of the tube, and also of its own motion 
in the tube. I proceed to consider some simple cases of motion 
of this complex kind. And I shall suppose the magnitudes of 
the particle and the tube to be such that the particle just fills 
the smooth tube. | 

The principle of solution is the same in all cases; the reaction 
of the tube will be along the normal, and the motion along the 
tube will be the effect of the impressed velocity ataaaaa 
resolved along the tangent to the tube. 


Ex. 1. A tube bent into the form of a plane curve is attached 
to a vertical axis which it meets, and about which it revolves 
with an uniform angular velocity: it is required to determine 
the form of the tube, when a heavy particle placed in it remains 
at rest in all parts of the tube. 
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Let the vertical line be the axis of z, and let the point where 
the tube meets it be the origin. Let (x, y, z) be the place of m 
at the time ¢; let x?+y?=,r?, 6=the angle between r and the 
plane of 2z; w= the constant angular velocity ; so that 

do 
dt 
if 6 and ¢ simultaneously are equal to zero. 

The impressed velocity-increments on m are (1) gravity, 
(2) the centrifugal force due to the rotation of the tube about 
the vertical axis : resolving these along the tangent to the tube 
at the point (7, 7), we have 


=U, a= ot, 


023 Tes $ dr dz 
dt2 —_ - deme is (70) 
2 
and as the particle is to be at rest, os = 0; therefore 
wrdr = g dz, pi aU 
(0) 
since r= 0 when z=0; and this is the equation of a parabola, 
of which the latus rectum is ae 
. d? . 
Since also at = 0, when the particle moves with a constant 


velocity, the preceding solution is applicable, when the particle 
moves along the tube with a constant velocity. 

Also if the velocity of the particle is a function of the path 
which it has passed over, equation (70) may be integrated. Thus 
suppose v? = k?(s%— a?), then 

k? (s*—a*) =@* 7? —2924¢; 
where c is undetermined. 


Ex. 2. To determine the motion of a heavy particle placed in 
a rectilinear tube which is attached to a vertical axis about 
which it revolves with a given angular velocity. 

Let a be the angle at which the tube is inclined to the ver- 
tical axis, and let » be the constant angular velocity: let the 
vertex of the cone described by the tube be the origin; (2, y, z) 
the place of m at the time ¢; let r be the distance of m from 
the vertex of the cone: so that the centrifugal force at the time 
fis w*r sina; then taking the components of the velocity-incre- 
ments along the tube, we have 

dr 


ia 77 (sin a)? — 9g COS a. 
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Multiplying these by eat , and integrating on the supposition 


that uf =u when r=0, we have 
dr® 2 D2 Terria te 
ae He ea (sin a)? —2g7r cosa; 


whence the final integral may easily be found. 
If the tube revolves with an uniform velocity » in a hori- 
zontal plane, we have 
a'r 4 dr? 
AP amc by at 
dr 


if = 0, when ry=a. Hence we have 


= «0? Ge 1a a’), 


Pies 5 {eet bien ee). 


Ex. 3. To determine the motion of a particle placed inside a 
circular tube which revolves uniformly in a horizontal plane 
about a vertical axis. 

Let us suppose the particle to be initially at the extremity of 
the diameter of the circle, the other end of which is the fixed 
point of the circle through which the axis passes. Let » be the 
angular velocity of the circle. Let, fig. 1388, oc=ca=a; 0a 
being the diameter which is, when ¢=0, coincident with ox: 
thus xoa =f. Let Pp be the place of m at the time ¢; op=r, 
Ppoc=cro=6; therefore pcA=20. Now this is a case of rela- 
tive motion, and thus we may, as no other forces act, consider 
the motion of the ring with reference to m: and the angular 
velocity of the ring about o being w, the centrifugal force 
at Pp along oP is w?7; the component of this along the curve 
= —o’rsin 6; therefore, if ap = s, 


2 
oe = —w’rsin 6; 
But s=2a0, and r=2a cos 8, 
rf 2 
2a oa = — 2aw* sin 6 cos 6, 
2 
aS = — win 200; 
therefore integrating, and observing that 6=0, = =, when 


{= 0, we have 
do? w? w? 
Te ee ee eds be ee 
ap as cos 26 a? 
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do? 2 
Fria. Oi (1+ cos 26) 
= w?” (cos 6), 
dé 
cosd Mes 
1+ sin 6 3 wot __ p-wt 
lo i mores eae ACRE BE reaper? 


SEcTION 2.—Motion of particles constrained to move on a given 
curved surface. 


368.] The particle which has been the subject of motion in 
the preceding Section has been constrained to move in a given 
tube: we proceed now to investigate the equations of motion 
and the results of these equations when the particle is con- 
strained to be in contact with a given surface, but is free to 
describe on the surface such a path as is compatible with the 
forces to which it is subject. 

Let the equation to the surface be 

F(L,Y,2) =C; (71) 
and let (x, y, z) be the place of m at the time ¢. Let v, v, w ex- 
press the several partial derived-functions of Fr, as in Article 
346, Vol. I; and let qa? = v?+v?+w?, as in the same Article; 
let x, y,z be the components along the coordinate axes of the 
impressed velocity-increments ; let r= the normal pressure of 
the surface on m at the time ¢: the direction-cosines of the line 


of action of R are TEaa ieee vi 
Q’ ke Q° ; (72) 
so that the equations of motion are 
an ne Onn 
PE TON ete | 
dy Ra 3 
ea ae 73 
dt? v= in Q Oy 
d*z RW 
de "7 = mae 


if we eliminate rx from these equations taken two and two toge- 
ther, three equations will result, which together with (71) will 
determine 2, y, z in terms of f. 
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Let us, as heretofore, suppose in all cases that xdz + ydy +z dz 
is an exact differential; and let us multiply equations (73) seve- 
rally by 2dzx, 2dy, 2dz, and add: then, remembering that 
udx+vdy+wdz=0, we have 

2 dx d*x + 2dy d*y + 2dz dz 
dt? 
and integrating between limits corresponding to ¢=¢ and to 
t =f), we have 


t 
v—v = 2/ {xdx+ydy+zdz}, (74) 
to 


if vp is the velocity of m when ¢ = tp. 

From this equation the time taken by m in passing from one 
to another point on the surface may be found, as in equation 
(8), Art. 349. 


Again, multiplying equations (73) severally by He 
adding, we have 


= 2{xdxv+yvdy+zdz}; 


u d*2+v d*y+w dz XU+YV+ZW R 
pies La a SMES a PT Ee 
Q dt? Q ae 
whereby the pressure on the surface is known. 

If the path which the particle is taking at (7, y, 2) 1s a prin- 
cipal normal section of the surface at that point; and if p is the 
length of the corresponding principal radius of curvature, then 
by (12), Article 347, Vol. I, 


As Q ds* ° 
ia ud@x+vd?y+wad?z’ 6h: 
so that (75) becomes 
2 
em EE Sh (77) 


that is, the pressure on the curve is the algebraic sum of the 
normal components at that point of the impressed momentum- 
increments and of the centrifugal force. 

If the particle moves on the surface, and is under the action 
of no impressed momentum-increments, so that x=y=z=0, 
then equations (73) give, 

dx d*y d*z 


die dt? — df? 
U v Ww MQ 
but the velocity of m is constant; and therefore the numerators 
d’x dy dz 


of (78) are proportional to —— ds?’ de®’? de®? and therefore we 


have, if s is not equicrescent, 
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d. dx dy d dz 
ds ds ds 
U Vv Ww 


which are the equations to a geodesic line on the surface; see 
Art. 226, Vol. II; the path therefore of m is a geodesic line. 


369.] In this and the following Articles I propose to apply 
the preceding principles to the motion of a heavy particle on a 
sphere; and, to fix our thoughts, I shall suppose the particle to 
move on the inside of the sphere, and I shall take, as in fig. 189, 
the horizontal plane through the centre of the sphere to be 
the plane of wy, and the axis of z to be vertical downwards 
through the centre. Then if a is the radius of the sphere, 

g2 + y+ 227 = a; (80) 
so that the equations of motion become, 
dx R & d*y RY dz R 2 
— 4 = —— =g——-. (81 
art "ma att ma a2 7% ma (32) 
Multiplying these respectively by 2dx, 2dy, 2dz, adding and 
integrating, ds? 
oT v2 = v9 + 29 (2—20) 
= C+2g2 (say), (82) 
where ¢ = %?— 29 20; Vo and 2 being the values of v and of z, 
when ¢=0. 
Also from the first two of (81), 
1 
“de 7 dP 
x dy—ydx = kdt, (83) 
where k is an arbitrary constant. Let the angle Nom= ¢, ON =p, 
so that w= pcos¢, y=psin¢; therefore, as in Art. 307, 
p” do = kdt; (84) 
and therefore p describes equal sectorial areas in equal times. 

To find an expression for the time in terms of z; from the 

equation to the sphere we have 


20s; 


xdx+ydy = —zdz; 
also xdy—ydx = kdt; 
-. (v2 +y?) dx = — wz dz—ky dt, 
(224-47) dy = —yzdz+kx dt; 


(da? + dy?) (a +y?) = 2d2+h dt’; 
PRICE, VOL. III. 4D 
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ss dx? + dy? + dz* 
oh Gas = OEE I? & os nga 
a®dz? + k* dt? | 


— 


~  (a?#— 2?) dt? * 
pS SA (85) 
{(a2@— 2") (e+ 29z)—k*}2 
whence might the time be found in terms of z, if the expression 
were integrable. 
Also since p? = a?— z?, from (84) we have, 
are ka dz a 
(a? — 2”) {(a?—2*) (c+ 2g9z)—k*}2 
which expression does not admit of integration in a finite form. 
(85) will give the time taken by the particle in passing from 
z=2,to z=z; and (86) will give the curve described by m on 
the spherical surface, which will be a kind of spherical spiral. 


(86) 


If we equate to zero ta we shall have the values of z, which 


render z a maximum or a minimum if there is a change of 
sign, and to which in all cases corresponds a horizontal motion 
of m. And since (a?—2z?) (€+2gz)—k? = 0 is a cubic equation, 
it has always one real root; and as a factor of the first degree 
will correspond to this, so will the curve always be such that z 
will have a maximum or minimum value. 

Equations (85) and (86) may also be reduced to elliptic func- 
tions, and their properties may be studied in that relation ; 
but it is beside our purpose to proceed further with the inquiry 
in that direction. 

The constant c is known in terms of the initial velocity and 
of the z-ordinate of the initial position of m. As to k; let po, v 
be the initial values of p,v; and suppose the line of vp to make 
an angle a with the parallel of latitude at the initial point; then 
the component of the velocity along that parallel of latitude is 
% cosa; and pp is the radius of that parallel of latitude; there- 
fore po ¥) cosa is twice the sectorial area described in one unit 
of time by py on the horizontal plane: and from (84) this quan- 
tity is equal to 4, therefore 

k = po Vp COS a. 


As to the normal pressure on the surface; multiplying equa- 
tions (81) severally by x, y, z, and adding, we have 
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e@atyd@y+zd°z _ Ra 
di? pa mn 
and from the equation to the sphere, 


adx+ydyt+zdz= 0, 


ven +y dy 4 2d7z = — (dx? + dy? + dz) 
= — ds? 
= —v' dt; 
m 
R= — (+9): (87) 


2 
~ is the centrifugal force of the path described by m, and as 


is the cosine of the angle between the radius of the sphere and 
Mg z 
a 


the line of action of g, is the normal component of the 


weight of m; so that the pressure on the surface is equal to 
the centrifugal force, and to the normal component of the 
weight of m. 

370.] The motion on a sphere can of course be effected by 
means of a heavy 406 or mass m attached by a string or thin 
rod of a given length a to a point about which it can turn in all 
directions ; and thus the preceding investigations become of 
importance, because they are those of the motion of a spherical 
pendulum: and although the expressions do not generally admit 
of integration, yet when the distances of m from the vertical line 
do not exceed a small quantity, we can expand in ascending 
powers of that small quantity, and obtain results which are 
approximately exact. 

Let corp = 60, and let a be the initial value of 6; a and 6 being 
always so small that we shall omit all powers of them above the 
second; and let us suppose the initial velocity v) to be in a 
horizontal line, so that k = po vo; therefore 


Z= acosé@ 2 = acosa 
a6? aa” 

= a— —— a ae are 
2 2 


C= ve—29a4+ gaa", 
2 = pve = (a2 — 292) v6? 


= @a2v,?; 
so that (85) and (86) become, after simplification by putting 
Lalag (88) 
ga 
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a\2 —6d0 
() Tena ayy ae 
hype eet (90) 


6 {(a?—6?) (8? 8%) }3 
from these it appears that 6 must always be intermediate to a 
and 8; and therefore if 8 =a, 0 1s always equal to a; the pen- 
dulum, that is, describes a circular cone, of which a is the semi- 
vertical angle, and the bob moves in a circle; and dividing 
(89) by (90), we have in this case, 


a\2 
AB do ; 

and if ¢ = 0 when ¢ = 0, the time of a revolution is — 

a\2 

Qn (7) (91) 
which is twice the time, see (40), Art. 357, of an oscillation, 
when the pendulum vibrates in one vertical plane. If therefore 
two pendulums of the same length a start simultaneously from 
the same line oa, which is inclined to the vertical at the angle a, 
the one from rest, the other with a velocity equal to a(ga)? in 
a line perpendicular to the vertical plane containing oa, both 
will return again simultaneously to the same line oa, but the 
former will have already reached it once in the mean time. 
Let however a and 6 be unequal: then from (89) we have 


a, a (2); —6d6 


2-6 y 


whence integrating, and observing that 6 = a when ¢=0, 
e Beals 32 
1 (2 PS a? — 7. 


’ 


1=5(5 ao} (92) 
6? = = 2 a cos 2¢ Ay (93) 
= a? cos t (Ey B? } sin t aq z (94) 


From (98) it appears that 6? is periodic, and that its greatest 
and least values are a? and 8?; the time elapsing between 0=a 
and 6= B is 
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For the azimuthal motion of the vertical plane which contains 
the pendulum we have, from (89) and (90), 


2 aBdt 
ap = (2) “fi 
A (2)" af dt ; 
soa } cos ¢ (2) tt jek } sin ¢ (ats | 
a) § a 
integrating which, and supposing that ¢ = 0 when ¢ = 0, we have 


atand =', tant (2)°; (95) 
¢ therefore does not vary directly as the time, as is the case 
when 8 =a; but the plane revolves through 90°, during a time 


which is equal to 
From (95) we have 


ee (96) 


(sin d)? (97) 


Also if # and y refer to the place of m at the time ¢, we have 
x = (a2—z?) (cos d)? = a?6?(cos ¢)? t 
y? = (a?—z?) (sin d)? = a6? (sin d)? 
therefore from (96) (97) and (98), 
2 2 
- + 7 ms A (99) 
which is the equation of an ellipse, of which the semi-axes are 
aa and af. Hence we infer that the projection on a horizontal 
plane of the path described by the bob of the pendulum is an 
ellipse, whose centre is in a vertical line drawn through the 
centre of suspension, and one of whose principal axes lies in the 
vertical plane perpendicular to the line along which m 1s at first 
projected. Now an ellipse may be described by a particle moving 
under the attraction of a central force situated in the centre of 
the ellipse and which varies directly as the distance ; we may 


: (98) 
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therefore suppose the bob of the pendulum to move under the ~ 
action of such a central force. Let y» be the absolute central 
force ; then by Art. 310, 


the periodic time = ake ; 
re 


but from above, the periodic time = 27 () 


foe! 


so that if p is the central force, Pp = z p. 


And this is the resolved part of the tension of the rod along 
the direction of p; as may thus be shewn: if k= the tension, 
then the resolved part of x along p 


RUE 
— sin 0 
m 


= v oa: sin 6, by reason of (87), 


= ia + B+ a? — a go; 


and omitting cubes of small quantities, if p = this resolved part, 


Pox fy Gig 

but from (98), 2? +-y? = p*= 762, 
WIE Ne 

= A Ps; 


that is, varies directly as p. 

In the Mécanique Analytique, second part, Sect. VIII, Ch. IT, 
§ I, the approximations are carried on so as to involve powers of 
a and #8 higher than those which we have taken account of; and 
M. Bravais, after correcting some errors of M. Lagrange, shews 
that the angle between two successive points corresponding to 
é—aand tod=8 1s 3 

id (1 ae a) : 
ere 8 

instead of being 5 as it is in the preceding investigations. 


371.] As another example let us consider the motion of a 
material particle on a surface of revolution, and acted on by 
forces in a plane passing through the axis. Let the axis of 
revolution of the surface be the coordinate axis of z; and let 
x? +y" = p?; so that the equation to the surface is 


p= w+y? = fz); 


372. | ON A SURFACE OF REVOLUTION. 575 


F(#, y, 2) = #+y?—f(z) = 0; (100) 
U == 22, V= oY, w = —f'(2); 
a? = 4p? + {f"@}. 

Since the impressed forces act in a meridian plane only, let | 
them be resolved parallel to the axis of z, and perpendicular to 
that axis; of which let the components be severally z and P; 
then of p’s line of action the 2- and y-direction-cosines are 


2 
—,; 0 and let r, the pressure on the surface, be resolved ina 


similar way: so that its components are 
dz x dzy dp 
R—-, mer te ie 
ds p * ds p * ds 
where ds? = dp?+ dz”; and the equations of motion are, 
a? d 
v ew RaZXL (> R a a 


dea nnyadecs a: ds) 
dy Yo igo ae y R dz\ y 
oA Oe ns ae Sees ae, 10 
dt? SPA age (P ey ce? 
dt — "in ds J 
From the first two we have 
dy ad? x 
eae ditt 
ady—ydx = hdt; (102) 


so that the projections on a plane perpendicular to the axis of 
revolution of the sectorial areas described by p vary as the 
times in which they are described. 


Again, 
yf 2 . 
gindie + Bdydty+Pded’s _ 9 adetydy oy a, 
at? p 
= 2pdp+2zdz; 
ds? ; rye ey ae 103 
Te Ure gett ote 


where c is a constant depending on the initial velocity and the 
initial coordinates of m. Without carrying these general in- 
vestigations farther, I shall apply them to a few examples. 


372.] To determine the circumstances under which a heavy 
particle will describe a parallel of latitude when the axis of 
revolution of the surface is vertical, and the velocity of projec- 
tion is a function of the coordinates of the point of projection. 
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In this case p=0, z= —g; the particle is projected in a 
horizontal plane, and along the tangent to the parallel of lati- 
tude. Then the equations become 


a?x R dz @ d*y  Rdzy 
er a ae ae ae 
d*z R dp. 
ae ~~ IT in as’ 


v? = V9 +29 (%—*%) 3 
where vp) and 2 are the initial values of v and z; but z= 2, be- 
cause the particle describes a parallel of latitude ; therefore the 
velocity is constant. 

Let us consider the equation to the meridian curve as it is in 
the plane of wz: and let the initial velocity at the point (2, 2) 
be {2g f(x, 2)}*; then resolving along the meridian curve the 
centrifugal force and gravity, we have 


29S (2k; 2) = dz. 


x = I Gs? 
x dz 
| £@%) =5G° (104) 
(1) Let the velocity be constant; and let f(x, z)= a, 
2dx dz : = 
Saari oer ee = ce®. 
x a 
2) Let (2, z).= =; 
nee met IER Bikol beh he 


373.] To complete the subject of brachistochronous curves, 
we must consider the properties of those paths which a particle 
moving on a curved surface under the action of given forces 
takes, when the time of passing from one point to another, or 
from one curve to another, is a minimum. 

Now on referring to Article 365, the investigation is the 
same as far as equation (62); and as to the integrated part, if 
the initial and terminal points are given, it vanishes identically ; 
if the curves on which they are to be on the surface are given, 
the equation shews that the brachistochron cuts both curves at 
right angles: this result is evident from general reasoning. 

As to the unintegrated part of (62), dx, dy, dz are no longer 
independent of each other; but if the equation to the surface is 


F (2, Y5 Z) i 0, (105) 
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and if uv, v, w are the partial derived-functions of it, we have 
uéx+viy+woz = 0; (106) 


and as this relation exists at all points of the brachistochron, 


we have from the comparison of it with the unintegrated part 
of (62), 

dx | xds d dy  yvds dz ads 

dst ee ods toe | eas t 


U Vv 


pe etanivg, 


which are the general equations to the brachistochron ; because 
the integrals of these equations will give two surfaces, the in- 
tersection of which is the brachistochronous curve. 

If no forces act, x = y = z = 0, and the velocity is constant : 
so that (107) become, 


peg a 5 
pe (108) 
U Vv Ww 


which are the equations to a geodesic line; in this case there- 
fore the geodesic joining the two given points, or that which is 
orthogonal to the two given curves, is the brachistochron. 

In these investigations I shall suppose xdxv +ydy +2dz to be 
an exact differential ; then since, see Art. 365, 


d.v? = 2{xdx+ydy4+zdz}; (109) 
x Y Z 
du = ~ dx+— dy +7 de; (110) 
dv dv dv 
x= (5), v= (7), n= o(). (111) 


Now »v is a function of x, y, 2; therefore v = c is the equation 
of a surface; and since, when v=0, xdv+yvdy+z2dz = 0, I 
shall, as in Art.190, call ec the equilibrium-surface : it 1s 
evidently such that at all points of the brachistochronous path, 
the resultant line of action of the impressed forces is normal to 
the equilibrium-surface. 


374.] It is also convenient to consider the brachistochronous 
lines with reference to lines of another property which can be 
drawn on a surface. Suppose the particle m, which is the sub- 
ject of motion, to be at rest ata given point on a surface, and 
to be under the action of given impressed forces ; then, if the 
particle is constrained to move on the surface, the first element 
of its path will be that length-element on the surface which 
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makes the least angle with the line of action of the resultant of 
the impressed forces ; and at the end of this first length-element 
another element will have the same property; and so on: thus 
for the system of forces there will be a series of such elements 
on the surface, and we shall have a curve, which I propose to 
call a line of easy motion on the surface. Such a line will at all 
its points be normal to the curve of intersection of the equili- 
brium-surface and of the given surface. Its equations are 
found in the following manner : 

dx dy dz 

et ds’ ds’ ds 

of the line of easy motion ; then if xr? = x?+ y?+ 2?, =; ~, = are 


be the direction-cosines of the length-element 


the direction-cosines of the line of action of rR; and if @ is the 
angle which is to be a minimum, 


cond = ix fed can i 
a ds * e+e ae 
also dx? dy? dz\ 
1 ee pean 
Greil hees aeaee dz 


ds ds * ” ds? 
therefore differentiating these, and equating to zero d.cos 6, we 
have, 1¢ 


a An, ea dx dy dz 
d.cos 6 = 0 = =} Xd. +¥ 0.5 + na, 
az , dz dy ,dy dz , dz 
0o= = ee aes 9 
de Rte 5 ae ten ee 
dx dy dz 
0 = Uda tVvd.7 + Wa.7; 


multiplying the second and third by indeterminate multipliers A 
and pu, and adding, we have 
dx d: 
(X+A Ag THY) d. (a4 wv) d. ata Z+nw) ad d. te 
In accordance with the method of Art. 142, Vol. I, let 


dx 


ORs (112) 


dz 


then multiplying these severally by dz, dy, dz, and adding, we 


dy 
cates + pv 
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have, by reason of (110), 


vdv+rgds = 0; 
_  vdv 
=— FE) 
so that (112) become, 
v dv dx 
ds ian 
Se ey = 0 (118) 
4 ta SOE ae w = 0 | 
gs, Scepadae + <:) 


therefore replacing x, y, z by their values from (111), we have, 


3 ds — as dv y (=) ds — 2 dv 2) ds — e dv 


d¥ d¥ dF 
(@) (2) (a) 
from which, by integration, two functions of x, y, 2 may (theo- 
retically) be found: the line of intersection of the surfaces re- 
presented by which are the lines of easy motion. 
The paths taken by water in its descent towards the lowest 
level which it can reach, by avalanches in their descents, by 


balls in their descent through bent tubes, are all cases of lines 


of easy motion. 

When gravity is the only force which acts on m, the line of 
easy motion is called the line of greatest slope. In this case let 
the axis of z be vertical, so that 

dv dv dv 
x= 0(7)=0, v= (7) =0, z= v(—)=9; 


whereby (114) become, 


3; (114) ~ 


dx dy dx? + dy? 
St Soe ee eg oe ros meee 1 (115) 
(@) () (Qe 


which are the equations to the line of greatest slope. 
Thus on the ellipsoid whose equation is 
ge  y2 
2 

we have, from the first two of (115), 
ade  bdy_ 
ide: 
4E2 
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4 y _ (2 
en Ss ge Se eae (Fae 5 
which is the equation to a cylinder perpendicular to the plane 
of wy; the line of intersection of which with the ellipsoid is the 
line of greatest slope. In the sphere, a= 6, and the meridian 
line is the line of greatest slope. 
Also in surfaces of revolution, whose equations are com- 


prised in the form, vty? = f(a), 


and where the axis of revolution is vertical, we have 


dF d¥ 
(+) = 24, Ga = 2y;3 
and thus the first two of (115) become, 
dx dy. yee) ee eo 
ey eee eT. 


which is the equation to a meridian plane: the meridian there- 
fore which passes through a given point on a surface of revolu- 
tion is the line of greatest slope at that point. 


375.] The general equations of the brachistochron (107) may 
be expressed in the following form by means of (111), 


dx a1 dy dl dz dl 
‘eds dev ods ye _ “ob We og 
dv 7 dr . di basi 
(ae) (FG) (a) 
which may again be expressed in the form 
d. d d. d: ad d: 
pit (—) ds — = dv * vd a ds — * dv 
d d eye d 
few, ee 
d: ad d: 
vd. (>) ds *- dv 
Sioa rr ; (117) 
(Zz) (a) 
now these equations are satisfied, if we have simultaneously, 
d. d. d: 
da de dS 
= = (118) 
(Se) 
dx dy dz 
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and 
= Ree ae ae (f2) ee (22) ee 
a ds dy ds 
ef s 
dx dy 
but these are severally the equations to the geodesic, and to the 
line of easy motion; therefore a curve which is at the same 
time a geodesic and a line of easy motion is also a brachisto- 
chron. Hence also we conclude that of curves which have the 
properties of being geodesic, lines of easy motion, and brachis- 
tochronous, any line which possesses two of these properties 
possesses also the third. 

The brachistochron at the point whence m starts, and gene- 
rally at all points where the velocity of m is zero, touches the 
line of easy motion. 

For if we take equations (117), if v=0, we have only the 
second members of each, so that at the points where v = 0, the 
brachistochron is identical with the line of easy motion. 


376.] I proceed, lastly, to consider the case where gravity 1s 
the only acting force, and particularly when m moves on a sur- 
face of revolution, the axis of which is vertical. 

fiay thiscease, X= ¥ = 0, 3== 77; 


v? = 29 (%—%) ; 
so that the first two of (107) become, 


d. Nate gene i 
ds i ee ds —— . (120) 
F ; F 
Pe) (ay) 


(1) Let the surface be the vertical plane of vz: so that 


a1, (Bao 


pee a Ex O 

ds (2—%)? 

ee = a constant, 
ds (2—2%)? 


which is the differential equation toa cycloid whose base is 
horizontal; see Article 366. ei: 
(2) Let the surface be the inclined plane, whose equation is 


y a 


ee o— 
—— 


Baie B2 
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d 1h) 1 dr 1 
(Tq) =o (a) = (se 
so that from the first of (120), 
dx 


—_————— = (a constant), 
ds (2—Z%)2 


which will be the equation to a cycloid on the inclined plane. 
(3) Let the surface be one of revolution, of which let the 
equation be A ey 
dy d¥ d¥ , 
(=) eae ie ee Sey; (=) = —f"(z); 
so that from (120), 
dx dy 


y d, ——_—_—- — x d. ——_—__ = 0;; 
ds (2—2Z)® ds (2—Z)? 
whence integrating, 
y dw—x dy = cds (z—xz)?, | (121) 


where c is an arbitrary constant. Let #2+y?=r?, =r cos 0, 
y=rsin@; then (121) becomes 
r2 d0 = cds (z—Z)*. 
If v is the velocity of m at the time é, 
ds? 
ae’ 
so that the sectorial area described by 7 in a horizontal plane 
varies as the square of the velocity of the particle. 
If the equation to the generating curve of the solid is 
r=f(); 
then dy = f'(z2) dz; 
ds? = dz*+ dr?+7r7d0? 
dz? {1+ (f@))} + (F@)? de; 
_ edz ( {1+ (f'@)3 eG : 
so that ade = F@ “@@P—e @—x) 3 (122) 
whence the equation to the brachistochron may be found in 
terms of 6 and 2. 


v2 = 2g (z—Z) = r2dd = avdt; 


Section 3.—Constraimed motion of material particles in 
resisting media. 


377.] In the present Section we shall find it convenient to 
employ the method of tangential resolution; and as the prin- 
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ciples which have been investigated in the preceding pages are 
sufficient for the solution of the problem of a particle moving in 
a resisting medium, it is necessary for us only to give examples. 

The most simple case is that of a heavy material particle 
moving down a smooth inclined plane. Let a be the angle of 
inclination of the plane to the horizon; and let s be measured 
along the plane and be the distance of m from the origin at the 
time ¢; then, if the resistance varies as the velocity, the equation 
of motion is - AP 
Ts = 7 cos a— k a’ 
which is of the same form as (122) in Art. 243; and the results 
therein deduced are also applicable to this case. 

If the resistance varies as the square of the velocity, the 
equation of motion is 

2 2 
= = gcosa—k (=) ; 
which is of the same form as (113) in Art. 242; and therefore 
similar results may be deduced. 

We proceed next to the consideration of curvilinear motion, 
and in the first place that along the cycloid. 

Ex. 1. A heavy particle moves on a cycloid in a vertical plane 
with its base horizontal and vertex downwards, and in a medium 
of which the resistance varies as the volocity; it is required to 
determine the circumstances of motion. 

Let the origin be taken at the lowest point of the cycloid; 
let the axis of wv be vertical; let @ be the radius of the gene- 
rating circle; s =the arc of the cycloid measured from its 
lowest point; a =the initial value of s; 24 = the resistance 
of the medium for an unit-mass. Therefore the equation of 
motion along the curve is, as in Art. 353, 


d*s 0] ds 
2 d 


which is a linear differential equation of the second order with 
constant coefficients; and of which the general integral is, see 
Article 350, Vol. IT, 
playa i, P(e os 
A aalee e-*t fe, e(™ eG. @ 4a? }, (124) 


where c, and ¢, are undetermined constants. 
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Here we have two cases; viz. according as the radical in the 
exponent is imaginary or possible. 


(1) Let the radical be imaginary, that is, let k? — i = —h?, 
s = e-*tla ehtV—1 4 Cy e—htV—1} 
= e-*t(a, cosht+a, sin ht), 
where a, and a, are undetermined constants: to determine them ~ 


we have the following data: when ¢=0, s=a, = = 0; therefore 


a= a ee A = QA, 
pares Pie 
h 
s= enh fheosht+ksin ht}. (125) 
Let t = the time from the point where s = a to the lowest 
point ; therefore h 
tanht = — Z? (126) 


which is independent of a, and is therefore the same whatever 
is the point on the cycloid whence m begins to descend. The 
cycloid therefore is tautochronous in a medium wherein the re- 
sistance varies as the velocity, as well as in vacuo. 

On comparing the results of this problem with observed facts, 
they are found so nearly to coincide, that the resistance of the 
air seems to vary nearly as the velocity, when the arc through 
which m moves is small, and when consequently the velocity is 
small: in this case also ks is small, and if a is not very large, h, 


which is equal to (7 )’, is not small; 


A, 
ol h 
Ar = tan 1(—5) 
nies 1k 
aay aan i 
= a ay, roximately) ; 
a\z Aa i 
T = 7(—-}) + —A&; 127 
@. ; (127) 


on comparing which with (27), Art. 353, it appears that the 
time of descent to the lowest point is greater than it is in vacuo, 
by a quantity which varies as the coefficient of resistance. 
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Again, from (125) we have, 


C02 TSE Sp err 
dt — Marie sti é sin ht; (128) 
ds T : 
therefore i = 0, when ¢=0, = 5% =...; and the time of a 


complete oscillation is ae And substituting these values of f 


successively in (125), the amplitudes of vibration successively 
become, _k 2k 
a, ae h’, ae hk 


so that the amplitudes decrease in geometrical progression. 


(2) Let kh? — ~ = h?; and (124) becomes, 


grea life ehh ot cx eat)’: (129) 


d. 
and since when ¢=0, s=a, and “*- = 0, we have 


cues a7 {(h-+k) e~ 4%! — (k—h) e- Ott} (130) 


in which expression s = 0, only when ¢ = & ; that is, the particle 
never reaches the lowest point of the cycloid. 


2 
And differentiating twice (130), it will be found that a ath 


ds i 
that is, that a 


is a maximum, when 


Fs koh 


toy ii kt as =, that is, if two roots of the auxiliary equation 
of (128) are equal to each other, then the integral of (123) 1s, 
gi=ad en RLY (131) 


which formula shews that s=0, only when f= oo. 


378.] Let us in the next place consider the motion of a cir- 
cular pendulum in a resisting medium, when the resistance varies 
as the velocity, and when the amplitudes of vibration are small. 

Let a be the radius of the circle, and thus the length of the 
pendulum; @=the angle between the pendulum and the ver- 
tical line at the time ¢; a= the greatest value of 0; then the 


equation of motion is, 
d?0 do Ce Ac € 
Hae is ath ( 
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and as @ is always small, sin 6 may be replaced by 6, so that we 


have, 20 do 
+t) 2 
dt? dt 


which is of the same form as (123). Now & is in this case small, 


+ 0 a: (133) 


so that k? is less than 7 ; therefore let 


7 _ 42 = je; 
ree ¢ 
so that the integral is the same as (125), and we have 
= cial! {h cos ht + k sin ht}, (134) 
dO wy hPRBy) late. 
and = ee ht; (185) 


whereby the position and the velocity of the pendulum at any 


time are known. 
a= = 0, whenever ¢ = ae so that the time of an oscillation 


ny a\? k?q\-% 
= i —— Ti, (-} (1 re re) 3 
and is independent of a. Thus, see Art. 357, (40), the time of 


an oscillation in vacuo is to that in the resisting medium as 


1 to (1 - wy *. The amplitudes of the oscillation, as it has 


been shewn in the last Article, diminish successively in geo- 
metrical progression. 

On these results M. Poisson remarks (in Art. 187 of his Traité 
de Mécanique, Vol. I, 2nd edition), that experiments in air shew 
how the amplitudes of the vibrations (approximately) decrease 
in a geometrical progression. In an experiment made by Borda, 
where a was one-third of a degree, the amplitudes were evidently 
reduced in geometrical progression, and the greatest amplitude 
was reduced by about two-thirds after 1800 oscillations. 


379.] Let us assume that the resistance of the air varies as 
the square of the velocity; so that if & is the coefficient of re- 
sistance for an unit-mass, the equation of motion is, 


oo —ak(Z) +2 sino athe 


dt? dt 
d (2) 3 2ak (2) do = ee sin 6 dé, 
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which is a linear differential equation of the first order, see 
Art. 278, Vol. Il; and of which the general integral is, 
ie 


dé 2g cos6+2aksin @ 
dt 


2 
= 2ake 
) siete as a 14+4a2k2 ’ 


but 6= a, when i =Q; therefore 
2 
= = mee oars {cos 6+ 2ak sin @—(cosa+2ak sina) Ge take 8)" (1G) 


Let — a, be the value of 6, when the pendulum comes to rest 
on the other side of the vertical ; 


(cos a;—2a@k sin aj) e?%*4 = (cosa+2ak sin a) e~ 27%, (187) 


As k is small, let us expand the exponential and omit terms in- 
volving the square and higher powers of k; so that we have, 


cos a; — 2a@k (sin a;—a, cos a) = cos a+ 2ak (sina—a cos a). 
Let aa =the decrement of the amplitude; so that 
a= aj+Aa; 


then neglecting the square and higher powers of aa, and also 
the product kaa, we have, 


Aasina = 4:ak (sin a—a cos a) 


4a k (sin a — a, Cos a) © 


Aa = 3 


sin a 
and if we suppose the arcs of oscillation to be small, then 
neglecting the cubes and higher powers of a, we have 
4aka? Aaka? 
| Ped ete 
and m having come to rest will again descend and ascend until 
@ = az (say); where, as a process similar to the preceding one 
will shew, hake, 

ag 5=) Oh = 3 


Aa = aj =—a 


and so on: until finally the oscillations will cease, and the pen- 
dulum will be in a vertical position. 

For the determination of the time of an oscillation, and the 
successive decrements of it, I must refer the reader to M. Pois- 
son’s Traité de Mécanique, Vol. I, second edition, p. 356. And 
for an inquiry into various other circumstances connected with 
the motion of a pendulum in air to (1) a memoir of M. Poisson 
entitled “Mémoire sur les mouvements simultanés d’un pen- 
dule et de Vair environnant,” and contained in the Mém. de 

4F 2 
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VP Académie des Sciences de Paris, tome XI; (2) a paper by Pro- 
fessor Stokes of Cambridge, and contained in the Transactions 
of the Cambridge Philosophical Society, Vol. IX, Part II, 1851, 
in the introduction to which will be found a succinct account 
of all the investigations which had been previously made on the 
subject. These inquiries however are hydrodynamical, and pro- 
perly belong to a future part of our treatise. 


380.] It remains for us still to investigate the general equa- 
tion of tautochronous curves in a resisting medium; and with 
this object I shall inquire into the most general expression for 
the tangential component of tautochronous curves. 

Let o be the common extremity of the arcs, which are to be 
described in the same time +; let s=the distance along the 
curve of m from o at the time ¢, and let o be the initial value 
of s. And let t be the tangential force for which the curve is 
tautochronous ; let v be the velocity at the time ¢; then 


7 ds 
T= -| cae 3 (138) 


also ar eS 2 
dt? diadt ds’ 
which is to be determined. 
By reason of the property of tautochronism, r is to be inde- 


pendent of «; therefore AR. 
do 
Let us in the first place so transform the right-hand member 
of (138) that the limits of mtegration may be constant. For 
this purpose let s = yW(z), where z is a new variable, and where 
w(z)=0, when z=0; and let z= wz, where wu is another new 
variable, and where z is the value of z, when s =o; so that 
= (2) = y(uz); (140) 
therefore «= 1 when s =o, or when =z; also c=wW(z). 
From these we have, z being independent of s, 
ds = (uz) zdu; 


e h Ac: a anf AOS (141) 
/0 


a __p Wa VO ah VO Tata a) 


ZO. (189) 


du. (142) 
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Now alae a s 
7 Hie en (say), 
. 


eS = ¥unue We (Z) UZ : 
so that (142) peeve 


AY Oat + Ot} JF rt Pv aed yo 
= — i - dz. (143) 
Let the quantity under the sign of integration be repre- 
ery) d.f(s, 0) | (144) 
also from (140), 
dz _ 1 son, al i 
ds wz)’ CO) 


d*z 
and let — a ds * be a by 2’, 2”, respectively: so that 


7 


YO= 5, W'@) = — 33 (145) 


d 
therefore, since oe = 0, we have, substituting in (143), 
Gi 27 diay, Be Nat (8s 5) 2 

2 + oo a, —z'v(1— =) rym on La 0; (146) 
which is a partial differential equation of the first order, where 


a and we are partial derived-functions of v ; let it be divided 


through by z’; then by (84), Art. 281, Vol. II, we have, 


Z Z dv 
oo Oe) TGS (147) 
0 ( Via © oo Meads 


and our object is to find two integrals of these equations. Let 
us take the first two of these three equalities ; and let 


Zz Z 
do ds 
Bee. ed 149 
so that we have $(6) $0) (149) 
da ds 
Ee £7: ee eee 150 
ct some. Ino =? 5a 


and (149) becomes 
d.w(s)—d.o(s) = 0; 
o(o)—a@(s) = €13 (151) 


where ¢, is an arbitrary constant of integration. 
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Now let us take the last two of (147): from (148) we have 


do 
Nipchele Sf == MOLEC 
== O(c) e2oe 

ds dv 


so that we have —— = 


vq (s)ds—(s) dv 


2 


= $(c)e-° d f(s, 0) ; (152) 


in the right-hand member of this equation let o« be replaced by 
its value in terms of s from (151), and let the mdefinite integral 
of the quantity after the substitution be x(s): then integrating 


(152) we have, 
29) eee (153) 


where ¢, is another arbitrary constant ; by the general theory 
of the integration of partial differential equations, c; = Fy(¢9), 
where F, is the symbol of an arbitrary function: therefore in 
this case we have, 


p(s) ); 


o (owen eae (28 — x(s) (154) 


F, being such that v=0, when s=c; and this is the general 
integral of the differential equation (146). 

Let us take the s-differential of it, and replacing d.o(s) from 
(150), we have J a, 
(°YO-9O 7 


% tis = d.¥ (oo — x(s)) ” —s —xiot. 
bet dn (28 _ x) = }r(@ —y@)h 5 5) 
0 ET = ppt x) +222" —se@veots 056) 


which is the most general expression for the tangential velocity- 
increment, where F, ¢ and x are symbols of arbitrary functions. 
As a particular case of (156), let us suppose y (s) =0; then 


es pane) x oe Ot. (157) 
het p(s) ee peg (9). = 
let ey x (£9) _ TI eae ) 71 (3), where m1 is the symbol 


of an arbitrary function: then (157) becomes, 
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r= Sin@)+ Shs (158) 


which formula was given by Lagrange in the Mém. de 1’Aca- 
démie de Berlin, 1765, 1770. The general formula (156) is 
due to M. Brioschi, and is given by him in “ Annali di Scienze 
Matematiche e Fisiche compilati da B.Tortolini, Roma, 1852, 
p- 362.” For the preceding references I am indebted to M. 
Jullien, ‘“ Problémes de Mécanique rationelle,”’ Vol. I. Page 393. 
Mallet-Bachelier, Paris, 1855. 


381.] As an application of formula (158), let us investigate 
the cases of tautochronism relative to a heavy particle, which 
moves on a rough curve in a medium, of which the resistance 
varies as any function of the velocity. 

Let the axis of x be vertical, let f(v) be the resistance of the 
medium, and let w be the coefficient of friction; so that the 
tangential and normal components of the velocity-increments 
are sce 727 

gf fo, md ghee 


and as the friction varies as the alia on the curve, we have 


T= 


ee + BI +o + fle); (159) 
and this expression is to be identical with the right-hand mem- 
ber of (158). 
If in (159) 1 is differentiated thrice with respect to v, and 
once with respect to s, the result =0; so that 
d‘r 
dv? ds — 
the particular form of (158) must therefore be consistent with 
this condition. 


Let %u(t)=2(2), amd FF = x: 


(160) 


fees 
so that (158) becomes, 
r = vn (2) +0°x(6); (161) 
and as s is a function of ¢, (160) becomes, 
d*r 
dv? dé he 
applying this to (161), we have 
v? we v 6v m(¥U 6 i U —_ . 3 
Bae lemragiie) tz % (-) 0 0G 
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and if — = ¢, we have 


Car) +600" (C+ 60°C) = 0; 
whence integrating we have 


Cn(C) = ag?4+BC4+C; 
n(¢) = at+nlogé— 2+; 


where A, B,c,D are arbitrary constants. Substituting this in 
(161) we have, 


py v v? dé 
Pie —svlog e+ pv + (a+ 4.) —oF; (164) 
That this and (159) may be identical, we must have, 
(1) BPS 0, 
(2) Du= S(); 
1 dé\ pb 
dy az 
(4) —cE=g(u 7% ——); 


therefore from (2) the resistance of the medium varies directly 
as the velocity; and from (3) and (4), after all reductions, we 


have 
: da? x AC 


ds? ~~ g (1+ #?) 
and this is the equation to a cycloid. 

Thus the cycloid is tautochronous both in vacuo and in a 
medium, of which the resistance is proportional to the velocity, 
and with friction; it is also the only case of tautochronism with 
friction which is given by (158). 

If a is the radius of the generating circle of the cycloid, and 
a is the distance from the lowest point of the cycloid of the 
common extremity of all the tautochronous arcs, then from the 
equation to the curve we have 


= a constant ; (165) 


dx _ s+a 

ds 4a * 
Since all the arcs are tautochronous, a is evidently the distance 
along the arc from the lowest point of that point on the rough 


curve at which m being placed will remain at rest. 
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CHAPTER XIII. 


GENERAL PROPERTIES AND PRINCIPLES OF THE MOTION OF A 
PARTICLE UNDER THE ACTION OF GIVEN FORCES. 


Section 1.—The principles of Vis Viva, and of Least Action. 


382.] In the present Chapter I propose to investigate certain 
principles and properties which are either generally, or under 
certain conditions, true of the motion of a material particle: 
and also to explain some methods of investigation, which, 
when direct processes fail, enable us to obtain approximate 
solutions of certain physical problems. And, firstly, I propose 
to consider the principle of Vis Viva in its relation to one moving 
particle; this condition is made, because it will hereafter be 
‘ shewn that the principle is also true of a system of moving 
particles. 

Let the equations of motion of a particle moving freely be, 


oe =< 41) 4 m ay = mY m ae MZ; (1) 
AE eam a ae ie Dey 


and let us consider the circumstances of motion when ¢= 1%, 
and when ¢=¢: and let the corresponding places of m be 
(2, Yo, 20), (®, y, 2): and let the corresponding velocities be v 
and v; then multiplying the equations (1) severally by 2dz, 
2dy, 2dz, and adding, 


2 2 | 
mn ek th dy By + 2 dz dre = 2m {xdxr+vdy+zdz}; (2) 


dt? 
therefore integrating 
t 
Mv2—MVe = 2m/ {x dw+ydy+zdz}. (3) 
to 


Suppose x, y,z to be functions of , y, 2 only; and to be such 


that x dx +y dy +2 dz (4) 


is an exact differential; and let us also suppose it to be the 
differential of (a, y,z), so that 
xdx+yvdytzudz = v.F(a, Y, 2) ; (5) 
therefore from (3), 
me—mv2 = 2 {¥(a, y, 2) —¥ (®o, Yoo 0) f+ (6) 
PRICE, VOL. II. 46 
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Therefore the increase of the vis viva of m in moving from one 
point to another depends on the coordinates of those points 
only; and is independent of the path which the particle takes, 
and of the time which it occupies, in the passage. This prin- 
ciple, which is expressed in equation (6), is called “The principle 
of vis viva.” 

As to the expression F(2,y,z), let us suppose that F(v,y,z) =c¢ 
is the equation to a surface; then since by (5), 


d 
= (n) <=). aoe 
and also since 
& 7) de + (FF) dy + (Ze) de = de = 0, 


x dvx+ydytzdz=0; 

and the surface F(a, y, z)=c, is at all its points normal to 
the line of action of the impressed velocity-increments; so 
that F(#,y,z)=e€ is an equilibrium-surface, and is of course 
such that, if it were capable of bearing the pressure, m being 
placed on it, and under the action of the forces, would be at 
rest. And suppose that we have another equilibrium-surface, 
F (2%, Yo, 20) = Cc’; then from (6), 

mvr—Mvy = 2m(e—C). (7) 
The loss of vis viva therefore of a particle moving from any point 
of the first to any point of the second equilibrium-surface is the 
same, whatever are the initial and final points on the two respect- _ 
ively, and whatever is the number of times the particle has 
passed through either one or other of the surfaces. 

Hence also if a moving particle in its path is several times 
on the same equilibrium-surface, the vis viva is the same at all 
points on the surface. 

Also if no forces act on a particle, its vis viva is unaltered. 


383.] As to the nature of the forces which satisfy the con- 
dition (5). 

(1) It is evident that it is satisfied whenever the forces are 
central, and their intensities depend on the distance between 
the centre and the particle. | 

Thus let there be a series of central forces P,, P2,... P,, whose 
centres are at (@1, 01, ¢)), (dz, bg, Co), ... (Qn On, Cn) ; and let the 
distances of their centres from m respectively be 71, 72,...7% 3 and 
let the forces be functions of these distances. Then 


383.] THE PRINCIPLE OF VIS VIVA. 595 


L— a, L— Ag L—a 
ay i) re | 
y—b, y — bz y—b 
x = Py ——— -++ Pp ——_ + eee P = . 
rT; 1 + 0) Tn > 9 (8) 
aa Cy a—C9 Li mere by | 
Z= Py Sis. Gamers mite tlh oy 4 ~ 
vr) "2 Tm J 


xdx+ydy+udz = PydrytPodret ... +P, dry 
=e Pars 
which is evidently an exact differential ; so that (5) becomes, 


MU—Mvye? = 2m | s.x dr. (9) 


(2) If m is acted on by a force whose line of action is always 
perpendicular to a given plane, and which is a function of the 
perpendicular distance of m from the plane, the condition (5) is 
also satisfied. Thus let the equation to the plane be 

x cosa+ycos8+z2cosy—p = 0; (10) 
then if uw is the perpendicular distance from (a, y, z) on (10), 
u = xcosa+y cos8+zZ cosy—p. (11) 

Let v represent the function of vu, which expresses the force ; 


then 
x == U cos a, ¥ =U cos p; A= U_ COSY, 


x dx+ydy+uzdz = u{dxvcosa+dy cos 8+ dz cos y} 
= au, 


MVv2—MVoe = 2m ‘v du. ele 


foi) in the case of gravity, x =—0, r—0, z=9; 
* mv'—mve = 2mMg(z—%). (13) 
Of this result we have had instances in (32) Art. 220; in (46) 
Art. 227; in (50) Art. 270; (98) Art. 282; in all which cases 
it appears that the vis viva acquired by a heavy particle moving 
under the action of gravity depends only on the vertical dis- 
tance between the initial and final points, and on neither the 


path nor the time of its passage. 
(4) If x, y, z consist severally of many terms, and if any 


parts of them, say X;, Y1, Z1, are such that 
Xy dx +yY, dy +2 dz = QO, 
these terms may be omitted in the right-hand member of (3). 
This is the case if m moves on a smooth surface; for if Ris the 
4G 
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pressure on the surface, and if v, v, w, as in Art. 368, are pro- 
portional to the direction-cosines of its line of action, | 

R{udr+vdy+wdz} = 0, (14) 
so that the principle of vis viva is true also for a particle moving 
on a smooth surface. It is similarly true also for a particle 
moving in a smooth tube. But it is not necessarily true when 
the surface or the tube in which the particle moves is rough; 
for in these cases x, y, z may not be functions of a, y, 2. 


When the condition (5) is satisfied, we have the following 
relations; see Vol. II, Art. 268 ; 


dy dz dz dx dx dy 
(—) = Gat (=) = (=), (ag) = (=). (15) 
In the equations (8) and (14) they are evidently satisfied. 
If however the particle moves on a surface, then all the points 
in its path are on the surface, and the coordinates to these 


points satisfy the equation to the surface: and thus if U, v, w 
are the partial derived-functions of the equation to the surface, 


udz+vdyt+wdz = 0; (16) 


where dx, dy, dz are the projections of the elements of the path 
of the particles. Let this be multiplied by an undetermined 
quantity uw; then it is sufficient that 


(x+pu) dx+(y+pv)dy+(za+pw) dz (17) 


should be an exact differential. For this end it is necessary that 
d d 
Fea?! Dias ag tH) | 
d d 
dp @THW) = a &t+HU) 6, (18) 


d ad 
dg TaD = ape thy). | 


—w(iz+ x +0) = 1G) - (Dt pe 0 


dy dy 1 § dx dy 
v(t) —v Ge, Dees er Ua) - (2) J 
Now multiplying these respectively by u,v, w, and adding, 
we have 
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dy dz dz dx dx dy 
= z)-(F) ny (2)-(F ar (F)-(Z} == 0D) 
which is the condition requisite that the principle of vis viva 
may be true of a particle moving on a smooth surface. 

If therefore a particle moves freely in space, three conditions, 
viz. those contained in (15), are to be fulfilled: but if the par- 
ticle moves on a surface then only one condition, viz. (20). 

If x, y, z are functions of ¢ the time, x dv+yvdy+z2dz cannot 
be an exact differential; and therefore the principle cannot be 
applicable. 

The great advantage of the principle is that it always enables 
us to obtain one integral of the equations of motion; so that 
the time may be determined by means of a single integration. 


384.] Closely connected with the preceding is another prin- 
ciple known as that of Least Action, and which is applicable 
when the equation of vis viva is satisfied. 

Let us suppose that a particle m is moving either freely or on 
a surface, under the action of forces x, y, z along the coordinate 
axes, which are such that, 

Xdv+ydytzdz = D.F(L,Y,2), (21) 
that is, is an exact differential ; then the vis viva acquired by m 
in an unit of time (the increase of velocity being constant during 
that unit) is called the action of the particle; and if mv? is the 
vis viva acquired in dt, then mv? dt is the action acquired in dé; 


so that, i 
m | v? at (22) 


to 

is the action acquired during the time of motion. The principle 
of least action consists in this. The definite integral (22) is 
under the action of the given forces less for the path which the 
particle takes than it would be for any other path infinitesimally 
near to it, in space when m moves freely, or on the surface when 
the motion of m is constrained. 

Equation (22) may be expressed in the following form: since 

ds 
= 7)? 
vdt = vds; (23) 

let w represent the definite integral; and let the limits be ex- 
pressed as in Vol. II; then 


“= mv ds. (24) 


OU 


- 
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Let us investigate the variation of ~ according to the Calculus 
of Variations; then 


1 
ou = md. vds 
J0 


5 
= mf {évds+vi.ds}. (25) 
0 
dx dy dz 
T nS comely ee ere 
Now 6.08 = is 0.da + = b.dy + 7 6.dz, (26) 
and dy = ~dx4+—dy+—d2; (27) 
v v v 


so that (25) becomes, 


1 
m/ 1 (xb + vdy +22) + (ded.dx+dyd.ty+ded.t2)t 
0 


1 
m| v (FF oe + Hoy + F 22) | 
0 


ds ds 
mf \ES =i 80+ Coa by + (2 bz t (28) 


Since the limits of the integral are given, the first part vanishes 
of itself. Also 


ds vdx dx 
Soe sey = x dt—d. = 
dx 
= dt (x — az) 
=e 


similarly each of the other parts in (28) vanishes; therefore 
6u=O0; and therefore wu is either a maximum or a minimum or 
a constant. And either of these it may be: generally however 
it will be a minimum; although we shall presently have an 
example wherein uw is a maximum. 

Since w is the sum of all the vires vivee which are in successive 
elements of time generated in the moving particle, the principle 
may also be called that of the greatest or least vis viva. 


385.] Now assuming the truth of the principle of least action, 
let us apply it to the motion of a particle under the action of 
given forces x, y, z, and moving (1) freely, (2) on a given smooth 
surface. 


(1) Pursuing exactly the same course as in the last Article, 
and equating 6wu to zero, we have 
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dx dy dz ii 
ry pe ard og ana 
He ts, ty +5. &) 0 


ds ds 


and as no relation is given between dz, dy, 3z, we have 


“0 


x ds vdxr _ yds vdy zds vdz 
emt ey, 8 de 5 ge 0s OD) 
d dx d dy d dz 
Saat Ga gidi’. | aidk di’ on 
and if ¢ is equicrescent, 
dx d?y d?z 
REE ee =, dha ar: G2) 


which are the three ordinary equations of motion. 

(2) Let the motion of m be constrained to a surface whose 
equation is F(z, y,z) =c, and of which the partial derived-func- 
tions are U,v, w; so that dx, dy, dz are connected by the equation 


uUér+viytwiz = 0; (33) 
x dtd. dt— z dt nS 

= —___—__ = ——__—_ = didi (say); (84) 

U Vv Ww 

d dz 

Reems atta | 
d dy s 
Reh a (35) 

d dz 


let, as heretofore, q” = u?+v?+w?; then multiplying these equa- 


tions severally by > ~ os and adding, we have, if ¢ is equi- 
crescent, 
Uxt+vy¥t+wz vu@r+v@y+wdz. 
Polemar or = 7 gi dit |. (36) 


so that A is determined. And Aq is evidently the normal re- 
action of the surface: for if the motion of m were unconstrained, 
then a comparison of (32) and (35) shews that A=0; so that A 
is a force which is introduced by the surface: and as U, Vv, w are 
proportional to the direction-cosines of the normal to the sur- 
face at the point (z, y, z), where m is at the time ¢, the line of 


4 Gee a) 104 etal ran (“Fa ) ech ; (29) 
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action of X is the normal to the surface: so that if r is the 
pressure of m on the surface, 


R uUx+vy+wz vd’*x+vd*y¥4+wadz 
SS eee (37) 
m Q Q dt? 
and (35) become the three common equations of motion of 
a particle moving on a surface. See Article 368, equations 


(73) and (75). 


386.] In this and the following Articles I propose to apply 
the principle of least action to two problems; (1) that of a 
heavy projectile in vacuo; (2) that of the trajectory of a free 
particle under the action of a central force, which varies inversely 
as the square of the distance. 

In the former example let the axis of y be vertical, and let the 
axis of xv be horizontal; and let the initial and final positions 
of the curve be given ; let the initial position be the origin; at 
which point let the velocity be (2gh)?, and let the line of 
motion of m make an angle a with the horizontal line: then at 


the point (z, ¥), Be | (38) 
1 
and therefore usm] {2g(h—y)}2 ds; (39) 
0 


and to simplify the calculation let us assnme the motion to be 
wholly in the plane of vy. The variation of u, being equated to 
zeYo, gives 


su = 0.= mage] \u—y) 5.ds — as t, (40) 


2(h—y)® 
but a.ds = a. dio + Yo. dy 
i 1 da ds dy 
val aa 2 oh by eine — | 
(h—y) @ Ts =F y) ahs 


ae —y)? 1(S tar pe ve] 


Je sy ds : 
of this expression the first part vanishes, because the points at 
which the motion begins and ends are given. And, as no rela- 
tion is given between 2 and y, we have, 

q@ (h—y)? 


= 0, | (42) 
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dy (h—y)® d. 
Tes Sen Dad as ee tea (): (43) 
ds 2(h—y)? 
Taking (42), and integrating, 


d ak 
7, iy) Sone core (44) 


if a = cosa, when y = 0; whence we have 
_ _cosah?dy 
. {h(sin a)2—y tt 

integrating which, and supposing 2 = 0, when y = 0, we have 

2 

4h (cos a)? : 

which is the equation to a parabola, and is the same as equation 

(87), Art. 281, if w= 2gh. (48) is also satisfied by (46). 


387.] In the next place it is required to investigate, by means 
of the principle of least action, the path of a particle moving 
freely in space under the action of a central force which varies 
inversely as the square of the distance. 

In this problem we will use polar coordinates ; let vp be the 
initial value of v when 7 = a, so that 


(45) 


y = xv tana— (46) 


i! 
pee | eee 
C2 = 1 Up +24 -) 
— meee 
r 
if a Pa 
a 
1 Qu? 
= -_ 4, 
7] mf (c+ =") as, (47) 
where ds* = dr" -+-72.d0" ; (48) 
| dr r? dé r a6? 
so that b.ds = 7 d3.dr+ a 6.d0 + oF Or; 


and taking the variation of (47), and equating it to zero, we have, 


toe ioe"), Ce woe 20) | 


fi {ro a(aa.2k\y =a.(e+ 2H) br 


ib i. dé 
— fa} a} (c+ < b 20 (49) 


and equating to zero, the coefficient of ‘a a the sign of 
integration, we have 
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Qu\2 vr? do 
(c +- =F) ds = a constant 
= k (say); 
therefore if u = - we have 
21 2)2 
“u= pe (ch? + yt)* cos (d—Yy), (50) 


k? ie 
which is the equation to a conic section. 


388.] If the velocity v of the moving particle m is constant, 


then 1 
u= Mv if ds 
= MVS, (51) 
and therefore is proportional to the length of the path. The 
path therefore of an unconstrained particle is in this case a 
straight line. If however the motion is constrained to take 
place on a given surface, the path of least action is the geodesic 
on the surface which joins the two given positions, viz. the initial 
and the final places of the particle. If the surface is closed, as 
that of a sphere, there will be at least two geodesic paths join- 
ing the initial and the terminal places of m; one of which will be 
a maximum, and the other a minimum; thus in one case the 
action also will be a maximum, and in the other a minimum ; and 
the action also may be constant, whatever is the path, provided 
that in this case 6u=0. For suppose the two points to be on a 
sphere: the great circle of the sphere passing through these 
two points will be the geodesic; one segment of which will be 
a maximum, and the other will be a minimum; and if the two 
points are opposite poles of the sphere, there will be an infinite 
number of great circles passing through them, and the lengths 
of all the arcs joining the two points will be the semi-circum- 
ference of a great circle, and thus the same for all. In this case 
u is constant, and thus 6u= 0. 
If the velocity is constant, 
xdv+yvdy+zdz = 0: (52) 
this is satisfied by x = y = z= 0, that is, when the particle m is 
acted on by no force. Also when all the impressed forces act 
along lines, which are perpendicular to the path of m at every 
point of it. Thus if a particle moves on a surface, and is sub- 
ject to no force except the normal reaction of the surface, (52) is 
satisfied, and the path of the particle is a geodesic line. 


389. | THE VARIATION OF PARAMETERS. 603 


Section 2.—The method of variation of parameters. 


389.] In some problems which have been investigated in the 
preceding Articles (and there are many of the kind), the inte- 
grations have been performed without difficulty in the more 
simple forms of the questions ; whereas the integrations have 
been impossible in finite terms, when another term, which has 
generally expressed an additional impressed momentum-incre- 
ment, has been introduced. The most salient instance of this 
circumstance occurs in equations (162) of Art. 295. When the 
expressions involving the disturbing function Rr are omitted, the 
equations become those marked (138), and admit of integration ; 
and the complete integral is a conic, say, an ellipse; but equa- 
tions (162) cannot be integrated in their complete form. A 
method of dealing generally with such questions has been 
discovered by Lagrange, and largely applied in Physical Astro- 
nomy. It is called the method of variation of parameters, and 
will be most conveniently explained by means of an example ; 
and for this purpose I shall take the case of Art. 295, and shall 
for the sake of simplicity assume all the bodies to be in the 
plane of 2,y; so that the equations of motion are, when 
obvious substitutions are made, of the form, 


ad? x : 
iy aie (58) 


Let us suppose that these equations admit of complete integra- 
tion, when x’ and y’ are omitted: and that the integrals of the 


equations, 


ad*x rie | 

<= 

- | (54) 
are x = f(a,a,t), Yi PAR, Bast (55) 


where a,a, 5, 8 are four constants, as yet undetermined, intro- 

duced in the process of integration. Let us suppose the solu- 

tions of (53) to be of the form (55), in which a, a, 0, 8 are not 

constant, but functions of ¢; and let them be determined, so 

that not only shall the coordinates of the particle, whose motion 

is represented by (53), be the same at the time ¢ as that whose 
4H 2 
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motion is expressed by (54), but also let the component veloci- 
ties be the same in both cases: so that 


d. df d do 
= di if = at we 
Now from (55) we have 
da df df \ da df, d 
pe (ae) * (Ga) ae * Ga) ae | ran 
d. de dp\ db dp\ dB {’ | 
e 7 (ae) aay tae a) 
df\ d df, d 
therefore (e4) FF ze (1) = = 0 | ne 
dp\ db  do\ dB 
Galen Ga Ade ‘he 
Also from (56) we have 
d*x df d*f\d df \d 
ae = (az) + (Gan) at + Go) ae fo 
d? dh d? \ db dp \ dB |’ 
a = (ae) + (aa) ae + (aaa) dt | 
and substituting these in (53), we have 
af da Bdfd ; 
ea) a > aan eee a 
d? \ db d* \ dB Bb i* 
(Gea) at + “Gsaa) a = * J 


by (58) and (60) may the four quantities a, a, 6, 8 be deter- 
mined. 

Since the components of the velocity are the same in both 
curves at their common point at the given instant, it is evident 
that the curves at that pomt touch each other, and thus have a 
common tangent. And as the parameters, a, a, 5, 8, which de- 
termine the orbit, vary with the time, so does the form of the 
curve continually undergo change. From this point of view, 
the curve in which the particle moves has received the name of 
the instantaneous orbit, and the forces which produce the 
changes in the instantaneous orbit are called disturbing forces. 
The actual orbit therefore is the envelope of all these instanta- 
neous orbits, the change of the instantaneous orbit being due to 
the disturbing forces, and the law of that change being assigned 
by their variations. I propose to illustrate the method by one 
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or two simple examples ; but the most important application of 
it is beside the scope of our present work. 


390.] A heavy particle falls from rest in a medium the re- 
sistance of which varies as the square of the velocity; it is 
required to determine the circumstances of motion. 


In this case the equation of motion is 5 
dex dane 
Se = 9-*(S): (61) 
and omitting the last term, the equation becomes, 
ad*z 
—~ = g. 62 
The solution of which is x 
2 =a+at+ 7, (63) 
dx da da 
ee = arr 64 
ie 8 eae ae bo 


if the velocity is the same in both the orbits represented by 
(61) and (62), then 


a da 
= — = 0: 65 
eget =e oe. 
and from the former part of (64) we have, 
ad*x da 
—- = —: 66 
substituting which in (61), we have 
da dx\* 
om" ae) 
= —k(a+gt); 


and adding g to both sides of the equation, and dividing by 
g—k(a+gt), we have 
da+g dt 
g—k(a+gt)? 
integrating, and taking limits such that a and ¢ are simul- 
taneously zero, we have 


= dt; 


Ic was AE Cet 9!) — 2(ky)*t; (67) 
g? —k? (a+gt) 

g b erioit_] 

LS —gt + (7) erkoit 4] eT “ 


Also from (65), we have, integrating by parts, 


(68) 
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a= —at+ adt 
gt? (2 e2(kg)tt__] 1 i etkg tt 4. e— (hgh 
2 NES ents 47 Ly ie 
so that a and a are both known in terms of ¢; and substituting 
in (63), we have a result the same as (111) in Article 241. 


a Oe) 


391.] Another problem again, on account of its importance 
in the theory of gunnery, suggests itself for solution by the pre- 
ceding process. 

To determine the path of a particle projected with a given 
velocity in a line inclined at a given angle to the horizon, and 
moving in a medium the resistance of which varies as the square 
of the velocity. 

In this case the equations of motion are, as in Art. 302, 


Pe _, dads i 
die dt dt ee 
Py _ ds dy oe”) 
FT MME 12077 
If there is no resisting medium, the equations of motion are 
d*x d*y 
BEY re dik ee (71) 
of which let the solutions be, 
2 = a+tat, y = b+ pt— 2. (72) 


As the velocity is to be the same in the disturbed and in the 
undisturbed paths, we have 


dx dy _ 
da da db dp 
atta =: atta = 95 (74) 
therefore from (78), — fq2-+ (B—gt)?}8. (75) 
2 2 
Also from (73), Ee = us waist ue —J9; 


dt? dis dt? dt 
and substituting these in (70), we have 
| da 


= — ka {a+ (B—g i}, (76) 


d 1 
ae = —k(B—gt) {a?+(8—gt)*}3; (77) 
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and therefore from (74), 


d 

W = hat {a? + (B—gt)}}, (78) 
db 

a = kt (B—gt) {a8 + (8—gt)?}}; (79) 


from which four equations a, a, 0, 8 are to be found in terms of 7. 
Eliminating ¢ from (72), we have 
af \? _ 2a* [% 
&L—-a— — +b— 80 
which is the equation to the instantaneous path, and is a 


parabola; of which, if the latus rectum is 4p, and if (h,/) is 
the focus, A 


2p ==, (81) 
edd Gels A Bao) te 5 
a+—, l 29 +6; (82) 
therefore, if the velocity at (#, y) =v, 

dp _ada _ a a 
112 et ne wie 

———— 2p kv, (83) 
dh 2k 
=~ (8-99? | 
dl kv - ae 
pene eds aad i Zi 2 
di cod g (v 2a") | 


From (83) it appears that the latus rectum of the parabola 


continually diminishes; and since v= a, we have from it by 
integration, | 
log & = 2k(s—s); 
Po 


so that the logarithm of the ratio of any two latera recta varies 
as the length of the arc between the points to which they 
correspond. 

Also from (84), the focus of the parabola moves upwards or 
downwards according as‘v? is less than or greater than 2a’; 
that is, according as the angle at which the line of the particle’s 
motion is inclined to the horizon is less or greater than 45°; 
and from the first of (84) it appears that as the particle is as- 
cending to the highest point of the orbit, the axis of the instan- 
taneous parabola is moving backwards ; when the particle is at 
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the highest point, the axis is stationary; and when the particle 
descends, the axis moves forward. 


392.] The method of variation of parameters has also been 
applied (for the first time, as far as I know, by Mr. Airy, the 
present Astronomer Royal*) to the calculation of the alterations 
produced in the amplitudes and the time of oscillation of a 
cycloidal pendulum, when a small disturbing force acts on it. 

Let the forces be resolved normally and tangentially ; and 
let the disturbing force be s, and act along the tangent to the 
cycloid, and diminish the velocity of the pendulum in its descent. 
Let a be the radius of the generating circle of the cycloid; then 
the equation of undisturbed motion is, see Art. 353, 

as. a ] 
We ieae 
Let es = n*, where 4:a, be it observed, is the length of the 


pendulum, see Article 354, and we have, 


d*s A 
an tS ae 0; (85) 
and the equation for the disturbed motion is, 

d*s 

eS et ag 

ap + Ms = &. (86) 

The general integral of (85) is, 

$= ¢ sin (#i+-a), (87) 


where c and a are arbitrary constants; and where c is the am- 


plitude measured along the cycloidal arc; and where Bak 
the time at which s=c. 
From (87) the expression for the velocity in the undisturbed 
path is, 
a = cncos(nt+a); (88) 
and as the velocity is the same in the disturbed path, when c 
and a vary, we have. 


he » .da 
G3 (nt+a) + € COS (nt +a) a <= 0s (89) 


and differentiating again (88) for the disturbed motion, and 
substituting in (86), we have 


de : da 
na, COs (nt+a)—ne sin (ni-pa) = 83 (90) 


* See the Transactions of the Cambridge Philosophical Society, Vol. III, Part I. 
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de S 

so that af = 3° (it -F a), (91) 
da Ba. 
Wee are (mt + a) ; (92) 


which give the variations of c and a in terms of ¢; and if these 
equations were susceptible of integration, the problem would be 
completely solved. In only a few cases is the solution possible. 

If it is required to find the alteration of c due to one vibra- 
tion, it is necessary to integrate 


= cos (nf +a) dt, 


from a value of ¢ which makes nt+a equal to 0, to a value 
which makes it equal to 6+; so that the increase in the am- 
plitude of vibration , 


=| ~ cos (nt +a) dt (93) 


between the proper limits; as 6 is undetermined, the result is 
general, 

If it is required to find the alteration in the time of vibration 
during one oscillation, we proceed as follows. Let a; and ¢, be 
the values of a and ¢ when the pendulum comes to rest, that is, 
when cos (né+a), see (88), = 0; and let az and f, be the values 
when the pendulum comes to rest the next time; so that, say, 


7 OT 
RAT Gl =e, Ntz+a, = 93 
n (tz—t}) +a,—a, = 7; (94) 
jpeg ed Aiaioes aid 
n n 
Seti, a in (nt +a) at (95) 
Rahs S sin (7 + a) at, 


by (92); the integral being definite, and taken between limits 
corresponding to the extreme values of the arc of vibration. 


If s =O, the time of vibration = ~ ; so that 


2—h = Tose s sin (nt-+a) dtl; (96) 
n CNT 
and therefore the proportionate increase of the time of vibra- 


tion is 


| s sin (nt+a) dt. (97) 


CNT 
If s is expressed in terms of ¢, (98) and (97) may be used; but 
if s is a function of s, then from (87) and (88) we have, 

PRICE, VOL. III. 41 


610 THE VARIATION OF PARAMETERS. [ 393. 


2__ 92)5 
sin (nf-+a) = =, cos (nt+-a) = ot 
and dt = i ae 
n (c2—s7)2 
the increase of amplitude = ‘i sds, (98) 
1 ssds 


the prop. increase of time of vibration = (99) 


Cnn (c2— 52) 
393.] One or two examples are subjoined. 
(1) Let the pendulum make small vibrations in a circular arc ; 
then the tangential impressed velocity-increment is 


—gsin— 

g , 

snot s 33 
which is equalto —g i- — Baeat act ; 


and omitting powers of ~ above the cube, we have 
Pay has Siew. 
Spas and) 2? = = 


Therefore the proportionate increase in the time of vibration 


in g [ oreigsiag 
= Sretnta ly (@aays 
C2 
Plén?? 
_which result is the same as (41), Art. 357. Also 
increase of amplitude = pl aye at Is 
cn? J.-6 a 
= sacatel fe 
24 cn?2a3 et 
— 0. 
(2) Let the friction at the point of suspension be such as to cause 
a constant tangential retardation ; and suppose therefore s = —f; 
increase of amplitude = — Lf i ‘ds 
ae (ie ie 
_ =f 
+ verem | 
Proportionate increase in the time of vibration 1s 
oy emer 8 


— Ona d_, (c2— 82)2 e 
Other examples will be found in the memoir of Mr. Airy, which 
is referred to in the beginning of the preceding Article. 
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CHAPTER XIV. 
ON VIRTUAL VELOCITIES. 


394.] In Article 103 of the present volume it has been 
shewn that when a system of statical pressures acting on a 
body in space is in equilibrium, the differential of the central 
moment of that system is zero; and the mathematical expres- 
sion of that property is 

z.Pdp = 0. (1) 


This equation is usually called the equation of Virtual Velo- 
cities ; and expresses a theorem of which the enuntiation is the 
following : | 

If a system of statical forces is in equilibrium, and the system 
receives an infinitesimal displacement of the most general kind 
possible, whereby the points of application of the forces are dis- 
placed; but the forces still act along lines parallel to, and infi- 
nitesimally distant from, their former lines of action; and if 
the relative distances of their points of application are unaltered ; 
then the sum of the products of each force and the projection 
on its line of action of the displacement of its point of applica- 
tion is equal to zero. 

From this theorem, as it is observed in Article 104, the six 
equations of statical equilibrium are at once deducible; and 
thus it contains in an abridged form all the principles and 
results of Statics. It is my object now to prove that it is de- 
ducible from the general principles of the science of motion: 
and that the equations of Dynamics take the form (1) when the 
motions of the particles on which the dynamical forces act are 
not actual, but only potential or virtual. And that thus it is 
the proposition intermediate to Statics and Dynamics, and by 
means of which Statics becomes a branch of the science of 
motion. 

In this inquiry I propose to follow the method which seems 
most convenient for a didactic treatise. The principle of virtual 
velocities has already been enuntiated, and its mathematical ex-’ 
pression is given in (1): a principle of affixing signs to the forces 
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according to certain modifications of them must be convention- 
ally settled; and conditions as to their action must be assumed, 
which may be either in act or in hypothesis realized. Then the 
principle will be applied to some well known problems, so that 
it may be more fully grasped: and lastly it will be proved in its 
completeness from Dynamical considerations; and some corol- 
laries will be drawn from it. 


395.] From the point of application which a given force has 
after the displacement, let a perpendicular be drawn on the 
original line of action of the force. Thus in fig. 140, let amp be 
the line of action of p, ere the displacement takes place: let the 
system be infinitesimally displaced, so that the point of appli- 
cation of the force is shifted from a to a’; aa’ being of infi- 
nitesimal length; let us suppose the line of action of the force 
after the displacement to be parallel to its line of action before 
the displacement, so that a’P’ is parallel to ap. From a’ let a 
perpendicular a’m be drawn to the original line of action of the 
force, so that am is the orthogonal projection of aa’ on that 
line: am is called the virtual velocity of the force P; because it 
is the infinitesimal distance over which the point of application 
of P moves in its own line of action during the first time-element 
of its motion. If, as in the first figure of fig. 140, am hes along 
AP in the direction in which P acts, the virtual velocity is taken 
to be positive: and if it lies in the direction of ap produced 
backwards, as in the second figure, then it is taken to be 
negative. 

Hence if the displacement of the point of application takes 
place along the line of action of p, the whole displacement be- 
comes the virtual velocity : and is positive or negative accord- 
ing as it takes place in the direction towards which P acts, or in 
the opposite direction. 

Hence also if the point of application of the force is displaced 
in a line which is perpendicular to the line of action of the 
force, the virtual velocity of the force is zero. 

If a system of forces acting on a body consists of the forces 
Pj, Pg,... Pn; and if their virtual velocities are symbolized by 
dp, dpz,...dp,; the signs of these quantities being fixed ac- 
cording to the preceding conventions, then the mathematical 
expression of the principle of virtual velocities is 


=.Pdp = 0. (2) 
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396.] Examples illustrative of the principle of virtual velo- 
cities. 

Ex. 1. Three forces p,q, R act in given lines on the point a, 
and are in equilibrium : it is required to determine the relation 
between them. . 

Let the angles severally between the lines of action of @ and 
R, of R and P, of Pp and qa, be a, B,y: let the point of application 
of the forces be shifted from a to 4’, see fig. 141; and from a’ 
let perpendiculars A’m, a’n, Ap be drawn to the lines of action of 
P,Q, R respectively ; then am, an, ap are the virtual velocities 
of P, a, R respectively: and (2) becomes 


PXAM+QXAN—RXAP = O. (3) 
Let aa’= ds; AAP=0; QAR=a, RAP=fP, PAQ=y: so that 
(3) becomes, 
POs cos 0+ Qds Cos (86+ y) + ROs Cos (B—4) = 0; 
P+Qcosy+Rcos B+(R sin8—Qsiny) tand = 0; (4) 


and as the line along which 4 is displaced is indeterminate, 6 is 
indeterminate, and therefore from (4) we have, 


pP+aQ@cosy+Rcos fs = 0, (5) 
RsinB—Qqsiny = O: (6) 
from the second of which we have 
P R 
HG N eet ed 7) 
the first term of the equality being inferred by reason of the 
symmetry. 
Also we have 
Rcos 8 = —P—QCOSy, RsinB = Qsiny; 
whence, squaring and adding, 
R?2 = pP?4+2PQqcosy+Q?: (8) 


(7) and (8) are respectively the mathematical expressions of the 
triangle and of the parallelogram of forces. 

Ex. 2. To determine the conditions of equilibrium of the 
straight lever. 

Let acs be the lever, fig. 142, which turns about a horizontal 
axis through c: let the forces p and Q act at the ends a and B 
along lines of action which are inclined to acs at angles a and 
B respectively: let ac=a, cB = 6. 

Let the lever be turned about the horizontal axis through an 
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infinitesimal angle d0, so that aa’=ad0, BB’ = 6d6: then the 
projections of these quantities on the lines of action of p and q 
respectively are ad0 sina, bdé sin 8; and as the virtual velocity 
of Q is negative according to our figure, equation (2) becomes, 


Padé sina—Qbdé sin B = 0, 
Pasina = QbsinB: 
which is the ordinary equation of moments about c. 


Ex.3. To determine the conditions of-equilibrium of the 
wheel aud axle. 

Let a=the radius of the wheel on which P acts: 6= the 
radius of the axle on which w acts: and let the system be 
turned through a small angle dd, so that P (say) descends 
through a vertical distance ad@, and w ascends through a verti- 
cal space bdd: then equation (2) becomes, 


—adédr+bddw = 0, “pal ee, 


Ex. 4. To find the conditions of equilibrium in the screw. 

In this mechanical power (as it is called) I shall assume that 
there is no friction. Let h be the vertical distance between 
two successive winds of the thread: let / be the length of the 
lever, measured from the axis of the screw, at the end of which 
p acts: let w be the weight on the screw. Then as w descends 
through a vertical distance equal to h, the point of application of 
P moves round the circumference of a circle whose radius is 6: | 
so that hf and 270 are evidently proportional to the virtual velo- 
cities of w and Pp; and equation (2) becomes, 

—27rbe+wh = 0, 
h 


P= er as (9) 


397.] Let us now investigate the principle of virtual velocities 
by means of the general principles of dynamics. 

When a particle, whose mass is m, moves with the velocity v, 
the momentum, or the quantity of velocity, which it has is mv; 
see Art. 210: and this is capable of being transferred to any 
other mass: this therefore we take to be the measure of the 
effect which m moving with the velocity v is capable of pro- 
ducing. 

Now the effect of all mechanical forces is velocity: that is, 
whatever effects of other kinds they may produce, the velocity 
which they communicate is the only one of which, in the science 
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of motion, we take cognizance: and this velocity may be either 
actual or virtual; it may be communicated, or only be capable 
of being communicated ; and it is in either case the measure of 
the force’s effect. In pressures such as we are about to inves- 
tigate a law of, the velocity impressed is not actual; it is only 
virtual or potential: but the virtual mv is the measure of the 
force’s effect. ‘To simplify our considerations, I shall suppose 
all the forces to be of the same kind, and to have a common 
source: and I will assume that they are weights. That is, the 
attraction of the earth acting on different quantities of matter 
produces, so I assume, the different acting forces: the various 
lines of action and the direction of such forces may be produced 
by a simple contrivance, such as a pulley: let us suppose the 
impressed momentum-increments (virtual) to be P 1, Po, ... Pn; 
and acting uniformly during a second of time, to be capable of 
producing in that second of time an increase of momentum in 
the masses 721, mz, ... M, respectively equal to mg, m2g,... ng 3 
so that we have, 

Py = 19, Pareaniila 0, «6.0. By =, 0 5 (10) 
then P1, Pz, ... P, may be replaced by these several equivalents, 
the lines of action and the directions being arranged identically 
with the former by means of pulleys or some other equivalent 
contrivance. Of the pressures and masses in (10) I shall take 
Pp and m to be type-expressions, so that 

P= MY. 
Let a system of forces act on a particle or a rigid body, of 
which let P, or its equivalent mg, be the type: let a small geo- 
metrical displacement be given to the body, and such as is com- 
patible with the arrangement of its particles, and does not cause 
any rupture of them. Let the point of application of the force 
P move over a distance, the projection of which on the line of 
action of Pp is p: and let us suppose the same result to take 
place with all the other forces: then the distance p is the pro- 
portional measure of the velocity which m receives by reason of 
the displacement, and therefore the measure of m’s effect is mp. 
Here however it must be observed that this momentum in its 
action on the body will be affected with a different sign accord- 
ing as the projection of the line through which the poimt of 
application moves is towards or opposite to the direction in which 
p acts: that is, we consider p to be positive or negative accord- 
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ing as it falls in the line along which P acts, or in that line pro- 
duced backwards. And with this convention the effects of all 
the forces will be proportional to mp1, Mz P2, .-. Mn Pn- 


398.] Suppose all the pressures thus estimated to act simul- 
taneously on the system of particles, and to keep it at rest. By 
the law of inertia, the system cannot be disturbed except by a 
new force. Let us suppose such a new force to be introduced, 
and the system thereby to receive a slight displacement; so 
that the points of application of the forces may be changed, but 
that their present lines of action may be parallel to the former 
ones. Then the displaced system will be in some one of the three 
following states. Ifthe displacing force is removed, (1) the system 
may return to its former state: (2) it may remain at rest in its 
new state: (3) it may depart further from its original state. 
In the first state, the disturbing force acts and prevents the re- 
turn: in the second state, the disturbing force has moved the 
system, but no longer acts to retain it in its new position: in 
the third state, it acts and hinders a farther departure from the 
original state. Now taking all the forces to act as in the original 
state of rest ; in (1) the sum of these effects is greater im the dis- 
turbed than in the balanced state, because it requires another 
force (viz. that which prevents the return) to be in equilibrium 
with the original forces: then the sum of the effects of the 
forces is a minimum in the balanced state for this particular 
disturbance: and if the same result follows for every other 
possible disturbance, the sum of the effects of the forces is a 
minimum. 

In (2) if, after the system has been disturbed, no force is 
required to keep it in its displaced state, the forces are in equi- 
librium in the displaced just as in the original state; and there- 
fore as the displacement may be infinitesimal, the sum of the 
effects is the same in both states. 

In (8) if, after the displacement, a force is needed to hinder 
the system from farther departure from the original state of 
equilibrium, the sum of the effects of the original forces is, in 
the disturbed state, less than it was in the balanced state of the 
system ; and if this is true for every other possible displacement, 
the sum of the effects in the original balanced state is a maxi-_ 
mum. Now although for a state of equilibrium of a system 
neither of these circumstances may exist for all the possible 
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displacements, yet one or other of them must; and they all 
have this common characteristic; viz. the differential of the 
sum of the effects of the forces is zero. Having therefore in 
the preceding Article investigated a method of estimating the 
effects of forces, we have in this Article discovered a relation 
which these forces must satisfy, when they produce no motion ; 
viz. the variation of the sum of their effects for a small geome- 
trical displacement is zero. 

Let the sum of the effects of all the forces be represented by 
m: so that 


Tl = 1p) + Mz p24 M3 p3+ ...... +My Pn Cie) 
== 2.7. (12) 
In differentiating (11) the m’s do not vary: therefore 
du = m,dp,+m, dpo+ ...... + My, Apy 
= 0: 


and replacing m1, m2, ... m, by their proportionals Pj, Po, ... Pp, 


we have Py dp, + Ps dps +> jostle + Pn dp — 0, 


=.P dp 22-50", (13) 
which is the mathematical statement of the principle of Virtual 
Velocities. 


399.] In the preceding investigations we have supposed the 
points of application of all the forces to be capable of geometrical 
displacement: there are however cases where such is not geome- 
trically possible. Suppose a body to rest upon a surface, so 
that the normal reaction of the surface is one of the acting 
forces: if the body is removed from the surface, the reaction 
may be said no longer to exist. In this case, if it is required 
to determine the relations between the forces exclusive of the 
reaction, the body may be moved to some other point on the 
surface infinitesimally near to the former one: in which case 
the virtual velocity of the normal pressure will be zero, and the 
normal pressure will not enter into the equation (13). If on 
the other hand the normal pressure is required to be determined, 
then the normal pressure must be supposed to be like any other 
pressure, and to be susceptible of a change in its point of appli- 
cation, and it will be convenient to shift the body along a line 
normal to the surface. 

In Art. 104, the six general equations of statical equilibrium 
have been deduced from the principle of virtual velocities ; and 
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it is therefore unnecessary to repeat them. I may observe 
however that if the displacement is one of translation only, the 
equation (13) gives the sum of the components of the forces 
along that line. And if the displacement of translation is such 
that dx, dy, dz are the projections on the coordinate axes of the 
distance of displacement of the point of application of every 
force ; then if cos a, cos f, cos y are the direction-cosines of the 
line of action of the force p to which dp corresponds, 


dp = dx cos a-+dy cos 8+ dz cos y, 
so that (13) becomes 
=.P (dv cos a+dy cos 8+dz cosy) = 0, (14) 


and since dx, dy, dz are the same for every force, they may be 
put outside the sign of summation : and we have 
dx =.P cosa+dyzs.P cos B+dz3.P cosy = 0. (15) 
And thus if the displacement of translation is along the axis of 
x only (say), then dp = dz cosa: and we have 
=.P cos a. ==0% (16) 
similarly if the displacements are along the axes of y and z 
separately, we shall have, 
=.2/CO8 Gi=-,0 ; (17) 
=.Pcosy = 0 
and if there are displacements of rotation about the axes of 
L,Y, % successively, equation (13) becomes the equation of mo- 
ments. See (381), Art. 104. 
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CORRECTIONS. 


Page 20, line 8, for (11) read (12) 
27, line 25, for read vie 
2a Cc 
37, line 11, for normal read tangent 
60, line 9, for cos read cos a 
78 
195, line 28, for a,@,a@, read aQ,Q, 


lines 3 and 5, for 2 cosb read ¥ cos ec 


7 


205, line 32, for IMT read PMT 

209, line 12, for aoca read oca 

260, line 25, for 27mpr read 2armpre 
266, line 1, for read S 

267, lines 1 and 3, for mpmk read mmk 
326, line 9, for m read m’ 


: pra pe 

467, last line, for eae read aed 
: 2p 2 pe 
469, line 31, for Tas read wen 


507, line 38, for 123° read 113° 
543, line 32, for R read P. 
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